Volume 30, Number 1 January 2022 


ISSN:1521-1398 PRINT, 1572-9206 ONLINE 





Journal of 


Computational 
Analysis and 


Applications 


EUDOXUS PRESS, LLC 


Journal of Computational Analysis and Applications 
ISSNno.’s:1521-1398 PRINT,1572-9206 ONLINE 
SCOPE OF THE JOURNAL 
An international publication of Eudoxus Press, LLC 
(twice annually) 

Editor in Chief: George Anastassiou 

Department of Mathematical Sciences, 

University of Memphis, Memphis, TN 38152-3240, U.S.A 
ganastss @ memphis.edu 
http://www.msci.memphis.edu/~ganastss/jocaaa 

The main purpose of "J.Computational Analysis and Applications" 
is to publish high quality research articles from all subareas of 
Computational Mathematical Analysis and its many potential 
applications and connections to other areas of Mathematical 
Sciences. Any paper whose approach and proofs are computational,using 
methods from Mathematical Analysis in the broadest sense is suitable 
and welcome for consideration in our journal, except from Applied 
Numerical Analysis articles. Also plain word articles without formulas and 
proofs are excluded. The list of possibly connected 
mathematical areas with this publication includes, but is not 
restricted to: Applied Analysis, Applied Functional Analysis, 
Approximation Theory, Asymptotic Analysis, Difference Equations, 
Differential Equations, Partial Differential Equations, Fourier 
Analysis, Fractals, Fuzzy Sets, Harmonic Analysis, Inequalities, 
Integral Equations, Measure Theory, Moment Theory, Neural Networks, 
Numerical Functional Analysis, Potential Theory, Probability Theory, 
Real and Complex Analysis, Signal Analysis, Special Functions, 
Splines, Stochastic Analysis, Stochastic Processes, Summability, 
Tomography, Wavelets, any combination of the above, e.t.c. 
"J.Computational Analysis and Applications" is a 
peer-reviewed Journal. See the instructions for preparation and submission 
of articles to JoCAAA. Assistant to the Editor: 
Dr.Razvan Mezei,mezei_razvan@yahoo.com, St.Martin Univ.,Olympia,WA,USA. 
Journal of Computational Analysis and Applications(JoCAAA) is published by 
EUDOXUS PRESS,LLC, 1424 Beaver Trail 
Drive,Cordova,TN38016,USA, anastassioug @ yahoo.com 
http://www.eudoxuspress.com. Annual Subscription Prices:For USA and 
Canada, Institutional:Print $800, Electronic OPEN ACCESS. Individual:Print $300. For 
any other part of the world add $140 more(handling and postages) to the above prices for 
Print. No credit card payments. 
Copyright©2022 by Eudoxus Press,LLC,all rights reserved.JoCAAA is printed in USA. 
JoCAAA is reviewed and abstracted by AMS Mathematical 
Reviews,MATHSCTI, Elsevier-Scopus. 
It is strictly prohibited the reproduction and transmission of any part of JOCAAA and in 
any form and by any means without the written permission of the publisher.It is only 
allowed to educators to Xerox articles for educational purposes.The publisher assumes no 
responsibility for the content of published papers. 





Editorial Board 
Associate Editors of Journal of Computational Analysis and Applications 


Francesco Altomare 

Dipartimento di Matematica 

Universita' di Bari 

Via E.Orabona, 4 

70125 Bari, ITALY 

Tel+39-080-5442690 office 
+39-080-3944046 home 
+39-080-5963612 Fax 

altomare@dm.uniba.it 

Approximation Theory, Functional 

Analysis, Semigroups and Partial 

Differential Equations, Positive 

Operators. 


Ravi P. Agarwal 

Department of Mathematics 

Texas A&M University - Kingsville 
700 University Blvd. 

Kingsville, TX 78363-8202 

tel: 361-593-2600 
Agarwal@tamuk.edu 

Differential Equations, Difference 
Equations, Inequalities 


George A. Anastassiou 

Department of Mathematical Sciences 
The University of Memphis 

Memphis, TN 38152,U.S.A 

Tel .901-678-3144 

e-mail: ganastss@memphis.edu 
Approximation Theory, Real 
Analysis, 

Wavelets, Neural Networks, 
Probability, Inequalities. 


J. Marshall Ash 

Department of Mathematics 

De Paul University 

2219 North Kenmore Ave. 
Chicago, IL 60614-3504 
773-325-4216 

e-mail: mash@math.depaul.edu 
Real and Harmonic Analysis 


Dumitru Baleanu 

Department of Mathematics and 
Computer Sciences, 

Cankaya University, Faculty of Art 
and Sciences, 

06530 Balgat, Ankara, 


Turkey, dumitru@cankaya.edu.tr 
Fractional Differential Equations 
Nonlinear Analysis, Fractional 
Dynamics 


Carlo Bardaro 

Dipartimento di Matematica e 

Informatica 

Universita di Perugia 

Via Vanvitelli 1 

06123 Perugia, ITALY 

TEL+390755853822 
+390755855034 

FAX+390755855024 

E-mail carlo.bardaro@unipg.it 

Web site: 

http://www.unipg.it/~bardaro/ 

Functional Analysis and 

Approximation Theory, Signal 

Analysis, Measure Theory, Real 

Analysis. 


Martin Bohner 

Department of Mathematics and 
Statistics, Missouri S&T 

Rolla, MO 65409-0020, USA 
bohner@mst .edu 
web.mst.edu/~bohner 

Difference equations, differential 
equations, dynamic equations on 
time scale, applications in 
economics, finance, biology. 


Jerry L. Bona 

Department of Mathematics 

The University of Illinois at 
Chicago 

851 S. Morgan St. CS 249 
Chicago, IL 60601 
e-mail:bona@math.uic.edu 
Partial Differential Equations, 
Fluid Dynamics 


Luis A. Caffarelli 

Department of Mathematics 

The University of Texas at Austin 
Austin, Texas 78712-1082 
512-471-3160 

e-mail: caffarel@math.utexas.edu 
Partial Differential Equations 


George Cybenko 

Thayer School of Engineering 
Dartmouth College 

8000 Cummings Hall, 

Hanover, NH 03755-8000 

603-646-3843 (X 3546 Secr.) 
e-mail:george.cybenko@dartmouth.edu 
Approximation Theory and Neural 
Networks 


Sever S. Dragomir 

School of Computer Science and 
Mathematics, Victoria University, 
PO Box 14428, 

Melbourne City, 

MC 8001, AUSTRALIA 

Tel. +61 3 9688 4437 

Fax +61 3 9688 4050 
sever.dragomir@vu.edu.au 
Inequalities, Functional Analysis, 
Numerical Analysis, Approximations, 
Information Theory, Stochastics. 





Oktay Duman 

TOBB University of Economics and 
Technology, 

Department of Mathematics, TR- 
06530, 

Ankara, Turkey, 
oduman@etu.edu.tr 

Classical Approximation Theory, 
Summability Theory, Statistical 
Convergence and its Applications 


Saber N. Elaydi 

Department Of Mathematics 
Trinity University 

715 Stadium Dr. 

San Antonio, TX 78212-7200 
210-736-8246 

e-mail: selaydi@trinity.edu 
Ordinary Differential Equations, 
Difference Equations 


J .A. Goldstein 

Department of Mathematical Sciences 
The University of Memphis 

Memphis, TN 38152 

901-678-3130 

jgoldste@memphis.edu 

Partial Differential Equations, 
Semigroups of Operators 


H. H. Gonska 
Department of Mathematics 
University of Duisburg 


Duisburg, D-47048 

Germany 

011-49-203-379-3542 

e-mail: heiner.gonska@uni-due.de 
Approximation Theory, Computer 
Aided Geometric Design 


John R. Graef 

Department of Mathematics 
University of Tennessee at 
Chattanooga 

Chattanooga, TN 37304 USA 
John-Graef@utc.edu 

Ordinary and functional 
differential equations, difference 
equations, impulsive systems, 
differential inclusions, dynamic 
equations on time scales, control 
theory and their applications 


Weimin Han 

Department of Mathematics 
University of Iowa 

Towa City, IA 52242-1419 
319-335-0770 

e-mail: whan@math.uiowa.edu 
Numerical analysis, Finite element 
method, Numerical PDE, Variational 
inequalities, Computational 
mechanics 


Tian-Xiao He 

Department of Mathematics and 
Computer Science 

P.O. Box 2900, Illinois Wesleyan 
University 

Bloomington, IL 61702-2900, USA 
Tel (309) 556-3089 

Fax (309) 556-3864 

the@iwu.edu 

Approximations, Wavelet, 
Integration Theory, Numerical 
Analysis, Analytic Combinatorics 


Margareta Heilmann 

Faculty of Mathematics and Natural 
Sciences, University of Wuppertal 
Gaufstragke 20 

D-42119 Wuppertal, Germany, 
heilmann@math.uni-wuppertal.de 
Approximation Theory (Positive 
Linear Operators) 


Xing-Biao Hu 

Institute of Computational 
Mathematics 

AMSS, Chinese Academy of Sciences 


Beijing, 100190, CHINA 
hxb@lsec.cc.ac.cn 
Computational Mathematics 


Jong Kyu Kim 

Department of Mathematics 
Kyungnam University 

Masan Kyungnam, 631-701, Korea 
Tel 82-(55)-249-2211 

Fax 82-(55)-243-8609 
jongkyuk@kyungnam.ac.kr 
Nonlinear Functional Analysis, 
Variational Inequalities, Nonlinear 
Ergodic Theory, ODE, PDE, 
Functional Equations. 





Robert Kozma 

Department of Mathematical Sciences 
The University of Memphis 

Memphis, TN 38152, USA 
rkozma@memphis.edu 

Neural Networks, Reproducing Kernel 
Hilbert Spaces, 

Neural Percolation Theory 


Mustafa Kulenovic 
Department of Mathematics 
University of Rhode Island 
Kingston, RI 02881,USA 
kulenm@math.uri.edu 
Differential and Difference 
Equations 





Irena Lasiecka 

Department of Mathematical Sciences 
University of Memphis 

Memphis, TN 38152 

PDE, Control Theory, Functional 
Analysis, lasiecka@memphis.edu 


Burkhard Lenze 

Fachbereich Informatik 
Fachhochschule Dortmund 
University of Applied Sciences 
Postfach 105018 

D-44047 Dortmund, Germany 
e-mail: lenze@fh-dortmund.de 
Real Networks, Fourier Analysis, 
Approximation Theory 


Hrushikesh N. Mhaskar 
Department Of Mathematics 
California State University 
Los Angeles, CA 90032 
626-914-7002 

e-mail: hmhaska@gmail.com 
Orthogonal Polynomials, 


Approximation Theory, Splines, 
Wavelets, Neural Networks 


Ram N. Mohapatra 

Department of Mathematics 
University of Central Florida 
Orlando, FL 32816-1364 
tel.407-823-5080 
ram.mohapatra@ucf.edu 

Real and Complex Analysis, 
Approximation Th., Fourier 
Analysis, Fuzzy Sets and Systems 


Gaston M. N'Guerekata 
Department of Mathematics 
Morgan State University 
Baltimore, MD 21251, USA 

tel: 1-443-885-4373 

Fax 1-443-885-8216 
Gaston.N'Guerekata@morgan.edu 
nguerekata@aol.com 

Nonlinear Evolution Equations, 
Abstract Harmonic Analysis, 
Fractional Differential Equations, 
Almost Periodicity & Almost 
Automorphy 








M.Zuhair Nashed 

Department Of Mathematics 
University of Central Florida 

PO Box 161364 

Orlando, FL 32816-1364 

e-mail: znashed@mail.ucf.edu 
Inverse and I1ll1-Posed problems, 
Numerical Functional Analysis, 
Integral Equations, Optimization, 
Signal Analysis 


Mubenga N. Nkashama 

Department OF Mathematics 
University of Alabama at Birmingham 
Birmingham, AL 35294-1170 
205-934-2154 

e-mail: nkashama@math.uab.edu 
Ordinary Differential Equations, 
Partial Differential Equations 


Vassilis Papanicolaou 

Department of Mathematics 
National Technical University of 
Athens 

Zografou campus, 157 80 

Athens, Greece 

tel:: +30(210) 772 1722 

Fax +30(210) 772 1775 
papanico@math.ntua.gr 

Partial Differential Equations, 


Probability 


Choonkil Park 

Department of Mathematics 
Hanyang University 

Seoul 133-791 

S. Korea, baak@hanyang.ac.kr 
Functional Equations 


Svetlozar (Zari) Rachev, 

Professor of Finance, College of 
Business, and Director of 
Quantitative Finance Program, 
Department of Applied Mathematics & 
Statistics 

Stonybrook University 

312 Harriman Hall, Stony Brook, NY 
11794-3775 

tel: +1-631-632-1998, 
svetlozar.rachev@stonybrook.edu 





Alexander G. Ramm 

Mathematics Department 

Kansas State University 

Manhattan, KS 66506-2602 

e-mail: ramm@math.ksu.edu 

Inverse and Ill-posed Problems, 
Scattering Theory, Operator Theory, 
Theoretical Numerical Analysis, 
Wave Propagation, Signal Processing 
and Tomography 


Tomasz Rychlik 

Polish Academy of Sciences 
Instytut Matematyczny PAN 
00-956 Warszawa, skr. poczt. 21 
ul. Sniadeckich 8 

Poland 

trychlik@impan.pl 

Mathematical Statistics, 
Probabilistic Inequalities 


Boris Shekhtman 

Department of Mathematics 
University of South Florida 
Tampa, FL 33620, USA 

Tel 813-974-9710 
shekhtma@usf.edu 
Approximation Theory, Banach 
spaces, Classical Analysis 


T. E. Simos 

Department of Computer 

Science and Technology 

Faculty of Sciences and Technology 
University of Peloponnese 

GR-221 00 Tripolis, Greece 


Postal Address: 

26 Menelaou St. 

Anfithea - Paleon Faliron 
GR-175 64 Athens, Greece 

tsimos@mail.ariadne-t.gr 

Numerical Analysis 


H. M. Srivastava 

Department of Mathematics and 
Statistics 

University of Victoria 

Victoria, British Columbia V8W 3R4 
Canada 

tel.250-472-5313; office, 250-477- 
6960 home, fax 250-721-8962 
harimsri@math.uvic.ca 

Real and Complex Analysis, 
Fractional Calculus and Appl., 
Integral Equations and Transforms, 
Higher Transcendental Functions and 
Appl.,q-Series and q-Polynomials, 
Analytic Number Th. 


I. BP. Stavroulakis 
Department of Mathematics 
University of Ioannina 
451-10 Ioannina, Greece 
ipstav@cc.uoi.gr 
Differential Equations 
Phone +3-065-109-8283 





Manfred Tasche 

Department of Mathematics 
University of Rostock 

D-18051 Rostock, Germany 
manfred.tasche@mathematik.uni- 
rostock.de 

Numerical Fourier Analysis, Fourier 
Analysis, Harmonic Analysis, Signal 
Analysis, Spectral Methods, 
Wavelets, Splines, Approximation 
Theory 


Roberto Triggiani 

Department of Mathematical Sciences 
University of Memphis 

Memphis, TN 38152 

PDE, Control Theory, Functional 
Analysis, rtrggani@memphis.edu 


Juan J. Trujillo 

University of La Laguna 
Departamento de Analisis Matematico 
C/Astr.Fco.Sanchez s/n 

38271. LaLaguna. Tenerife. 

SPAIN 


Tel/Fax 34-922-318209 
Juan.Trujillo@ull.es 

Fractional: Differential Equations— 
Operators-Fourier Transforms, 
Special functions, Approximations, 
and Applications 


Ram Verma 

International Publications 

1200 Dallas Drive #824 Denton, 

TX 76205, USA 

Verma99@msn.com 

Applied Nonlinear Analysis, 
Numerical Analysis, Variational 
Inequalities, Optimization Theory, 
Computational Mathematics, Operator 
Theory 





Xiang Ming Yu 

Department of Mathematical Sciences 
Southwest Missouri State University 
Springfield, MO 65804-0094 
417-836-5931 
xmy944f@missouristate.edu 

Classical Approximation Theory, 
Wavelets 


Xiao-Jun Yang 
State Key Laboratory for Geomechanics 
and Deep Underground Engineering, 
China University of Mining and Technology, 
Xuzhou 221116, China 
Local Fractional Calculus and Applications, 
Fractional Calculus and Applications, 
General Fractional Calculus and 
Applications, 
Variable-order Calculus and Applications, 
Viscoelasticity and Computational methods 
for Mathematical 
Physics.dyangxiaojun @ 163.com 





Richard A. Zalik 
Department of Mathematics 
Auburn University 
Auburn University, AL 36849-5310 
USA. 
Tel 334-844-6557 office 

Fax 334-844-6555 
zalik@auburn.edu 
Approximation Theory, Chebychev 
Systems, Wavelet Theory 


Ahmed I. Zayed 

Department of Mathematical Sciences 
DePaul University 

2320 N. Kenmore Ave. 

Chicago, IL 60614-3250 
773-325-7808 

e-mail: azayed@condor.depaul.edu 
Shannon sampling theory, Harmonic 
analysis and wavelets, Special 
functions and orthogonal 
polynomials, Integral transforms 


Ding-Xuan Zhou 

Department Of Mathematics 

City University of Hong Kong 

83 Tat Chee Avenue 

Kowloon, Hong Kong 

852-2788 9708,Fax:852-2788 8561 
e-mail: mazhou@cityu.edu.hk 
Approximation Theory, Spline 
functions, Wavelets 


Xin-long Zhou 

Fachbereich Mathematik, Fachgebiet 
Informatik 
Gerhard-Mercator-Universitat 
Duisburg 

Lotharstr.65, D-47048 Duisburg, 
Germany 
e-mail:Xzhou@informatik.uni- 
duisburg.de 

Fourier Analysis, Computer-Aided 
Geometric Design, Computational 
Complexity, Multivariate 
Approximation Theory, Approximation 
and Interpolation Theory 


Jessada Tariboon 

Department of Mathematics 

King Mongut’s University of Technology N. 
Bangkok 

1518 Pracharat 1 Rd., Wongsawang, 
Bangsue, Bangkok, Thailand 10800 
jessada.t@sci.kmutnb.ac.th, Time scales 
Differential/Difference Equations, 
Fractional Differential Equations 


Jagdev Singh 

JECRC University, Jaipur, India 
jagdevsinghrathore@gmail.com 
Fractional Calculus, Mathematical 


Modelling, Special Functions, 
Numerical Methods 


Instructions to Contributors 
Journal of Computational Analysis and Applications 
An international publication of Eudoxus Press, LLC, of TN. 


Editor in Chief: George Anastassiou 
Department of Mathematical Sciences 
University of Memphis 
Memphis, TN 38152-3240, U.S.A. 


1. Manuscripts files in Latex and PDF and in English, should be submitted via 
email to the Editor-in-Chief: 


Prof.George A. Anastassiou 
Department of Mathematical Sciences 
The University of Memphis 
Memphis, TN 38152, USA. 

Tel. 901.678.3144 

e-mail: ganastss@memphis.edu 


Authors may want to recommend an associate editor the most related to the 
submission to possibly handle it. 


Also authors may want to submit a list of six possible referees, to be used in case we 
cannot find related referees by ourselves. 


2. Manuscripts should be typed using any of TEX,LaTEX,AMS-TEX,or AMS-LaTEX 
and according to EUDOXUS PRESS, LLC. LATEX STYLE FILE. (Click HERE to 
save a copy of the style file.)They should be carefully prepared in all respects. 
Submitted articles should be brightly typed (not dot-matrix), double spaced, in ten 
point type size and in 8(1/2)x11 inch area per page. Manuscripts should have generous 
margins on all sides and should not exceed 24 pages. 


3. Submission is a representation that the manuscript has not been published 
previously in this or any other similar form and is not currently under consideration 
for publication elsewhere. A statement transferring from the authors(or their 
employers,if they hold the copyright) to Eudoxus Press, LLC, will be required before 
the manuscript can be accepted for publication.The Editor-in-Chief will supply the 
necessary forms for this transfer.Such a written transfer of copyright,which previously 
was assumed to be implicit in the act of submitting a manuscript,is necessary under the 
U.S.Copyright Law in order for the publisher to carry through the dissemination of 
research results and reviews as widely and effective as possible. 


4. The paper starts with the title of the article, author's name(s) (no titles or degrees), 
author's affiliation(s) and e-mail addresses. The affiliation should comprise the 
department, institution (usually university or company), city, state (and/or nation) and 
mail code. 


The following items, 5 and 6, should be on page no. 1 of the paper. 
5. An abstract is to be provided, preferably no longer than 150 words. 


6. A list of 5 key words is to be provided directly below the abstract. Key words should 
express the precise content of the manuscript, as they are used for indexing purposes. 


The main body of the paper should begin on page no. 1, if possible. 


7. All sections should be numbered with Arabic numerals (such as: 1. 
INTRODUCTION). 

Subsections should be identified with section and subsection numbers (such as 6.1. 
Second-Value Subheading). 

If applicable, an independent single-number system (one for each category) should be 
used to label all theorems, lemmas, propositions, corollaries, definitions, remarks, 
examples, etc. The label (such as Lemma 7) should be typed with paragraph 
indentation, followed by a period and the lemma itself. 


8. Mathematical notation must be typeset. Equations should be numbered 
consecutively with Arabic numerals in parentheses placed flush right, and should be 
thusly referred to in the text [such as Eqs.(2) and (5)]. The running title must be placed 
at the top of even numbered pages and the first author's name, et al., must be placed at 
the top of the odd numbed pages. 


9. Illustrations (photographs, drawings, diagrams, and charts) are to be numbered in 
one consecutive series of Arabic numerals. The captions for illustrations should be 
typed double space. All illustrations, charts, tables, etc., must be embedded in the body 
of the manuscript in proper, final, print position. In particular, manuscript, source, 
and PDF file version must be at camera ready stage for publication or they cannot be 
considered. 


Tables are to be numbered (with Roman numerals) and referred to by number in 
the text. Center the title above the table, and type explanatory footnotes (indicated by 
superscript lowercase letters) below the table. 


10. List references alphabetically at the end of the paper and number them 
consecutively. Each must be cited in the text by the appropriate Arabic numeral in 
square brackets on the baseline. 

References should include (in the following order): 

initials of first and middle name, last name of author(s) 

title of article, 


name of publication, volume number, inclusive pages, and year of publication. 


Authors should follow these examples: 


Journal Article 


1. H.H.Gonska,Degree of simultaneous approximation of bivariate functions by Gordon operators, 
(journal name in italics) J. Approx. Theory, 62,170-191(1990). 


Book 


2. G.G.Lorentz, (title of book in italics) Bernstein Polynomials (2nd ed.), Chelsea,New York,1986. 


Contribution to a Book 


3. M.K.Khan, Approximation properties of beta operators,in(title of book in italics) Progress in 
Approximation Theory (P.Nevai and A.Pinkus,eds.), Academic Press, New York,1991,pp.483-495. 


11. All acknowledgements (including those for a grant and financial support) should 
occur in one paragraph that directly precedes the References section. 


12. Footnotes should be avoided. When their use is absolutely necessary, footnotes 
should be numbered consecutively using Arabic numerals and should be typed at the 
bottom of the page to which they refer. Place a line above the footnote, so that it is set 
off from the text. Use the appropriate superscript numeral for citation in the text. 


13. After each revision is made please again submit via email Latex and PDF files 
of the revised manuscript, including the final one. 


14. Effective 1 Nov. 2009 for current journal page charges, contact the Editor in 
Chief. Upon acceptance of the paper an invoice will be sent to the contact author. The 
fee payment will be due one month from the invoice date. The article will proceed to 
publication only after the fee is paid. The charges are to be sent, by money order or 
certified check, in US dollars, payable to Eudoxus Press, LLC, to the address shown on 
the Eudoxus homepage. 


No galleys will be sent and the contact author will receive one (1) electronic copy of 


the journal issue in which the article appears. 


15. This journal will consider for publication only papers that contain proofs for 
their listed results. 


J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 30, NO.1, 2022, COPYRIGHT 2022 EUDOXUS PRESS, LLC 


Riesz Basis in de Branges Spaces of Entire 
Functions 


Sa’ud Al-Sa’di!* and Hamed Obiedat? 


12 Department of Mathematics, Faculty of Science, The Hashemite University, 
P.O Box 330127, Zarga 13133, Jordan 


Abstract 


In this paper we consider the problem of Riesz basis in de Branges 
spaces of entire functions H(E) with the condition that y'(x) > a > 0, 
where ¢ is the corresponding phase function. We are concerned with the 
sets of real numbers {A,} such that the normalized reproducing kernels 
k(An, -)/||k(An, -)|| satisfies the restricted isometry property, which in turn 
constitute a Riesz basis in H(£). Then we give a criterion on stability 
of reproducing kernels corresponding to real points which form a Riesz 
basis in H#(/) with respect to small perturbations, which generalize some 
well-known Riesz basis perturbation results in the Paley-Wiener space. 


2010 Mathematics Subject Classification: 46E22; 41A99; 30B99; 30D10 
Key words and phrases: de Branges Spaces; Reproducing kernels; phase 
function; Restricted isometry property; Riesz basis. 


1 Introduction 


Compressive sensing provides an alternative method for efficiently acquiring and 
reconstructing a signal to the Shannon sampling theorem when the signal under 
acquisition is known to be sparse or compressible. Recently, Candés and Tao [4] 
introduced very intense activity related to compressed sensing, known as the 
restricted isometry property, which is also known as the uniform uncertainty 
principle. The restricted isometry property generalizes the notion of coherence, 
and allow recovering and extending many known compressive sampling results. 

In this paper we work in the context of a reproducing kernel Hilbert spaces. 
In these spaces the restricted isometry property is a very convenient tool which 
allows one to reconstruct a signal from its sampling values. It is known that 
a frame which satisfies a restricted isometry property with isometry constant 
6 <1 act as an orthogonal basis. For this reason, one of the main interests 
of the present paper is to understand what properties of a sequence {,,,} of 
real numbers guarantee that the corresponding normalized reproducing kernels 
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satisfies a restricted isometry property in de Branges spaces H(F) of entire 
functions as a special class of reproducing kernel Hilbert spaces. Theory of de 
Branges spaces is an important branch of modern analysis having numerous 
interesting applications in mathematical physics, harmonic analysis and even 
number theory. 

The problem of description of Riesz bases of normalized reproducing kernels 
is one of intriguing open problems in the area, results in this direction would 
be of interests for specialists in de Branges theory and its applications. In 
spite of many deep and important results, there is still no explicit description 
of bases in general de Branges spaces. The present paper studies stability of 
Riesz bases of reproducing kernels in the class of de Branges spaces with the 
condition that y/(”) > a > 0 on R, where y is an important characteristic of 
a de Branges space known as a phase function. Specifically, we are concerned 
with the sets of real numbers A = {A,,} such that the normalized reproducing 
kernels k(Ap,-)/||K(An; -)|| constitute a Riesz basis. We also prove new results 
on stability of reproducing kernels corresponding to real points which form a 
Riesz basis in #(/) with respect to small perturbations, which generalize some 
well-known Riesz basis perturbation results in the Paley-Wiener space. 

In order to properly state our results, we need to review the main concepts 
and terminology of the theory of de Branges spaces of entire functions intro- 
duced by L. de Branges [13] in connection with inverse spectral problems for 
differential operators. These spaces generalize the classical Paley-Wiener space 
which consists of the entire functions of exponential type and square integrable 
on the real line. More information about these spaces can be found in [8-11]. 


2 Theory of de Branges spaces 


In this section, we present a brief review and some relevant results on de Branges 
spaces theory. Assume f is an analytic function on the upper half-plane C*+ = 
{zEC : Sz> 0}, then f is said to be of bounded type in Ct if it can be written 
as a quotient of two bounded analytic functions in C+. The mean type of f in 
C* is defined by 


mt+(f) :=limsup sel 


y— +00 





For an entire function f, we define the function f* as f*(z) := f(Z). The 
Hermite-Biehler class, denoted by 1B, consists of all entire functions F(z) that 
has no zeros in the upper half-plane and satisfies the condition 


|E(Z)| < |E(z)|, whenever Sz > 0. (1) 


Given a function EF € HB, the associated de Branges space H(£) consists of 
all entire functions f(z) such that 


Wig = [|Z 


2 
dt < 0, (2) 
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and f(z)/E(z) and f*(z)/E(z) are of bounded type and nonpositive mean type 
in the upper half-plane. This is a Hilbert space with respect to the inner product 


_ f Hoa) 
oe f. Teor © 





The Hilbert space H(F) has the special property that, for every nonreal 
number w, the linear functional defined on the space by f +> f(w) is continuous. 
Therefore, for every nonreal w € C there exists a function k(w, z) in H(E) such 
that 


for every f € H(E). Property (3) is known as the reproducing kernel property. 
The function &(w, z) is called the reproducing kernel of H(E), which is given by 
(see [13, Theorem 19]) 
E(w) E(z) — E(w)E* 
elu, 2) = BLUE) — EC@E(2) % 


2ni(w — z) 





An important feature of the de Branges space H(E) is the phase function 
corresponding to the generating function E, that is, for any entire function 
E € HB, there exists a continuous and strictly increasing function y : R- R 
such that E(x)e“?() € R for all x € R, essentially, ¢ = —arg(E) on R, and 
E(a) can be written as 





E(x) =|E(2)\e?™, 2 ER. (5) 


If a function y has these properties then it is referred to as a phase function 
of FE. It follows that a phase function of F is defined uniquely up to an additive 
constant, a multiple of 27. If y(a) is any such function, and E(x) # 0, then 
using (4) and (5), an easy computation gives 


1 
k(x, )I? = ka, x) = —"(x)| B(x) ). (6) 
The leading example of de Branges spaces is the Paley-Wiener space 
Hie") =P Was 


consists of square-integrable functions on the real line whose Fourier trans- 
forms are supported on [—7,7]. The reproducing kernel for PW, is k(w, z) = 
sin m(z—W) 
m(z—W) 
A key feature of a de Branges space is that it always has a basis consisting 
of reproducing kernels corresponding to real points, [2]. 


,w,z€C, z4W, and the corresponding phase function y(#) = 7a. 


Theorem 2.1. Let H(E) be a de Branges space and v(x) be a phase function 
associated with E. Ifa €R, and A = {An}nez is a sequence of real numbers, 
such that p(An) = a+an, n € Z, then The functions {k(\n,z)}nez form an 
orthogonal set in H(E). 
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is an orthonormal basis 


Ife! B(2) —e-9B"(2) ¢ H(B), then (hE), 


for H(E). Moreover, for every f(z) € H(E), 








o=d FO) (7) 
EZ 
and . 
2 Xn T 
re 5|2 ° 








neZ 


A central tool in our proofs is the following Bernstein inequality in de 
Branges spaces introduced by A. Baranov, whose proof can be found in [2]: 


Lemma 2.2. Let E © HB be such that E’/E € H*(C*), then 


fllz 
for all f © H(E), where C,,, = (4+ V6)||E"/Elloo: 


lf'/Elle < C,., 








3 Basis Theory 


In this section we recall some basic concept of frames and Riesz bases for Hilbert 
spaces (see for example, Daubechies [7]; Duffin and Schaeffer [14]). 

A family of elements { f,}°2, in a separable Hilbert space H forms a frame 
if there exist 0 < A < B < o such that 


Allfll? < SOM fd? < BIFIP, for all f € H. (9) 


n=1 


The constants A,B in (9) are called the frame bounds for {fn}°2,. If the 
two frame bounds are equal we call a frame {f,}°2, a tight frame. For each 
f €H we have the frame expansions 


f= i=) hei (10) 


with unconditional convergence of these series, where { fat is the dual frame of 
{fn}. If, in addition to (9), {fn}? 1 is a linearly independent set, we call it 
a Riesz basis for H. An equivalent characterization for a sequence {f,}°°, to 
be a Riesz basis is that {f,}°2, be a complete sequence in H and there exist 
positive constants A and B such that 


AS lel’ < [> Cn fn 


for all finite sequences of scalars {c,,}, see [20]. 








2 
< BY lenl’, (11) 
H n 
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If the Reisz basis is an orthogonal basis, then A = B = 1. Hence, a Riesz 
basis is automatically a frame, moreover, inequality in (9) holds with the same 
constants A and B as the inequality in (11). A Riesz basis { f,,}°2) is equivalent 
to an orthonormal basis {e,,}°2., for H, namely, if there is a bounded invertible 
operator U :H — H such that Uf, = e,. Consequently, any Riesz basis of H 
is an unconditional basis of H but not conversely in general. Because of this 
parallelism, the Riesz bases is the appropriate framework from which to obtain 
nonorthogonal sampling formulas. It follows that every f € H has a unique 
expression 


f= > Gili 


where 7 = U*Uf,, are the elements of the dual basis of {f,,}. 

If H is a reproducing kernel Hilbert space, a sequence A = {X,,} is inter- 
polating for H if there exists an f € H satisfying f (An) = Gd» for any choice 
of interpolation data {a,/||k(An, -)||} € 2(C). It is complete interpolating if in 
addition f is unique. From an equivalent point of view, it is well known that a 
sequence A is an interpolating sequence in H if and only if {k(An, .)/||k(An, -)||} 
is a Riesz sequence, and A is a complete interpolating sequence if and only if 
{k(\n; -)/||K(An; -)||} is a Riesz basis in H, see [17] for more details and discus- 
sions. 


Definition 3.1. A sequence {fn}°2, is said to have the restricted isometry 
property if there exists 6 € (0,1) such that 


lo) 
Py Cnfn 
n=1 


for any sequence of scalars {c,}, where 6 is known as the isometry constant. 


(1-8) Seni? < 
n=1 














<(1+6) > |enl?, (12) 


Although the restricted isometry property is difficult to verify, small re- 
stricted isometry constants are desired; the closed 6 to zero, the closer to or- 
thogonal basis. On the other hand, this definition in particular means that { f,,} 
is a Riesz basis for its linear span. Conversely, if {f,} is a Riesz basis satisfying 


(11) then the scaled sequence {,/24 fn} satisfies (12) with 6 = #4. In this 
work, we approach the problem of stability of Riesz basis of a Hilbert space H. 
Specifically, given a family {g,}°°, C H which is close, in some sense, to the 
Riesz basis (or a frame) {f,}°2, C H, we find conditions to ensure that {g,}°21 
is also a Riesz basis (or a frame). This problem is important in practice, and 
has been studied widely by many authors in the context of bases of exponentials 
in L? on some interval. The first result due to Paley and N. Wiener [18] states 
that if {An}nez C R and sup,ez|An — n| < 6 < ss, then the set {e*},,¢z 
is a Riesz basis for the Paley-Wiener space PW, (in this cae f, = e’”” and 
gn =e). In [19] M. Kadec proved that the result is true for 6 < 4, whereas 
the conclusion may fail if sup,ez |An — n| = | (see [5]). Recently, some results 
obtained in [3] on the stability of bases and frames of reproducing kernels based 


on the estimates of derivatives in terms of Carleson measure in model spaces 
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Kk = H? © OH? of the Hardy class H? in the upper half plane Ct, where 9 is 
an inner function in Cr. 

In the present paper we are particularly interested in the reproducing kernel 
Hilbert space H(E), we shall take for the f,,’s the normalized reproducing kernel 


functions ee, where A = {X,,} is a sequence of real numbers. To - rae 
we are interested in stability of the basis TEESE given a Riesz basis Thon a =. 
for H(E£) and a set of points fz, which, in some sense, close to Ap, whether the 
system Soa is also a Riesz basis for H(E), which, as a result, leads to a 
Riesz basis expansion. 


We will need below the following lemma which will play the key role in our 
proofs, see Corollary 15.1.5 in [6]. 


Lemma 3.1. Let {fn}>_, be a frame for a Hilbert space H with bounds A, B, 
and let {gn}, be a se puetie in H. If there exists a constant R < A such that 


Sof fn-gn)ul’ < Rifle. VF EH, 
n=1 


then {gn}~_, is a frame for H with bounds 


A(1— /R/A)?, B(1+./R/BY? 


If {fn}, is a Riesz basis, then {gn}-_, is a Riesz basis. 


4 Riesz Basis in de Branges Spaces 


Given a de Branges space H(£) with reproducing kernel k(w, z), we can assume, 
without loss of generality, that F has no real zeros (see [16]), hence k(x, x) > 0 
for all x € R by (6). Let A = {A,,}°2, be a sequence of real numbers, from now 
on, we set 


kK (An, 2) 
n 
|K(An, -)I| 


Definition 4.1. Let A = {r,}92, be a sequence of distinct points. We say that 
A is sequentially separated if |Ansi—An| > on, for alln > 1, and on < On11 
for alln > 1. 





fn(Z) = N,z€C. (13) 


Next we derive an estimate of the isometry constant 6. This estimate leads 
to a sufficient condition for a sequence {f,} to have the Restricted Isometry 
Property. 


Lemma 4.1. Given a de Branges space H(FE), and (x) a phase function as- 
sociated with EF such that y!(z) >a >0 on R. Let {An}°21 be a sequentially 
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Co 
separated sequence of real numbers such that on, >1. If > + < ae, then 
n=1 ” 


a= ( 3 Kn ful) <1 (14) 


m,n=1 


meén 





Proof. For any real number a, E(x) = e~*?)|E(x)|, which implies that ae = 
e(*), Let a,b € R, then using (4) and the fact that k(a,b) = (k(a,.), k(b, .)) 











we get, 
k(a, b) Z 1 E(a)E(b) — E(a)E(b) 
E(a) E(a) 2ri(a — b) 
E(b) — 2 Eb) 
2ri(a — b) 


Simple calculations then shows that 




















(Ma) RO) 1 Bad) 
E(a)’ E(t)’ ~~ E(®) E(a) 
1 — e2i(o(b)—#(a)) 
~ 2ri(a — b) 
and, 
k(a,b) —_sin® (yp(a) — 9(6)) 
|E(a)|?|E(6)|? m(a—b)yr 
Consequently, since k(x, xz) = +¢'(x)|E(2)|? for all x € R, we have 
k?(a, b) og k?(a, b) 
k(a,a)k(,b) "pay" ®)E(a)2EO)P 





In particular, for f,, defined in (13) we have 








2 k(An, -) k(Am;-) \|? 
Fo Fol” = RG I TeOm, JT” 
= 1 sin? (y(Am) ac ~p(An)) 
g! (Am) ¢! (An) (Am — An)? 


ee es 
~ a? (Am — An)? 


because y’(x) > a on R by the hypothesis. Since {A,,} is sequentially sepa- 
rated and o,, > 1 then form >n,m=n-+k, for some k > 1, and 


(Am — An) > (m= n)on = kon, 
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Therefore, for any n > 1, 


Co 





1 1 
2 
< a 
S- [Fins Ferny — q2 S- (Aa = An)? 
m=n+l1 m=n+l1 
1 1 
< 
= 2 pss (m = n)202 
1wwl wi 
< = 
~ ata k? 6 a’a? 
Consequently, 
y Riade) =23° x IK ata) Pea ee —_ 
[a On 
mn=l1 n=1m=n+1 
meén 











From this the conclusion follows with 6 < 1. 





Next we apply the estimate obtained in Lemma 4.1 to give conditions for 
the sequence {f,,} to have the Restricted Isometry Property. 


Theorem 4.2. Given a de Branges space H(E), and v(x) a phase function 
associated with E’ such that y'(x) >a >0 onR. Let {A,}°, be a a sequentially 


separated sequence of real numbers such that o, >1, Vn > 1. If oe sz < ae. : 
n=1 ™ 

then the sequence {fn}°2, satisfies the Restricted Isometry Property. 

Proof. From the definition of fr, ||fn|| = 1, for n > 1, then for any finite 


sequence of complex numbers {cp }n>1 we have 
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| 
Me 
° 
3 
Ol 
3 
= 
= 











co 2 
S- Cn fn 
n=1 








m,n=1 
= eae lbeliges x Ch Gin Tris tnvy 
n=1 ple 
< b> Cn 2 S- ICném(fns fm) | 
n=1 ae 
< Yolen? + (Yo lenlPleml?) (2 Ms fn) ) 
n=1 pes ey 
< Yolen? + (Sole?) (So lem) (0 tm) 
n=1 n=1 m=1 iWin 
co co $ 
Ss ea + eal > Kf Sm) P) 
n=1 eal 
= (24+ (0 Mn tml?) ) Sa? 
ss 
=(14+6) >= le)? 
n=1 
where ( x Kf fn) — 6, by Lemma 4.1. 
mn=l1 
mAén 


Similarly, we prove the first part of the inequality. We use the claim in 
equation (14) above, we have 


Yowh > G-(> Kf) ) Seal 


m,n=1 n=1 


mén 


6) lenl?. 


n=1 











Therefore, the sequence {f,,} satisfies the Restricted Isometry Property for 
some 6 € (0,1), completing the proof. 














If A = {A,}°2, is a given sequence, then for e > 0, we define a perturbation 
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sequence 
k(\n; An 
Mg = {tin Ri tin = An tems 0< en SEE nih, (15) 
Tn 
wheret, = max  4k(t,t). In what follows, the constant A; is the lower frame 


te[An Anti] 
bound of the sequence {f,} in (9) and (11), and C4, is the Berntein constant 
from Lemma 2.2. 
Theorem 4.3. Given a de Branges space H(E), such that E'/E € H&(C*), 
and p(x) a phase function associated with E such that y'(x) > a>0 onR. If 
{fn} is a Riesz basis in H(E), then the sequence {ee Ln € M-,} is also 
aA 5 


a Riesz basis in H(E) whenever € < a> 
Ber 


Proof. Since the function k(t,t) is continuous for all t € R, the Mean Value 
Theorem implies that there exists tp, € (An, fn) such that 


mee k(t, t) k(tn, tn) 
NE ita GO! foralln > 1, 
[ k(n; An) LT Se acl 


Moreover, since UW, € M,, then 

k(tn, tn) k(An, An) K(tn, tn) 
<e 

k(An; An) _ Tn kK (An, An) 


Let f € H(E), and hy,(z) := met —T for Un € M-. Then 


<e,foralln > 1. 


























Qi 1 2 

\(f, fn = hn)| = ay |f (An) _ f (in)| 
7 Ea i 
ee I \s a [rors 
pL? = k(tt) 1 
=f bE ee 








2 



































a fP| fi) i k(t, t) 
< ———— dt 
sof ize oh MOG 
ome Pe ; dt. 
a Jy, | E(t) 
Hence, we have 
. me f | f'(t)|? 
2 a JR| E(t) 
TE 
= | WF/BIP 
< moe ale 
10 
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where the last inequality follows from Lemma 2.2. Consequently, {h,,} is a Riesz 
basis by Lemma 3.1 with R = ZeC? < Ay by the hypothesis. 














Theorem 4.4. Let H(E) be a de Branges space, with reproducing kernel func- 
om se z). Let {Ayn}, {un} be two sequences of real numbers, and {h,(z) := 
nh ey be a Riesz basis in H(E) with frame bounds Ap, and By. If there exits 
positive constants C1, C2 such that 


Cik(An, An) < k (Ln; Ln) < C2 k(An, An); (16) 


for alln > 1, then the sequence {es} is also a Riesz basis in H(E), 


whenever CB), < An, where C = (1+ on - Je): 


Proof. Since the sequence {h,,} is a Riesz basis, then for all f € H(£), 





Aallfl? < uk (f,An)l? < Ball ll? 


Let f € H(E), and gn (z) := jhiun.z) Then 












































WRCHns)IP 
f (tn) fun) 
iA ~— In = 
ICP Pm — Gn) VRXns An) —-V/(Lins Hr) 
2 
1 1 
= |f (un)? toa Roast) 
—_ 2 - t : 2 
= | f(in)| BOG) K (in; bn) a/R Xs An) Kits ti) 
plflendl? 
"said ) 
where R= 1+ q — Te: Thus, we have 


"Fon acai 


< RByl|f'|l?. 





Consequently, {g,} is a Riesz basis by Lemma 3.1 as RB; < Ap. 











Now we state the main result on stability of Riesz basis in de Branges spaces, 
the proof is an immediate consequence of Theorem 4.3 and Theorem 4.4. 
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Theorem 4.5. Given a de Branges space H(E), such that E'/E € H®(C*), 
and (x) a phase function associated with E such that y'(x) > a > 0 onR. 
Let {fn} be a Riesz basis in H(E) with bounds Ay, By. Let M. be the sequence 
defined in (15), and assume that there exits positive constants C,C such that 


Cik(An, An) < k(tn, ln) < C2k(An, An), for alln > 1. (17) 


Then the sequence (fey > in € M_} is also a Riesz basis in H(E) 


aA 
e< aon and CBs(1+4/R/By )? < As(1—4/R/Ay J? 


where R = reC? and C = (1+ a -_ 2). 


whenever 








Remark 4.1. de Branges spaces H(F) that satisfy the conditions of the pre- 
vious theorems in general do not have simple analytic characterizations. We 
would like to emphasize that the best way to construct the corresponding gen- 
erating functions EF € HB is via their Weierstrass factorization formula. A 
special class of Hermite-Biehler functions is the Polya class where any function 
can be characterized by its Hadamard factorization formula. For the sake of 
completeness, we include some examples of such functions, see [1] and [18]: 


(1) Let E have the form 


Bayer |] (1 - 2) ene, (18) 


neZ 2n 
and let the zeros Zp, satisfy the following conditions: 


(a). 2, = Bn+wWn, for alln € Z, where B > 0, and the sequence {Wn }nez 
is bounded, 


(b). Im(w,) > a> 0. 
Then z € H&(Ct). Ff, in addition, wy = Un + ivy where Un € [a1, a2] 


and Un € [a1, 42], a, > 0 for alln € Z, then E’/E € H™®(C*). and (x) 
is bounded away from zero. 


(2) Let 7 
E(z) = ye~**S(z) J] (1 - 2) gine 


& 
n=1 Te 


for all z € C, where the sequence {z,}°@, C Ct has no condensation 
points in C and satisfies the Blaschke condition 


Co 
So un/ (a2, + y2) < +00, 


n=1 
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which guarantee the convergence of the previous product, and 
hn =ty/ (e+ 5) neéN, 


a> 0, S is an entire function taking the real values on the real line and 
having only real zeros, and y is a complex number with modulus 1. If the 
sequence {Z,}°, is contained in the setT, = {2 € Ct: 7 < argz < 
ma —T}, T>O0, then - € H&@(Ct) and y'(x) is bounded away from zero. 


Furthermore, a wide class of de Branges spaces for which the previous the- 
orems may be applied is the homogeneous de Branges spaces. Such spaces are 
related to the classical Bessel functions and more general confluent hypergeo- 
metric functions, and were characterized by L. de Branges [12,13]. We present 
a brief review of the construction of these spaces. Let v > —1. A space H(E) is 
said to be homogeneous of order v if, for all0 <a< 1 and all F € H(E), the 
function z 4 a’*+F(az) belongs to H(E) and has the same norm as F. For 
v > —1 consider the real entire functions A,(z):C —> C and B,(z):C >C 
given by 


2n 


_< (=1)" (52) ee oe ae 
AN) =) Aiee DG £8).e el ae (5) TA) 





n= 





and 
_+ (=1)" G2)" _ i 
Ble) => pai ra. eaey et) (34) Jug) 
where 


(—1)" aa 
mt(v +n-+1) 


I(z= >) 


n>0 


is the classical Bessel function of the first kind. These special functions have 
only real, simple zeros and have no common zeros. Furthermore, they satisfy 
the following differential equations 


A, (z) =—B,(z) and Bi(z) = A,(z) — (20 + 1)B,(z)/z. (19) 
If we define 
E,,(z) := A,(z) — iB, (2), 


then the function E,(z) is a Hermite-Biehler function with no real zeros, of 
bounded type in the upper-half, and is of exponential type 1 in C. Also we have 
that 

cya? <|E,(2)|* < OyleP?™, 


for all real |x| > 1 and for some c,,C, > 0, see [15]. Moreover, it is known 
that A,, By ¢ H(E,). Note that if v = —1/2 we have A_1/2(z) = cosz and 
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B_jj2(z) = sinz, hence, E_y/2(z) = e~* and the space H(E_1/2) coincides 
with the Paley-Wiener space PW). By (19) we have 


B,(z) 
2E,(z)’ 


Bila) 
E,(z) 





=1-(2v +1) 





for all z € Ct. Hence E!,(z)/E,(z) € H®(Ct). This also implies that the 
phase function y,(z) associated with E,(z) satisfies 
(2v + 1)A,(x)B, (a) 

x|EL(2)| 





y(t) =1 


Hence, y,(x) ~ 1 for all real x. 
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Abstract 


The present paper aimed to explore the linear moment problem for the 
real sequences defined by the nonhomogeneous linear recursive relation. 
Various properties are provided, especially, those related to the Hankel 
matrices. Some considerations in connection with K-moment problem, 
for the nonhomogeneous recursive are discussed. 


Keywords: Linear moment problem, K—moment problem, Hankel 
matrix, nonhomogeneous linear recursive sequences. 


1 Introduction 


In view of its fundamental role in various fields of mathematics and applied 
science, the linear moment problem has been extensively studied in the literature 
(see [4,5,9,11-13]). Especially, it has been shown that this problem is useful for 
some topics in physics, such that the quantum dynamical systems, the resolvent 
R,(A) of a given Hamiltonian A, which can be written as an infinite series in 
terms of 1/\, whose coefficients are the moment jin = (y|A”|y) of order n of the 
operator A, where y is a state vector of the given system (see [4,12] for example). 
Furthermore, the linear moment problem is also related to the Lanczos numerical 
method, which is an important technique for finding the positions of n particles 
such that the first 2n — 1 moments own given values (see [5,13] for example). 
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Recently, the linear moment problem has been investigated in the literature, by 
various methods (see, for example, [4,9, 11, 12]). 

The linear moment problem is simple to formulate. Indeed, let H be a 
real separable Hilbert space, £(H) be the space of linear operators on H and 
S(H) C £L(H) the subspace of self adjoint operators on H. For a given operator 
A € £(H) and non-vanishing « € H, the sequence T = {an}n>o defined by 
Qn = (A2\|x) for n > 0, is called the moment sequence of A on x, and ay, is 
the moment of order n of the operator A on x. The linear moment problem 
is the reciprocal of the previous situation. More precisely, let [ = {On }o<n<p 
(p < +00) be a sequence of real numbers, the linear moment problem associated 
with [ consists to find a self-adjoint operator A € S(H) and a non-vanishing 
vector x € H such that, 


Qn = (A”alxz), for O<n<p. (1) 


The problem (1) is called the full linear moment problem when p = +00 and 
the truncated linear moment problem for p < +00 (see [7-9, 12], for example). 

On the other hand, the linear moment problem (1) for the sequence I, is 
also related to the classical power K-moment problem (K is a closed set of R), 
whose aim is to find a positive Borelean measure ys with supp(jz) C AK such that 


Qn = | tdu(t), for O<n<p, (2) 
K 


where p < +00. The moment problem (2) is important in operator theory, 
particularly, it is related to the study of the shift of subnormal operators and 
subnormal extension (see [1, 3, 6-8]). Recently, the two preceding moment 
problems (1) and (2) have been studied in [3,9-11], for some sequences defined 
by linear recursive relations. Moreover, it was established the closed connection 
between the full and the truncated moment problem for recursive sequences 
in [9,11]. More precisely, let {un}n>o0 be the sequence satisfying the following 
linear recursive relation of order r, 


Un+t1 = Golly + G,Un_1 +°++ + p_1Un_p41 forn >r—1, (3) 


where uo, U1,-.-,Ur—1 are the initial data, it was shown in [9-11] that, for the 
linear moment problems (1), the full one (p = +00) and the truncated one 
(p < +00) are closely related. Especially, it was shown in [9] that in the finite 
dimensional case (dimg H < +00), the two preceding linear moment problems 
(the full and the truncated) are identical. On the other side, it was shown in [9] 
that the full and truncated moment problem (2), for the recursive sequence (3), 
are equivalent. 


The purpose of this paper is to study the linear moment problem (1), for 
a real non-homogeneous recursive sequence {Un }n>o of order r, defined by the 
following recursive relation, 


Unt1 = AoUn + 1Un—1 +++ + Gr—1Un—r41 + n41 for n > r—1, (4) 
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where the coefficients ao,...,@r—1 (r > 2, a-_1 # 0) are real numbers, vp = 
Qo,--+,Ur—1 = Qp—1 are the initial values, and C = {cn }n>,r is a (non trivial) 
real sequence. It seems to us that properties of the linear moment problem (1) 
for nonhomogeneous sequences (4), can be useful for the study of certain related 
perturbed physical systems. For the K-moment problem (2), it can be also, for 
studying the perturbed moment, of the shift of operators. 

In this study, we characterize the solution of the linear moment problem (1) 
for sequences (4) in the general setting, especially, when the operator A € S(H), 
namely, A is self-adjoint. When the real separable Hilbert space H is of finite 
dimension and the non-homogeneous sequence {Up }n>0 is a moment sequence 
of an operator A, on a non-vanishing x € H, we establish that the sequence 
{¢n}n>r is a linear recursive sequence of type (3). And when the real separable 
Hilbert space H is of infinite dimension and the non-homogeneous sequence 
{Un}n>o is a moment sequence of an operator A, on a non-vanishing x € H, 
then the general term of the sequence {cp}n>,, is expressed as a limit of 
Ch = dim. cl’), where c*) is a linear recursive sequence of type (3). We establish 
the solution of the linear moment problem (1), using the properties of the Hankel 
matrices. The special case when {cp}n>,r is a linear recursive sequence of type 
(3), is discussed. Moreover, the K-moment problem (2) for nonhomogeneous 
recursive sequences (4) is provided, using the spectral measures of self-adjoint 
operators. By the way, some other consequences are derived, especially, the 
Stieltjes and Hamburger moment problems (2), for the nonhomogeneous recursive 
sequences (4), are discussed through the spectral measures of self-adjoint operators. 
It should be noted that the study of these two problems for the sequences (4), 
is not common in the literature. 


2 Linear moment problem and sequences (4) 


Let improve the connections between solutions of (4) considered as a difference 
equation and the linear moment problem (1). Let {Qn}n>r be the family of 
polynomials defined by Q,,(z) = 2"~" P(z), where P(z) = z”—ag2"-1—a,2"~? 
+++ — @p_1, is the so-called characteristic polynomial of the homogeneous part 
of the sequence (4). Let z 4 0 be an element of H and A € S(H). Suppose 
that vy, = (A”2|x), for every n > 0. Then, we have, (A"ttz|x) = ag(A”x|ax) + 
++ bap (A" "tg |x) + en41, for every n > r—1. Therefore, we derive cn41 = 
(Qn+1(A)a|x), for every n > r — 1. Consequently, we can state the following 
proposition. 





Proposition 2.1. Let T = {un}n>o be a sequence (4), of characteristic polynomial 
P(z) = 2"-aoz"—1—a,2"~? a,—1. Suppose that T = {vn}n>0, is a moment 
sequence of an operator A € S(H), namely, vy, = (A”a|x), for every n > 0, 
where x #0. Then, the sequence {Cn}n>r 18 given by Cn41 = (Qn41(A)2|z), for 
every n >r—1, where Qn(z) = 2” "P(z). 





Therefore, the question of studying the converse of the preceding affirmation 
of Proposition 2.1 arises. 
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Theorem 2.2. Let T = {un}n>o0 be a sequence (4), of characteristic polynomial 
P(z) = 2” —agz"—!—ay,2"-? —---—ayp_1. Let AE S(H) andx 4O0EH. Then, 
we have v, = (A”a|x), for every n > 0, if and only if, vy, = (A”a|x) for 
n=0,1,...,r—1 andc, = (A” "P(A)z|x), forn>r. 


Proof. Suppose v;, = (A”z|x) (n > 0), for some « #4 0 in H and A € S(H). 


r—1 r—1 
Then, we have cy = vE- >, QjUp—j-1 = (ut — a eae) = (A*" P(A)a|z), 
j=0 j=0 


for every k > r. Conversely, suppose that uv, = (A"2|x), for n = 0,1,...,r—1 


and c, = (A”-"P(A)z|x) for every n > r. Therefore, we have 


d 


Ores a (A"-J-1g\2) + (P(A)a|x2) = (A"2|ar). 


j=0 














And, by induction, we derive that vu, = (A”2z|x), for every n > 0. 


As a consequence of Theorem 2.2, we obtain the following corollary. 


Corollary 2.3. Let A€ S(H) andx €H, then under the data of Theorem 2.2, 
the following statements are equivalent, 


(i) Un = (A"2|x), for every n > 0. 


r-l 
(it) Un = (A 2|x), forn =0,1,...,2r—1, andc, = i 5 Cn—j-1 + (A” 7" 2|z) 
j= 
for every n > 2r, where z = P(A)zx. 


Proof. It suffices to establish the equivalence between (ii) and the second statement 
of Theorem 2.2. Let A be a self-adjoint operator, suppose that v, = (A”2|x) 
forn =0,1,...,r—1 and c, = (A"”-"P(A)z|x), for every n > r. Then, for z = 


P(A)zx, we have, (A"~?"z|z) = (A"-"a|P(A)zx) — o GAT Pl Alaa = 


r-1 
Cn — >> @jCn—j—-1, for any n > 2r. Conversely, suppose that (ii) holds. <A 
j=0 
direct computation shows that c, = (A°-"P(A)a|z), forn =r,r+1,...,2r—1. 
On the other hand, by induction we prove that c, = (A"-"P(A)z|x), for every 
n > 2r. It follows that (i) and (ii) are equivalent. 














We conclude this section by the following observation. Let T = {un }n>0 bea 
sequence (4), whose characteristic polynomial is P(z) = 2” — agz™~+ — ayz"~? — 
-++— @,_1. Suppose that there exist A € S(H) and x € H such that vp, = 

r-l 
(A"z|x). Then, we have, cox — D> ajcox—j—-1 = ||A*~"P(A)za||? for every k > r. 
j=0 
r-1 
Therefore, when co, 4 0, for some k € N, we have cox, > > ajcor—j—1, for 
j=0 
any k > r. This later inequality is a necessary condition for the existence of 
the solution of the linear moment problem (1), for the sequence T = {un }n>0 


defined by (4). 
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3 The linear moment problem (1) for sequences 
(4) 


Let H be a finite dimensional Hilbert space over R (m = dimgH) and T = 
{Un }n>o0 a sequence (4). A straightforward computation and by using Theorem 
2.2, allows us to see that T = {un}n>0 is a moment sequences of a self-adjoint 


s 
operator A on a non-vanishing vector x of H if and only if v, = >> dy la,ll? 
j=l 


forn =0,1,...,r—1 and 


*. P(A; z 
= 52 Pepys, (5) 
j=l 





r 


J 


where «; = Ilja € H,; (0 < gj < 8), the subspace of the eigenvectors of A, 
corresponding to the eigenvalues A; (0 < j < s). Expression (5) is nothing else 
but the analytic formula of the sequence {cn }n>,, viewed as a linear recursive 
sequence of type (3) of order s. More precisely, (5) implies that {cn}n>, is 
a linear recursive sequence of type (3), of characteristic polynomial K(z) = 


s 

I] (¢ —4,;). Thus, we can state the following proposition. 

j=l 

Proposition 3.1. Let T be a sequence (4). Suppose that T is a moment 
sequences of a self-adjoint operator A on the finite dimensional Hilbert space 
H. Then, the nonhomogeneous part C is a linear recursive sequence of type (3) 
of order s (with s <dimH). More precisely, the characteristic polynomial of C 

s 


is K(z) = J] (e—A,;), where the A; (0< j < 8) are the eigenvalues of A. 
j=l 


Suppose that H is a separable real Hilbert space (over C) of infinite dimension. 
The simplest spectral theorem (after the algebraic case) concerns a compact self- 
adjoint and a compact normal operator A on H, and asserts that H coincide 
with the closure of the orthogonal sum of the eigenspaces H,,, corresponding to 


all possible eigenvalues {A;, }n>o0. With a view to generalization it is convenient 
+oo 
to express it under the spectral resolution form Az = >> Ap,Un2x, where I, is 


n=0 
an orthoprojection onto Hy, the eigenspace corresponding to the eigenvalue A,, 


+oo 
and x = > I,2. We consider the class of operators satisfying the Spectral 
n=0 
Theorem, which are called spectral operators or S-operators for short. 
Let T = {vn}n>o0 be a sequence (4), with characteristic polynomial P. 
Suppose that 7 is a sequence of moments of an S-operator A of L(H), on a 
non-vanishing vector x © H, namely, v, = (A"2|x), for every n > 0, where A is 


+00 
an S-operator and «= )> I,w € H. 


n=0 
Let s > 1 and consider the sequence {v2 }n>0 defined as follows: vf) =U; 
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for? =0,1,...,r—1, and 


uf), = agu?) + av), feet ei oe). (6) 
for n > r—1, wh © = 3 POD) I, \|?Ap”. It is easy t that c, = 
on>r , where cy” = i: Lp : is easy to see that c, = 

p=0 P 
lim c‘), For n= r, expression (6) shows that we have v, = lim yl), By 
s—>+oo s—>+o0o 
induction on n, we have up = lim vl , for every n > r. In conclusion, we 
S—>+00 


have the following result. 


Theorem 3.2. Let T = {vn}n>0 be a sequence (4), with characteristic polynomial 


P. Suppose the Hilbert space H. is of infinite dimension and that T is a moment 
+00 

sequences of an S-operator A on H, on a non-vanishing vector x = S> nx. 
n=0 


Then, we have vp = _Jim. Uy (s) , for every n > r, where {ul }n>0 18 @ sequence 
+00 


(4), whose associate oan Haaeneots term is 
s 
P(Ap) 1. 1/2 
dO = > Ing IPA”, (7 
p=0 ?P 

where P(z) = 2” —agz"~1—a,2"~2 —--+»—ap_1 (ap_1 #0) is the characteristic 
polynomial of T and x, = I, € H. Moreover, expression (7) stands for the 
analytic formula of the sequence fee es. viewed as a linear recursive sequence 
of type (3). 


From Theorem 3.2, we derive that 


ee Pi p| Ap” (8) 


Remark 3.3. If there exists s > 1 such that A, = 0, for every p > s+1, we show 
that expressions (5) and (8) are identical. Suppose that for every N > 0 there 
exists k > N such that A, 4 0. Therefore, expression (8) doesn’t represent a 
recursive sequence of finite order. Meanwhile, we can approximate this situation 
by a family of sequences (4), whose associated c, is given by expression (7). 


4 Hankel matrices and solution of the linear moment 
problem (1) 


In this section, we present algebraic treatment of the Hankel matrix related 
to the sequences defined by (4), and its use for characterizing the existence of 
solutions for the linear moment problem (1). 

Let H;, be the Hankel matrix of size k+1, whose entries are defined from the 
elements of the sequence T = {v;};>9, in the sense that Hp := (vitj) pei jr: 
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The j*” column of Hy will be denoted by Vj := (vj+40))_9 50 <j < k, so that 
Hy, can be briefly written as H, = (Vo Vi --- Vx). Observe that we can 
verify that 
Vr+k es ao Vr+k—1 oh a1 Vr+k—2 mei Or—1 Vik ao Crk, (9) 
BS et 
whete (pag t—(eneg io. 
With a vectorial representation, we can write the matrix H,4, as follows 


Hpin = (Vo Vi “ Vr-1 | V; es Vi+k aT Vr+n-1) : 


Using expression (9) and some computational techniques emanated from determinant 
properties, we get, 


det Hrjn = det (Vo Vices Vpea Cc th Orie paws Caen) 


Repeating the same treatment on the matrix Sp := (vi+;41) 
out of it by the following result. 


0<i,j<hr One gets 


Proposition 4.1. Let T = {Un}n>o be a sequence (4), 


Arjun = (Wid; oct gerdn-i. ond Span = i441 )o<igendna 











be the Hankel matrices associated with T. Then, we have 
Vo faye Ur—-1 Cr pee. Cr+n—-1 
Ur-1 ae V2r—2 C2r-1 sth C2r4n—2 
det Hr4n = 7 ‘ “ es (10) 
Ur oe V2r-1 Car sna C2r+n-1 
Ur+n—-1 FEES V2r+n—2 C2r+n—-1 Vo C2r+2n—2 
and 
U1 a Ur Cr+1 ai Crin 
Vv wee Vor—1 c2 wee C2 7) 
det Sprig, = E ee (11) 
Ur4+1 oc'° V2r Car+l oc" Cartn 
Ur+n AS V2r+n—-1 Cartn Ans C2r+2n-1 








Expression (10) shows that, for n > 0, it appears only the columns which 
depend on the entries of the sequence {c,}n>, after the r-th column, in the 
determinant of the Hankel matrix H,.,. A similar situation is observed for the 
matrix Si, = (Vit5+1)o<ij<k ° 

If the sequence C = {cn}n>r is also of type (3) of order s, then the r+s—th 
column of the matrix H,..,, is a linear combination of the columns r,r+1,...,r-+ 
s—1, and the r+s+1-—th column of the matrix S;+, is a linear combination 
of the columns r+1,r+2,...,r-+s. Therefore, by Proposition 4.1, we get the 
following property. 
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Proposition 4.2. If the sequence {cn}n>r is also a linear recursive sequence 
of type (3) of order s, then we have, 


1. det Hrin = 0, for n > 8, if and only if, the r+ s+ 1-column of the 
matriz H,4, is a linear combination of the previous s columns, namely, 
the r,r+1,...,r+s—1 columns of the matrix H,+n. 


2. det Spin = 0, forn > s +1, tf and only if, the s + 1-column of the 
matrit S14, is a linear combination of the previous s columns, namely, 
ther+1,r+2,...,r+s columns of the matrix Hy+. 


The two Hankel matrices Ayan = (Vi4j )0<i,j<rtn—1 and Spin = (Ui4j+1)0<i,j<rtn—1 
and their determinants (10)-(11), play a central role for solving the two moment 
problems (1)-(2) and their applications. 

We recall that it was established in [12, Lemma 1.1] that a N x N Hermitean 
matrix A is strictly positive definite if and only if each sub-matrix A, = 
(aij )1<i,j<e has det(A,) > 0, for k = 1,2,...,N. For a given Hankel matrix 

H = (mi+j)i,j>0, we consider the family of sub-matrices Hy, = (Mi+;)o<i,j<n- 
Then, [12, Proposition 1.2] shows that for a Hankel matrix the family of sesquilinear 
form F = {Hn}n>0, defined by Hn(a,8) = Yi po mj+K0;He, is (strictly) 
positive definite if and only if det(H,,) > 0, where Hy, = (m+; )o<ij<n- Equivalently, 
we say that the Hankel matrix H,, = (mj+;)o<i,j<n is positive definite if and 
only if det(H,,) > 0, where H,, = (Mi+; )0<i,j<n- 


In order to establish the existence of solution of the linear moment problem 
(1), we will present a result of the closed relation between Hankel positive 
matrix, self-adjoint operator and measure. More precisely, we recall that from [6] 
the following theorem. 


Theorem 4.3. If {Un },,s 1s a sequence of real numbers, the following statements 
are equivalent. ~ 


(a) There is a self-adjoint operator A and a vector e such that e € dom A” 
for all n and vy, = (Ae, e), for alln > 0. 


n 
(b) If w= (ao,...,Qn), where a; € C, then we have S- Mj+hajAp > 0, for 
j,k=0 
every n > 0. 


(c) There is a positive regular Borelean measure 4 on R such that | \t|"du(t) < 
oo for alln > 0 and vz = [eduie) 
Therefore, for the Hankel matrix H = (m;+;)i,;>0, the second assertion of 7 
Theorem 4.3, implies that the sesquilinear form defined by H, (a, 6) = are M4405 Bk, 


is a (strictly) positive definite form if and only if the matrix Hy, = (mi+;)o<ij<n 
is (strictly) positive definite, for every n > 0. Equivalently, the second assertion 
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of Theorem 4.3, shows that the Hankel matrix H = (mj+;)i,j>0 is positive, or 
in an equivalent way, det H, > 0, for every n > 0, where Hy, = (Mit; )o<i,j<n- 


Combining Proposition 4.1 and Theorem 4.3, we can formulate the following 
result. 


Theorem 4.4. Let T = {vn}n>0 be a sequence (4). Then, the following 
assertions are equivalent, 


1. The linear moment problem (1) for sequence (4) owns a solution. 
2. The Hankel matric H = (vi4;)i,j>0 18 positive. 


3. det H, > 0, for every0<n<r-—1 and det Hy+, > 0, for every n > 0, 
where det Hy, is given by (10). 


Let T = {vn }n>0 be a sequence (4) and suppose that the associated nonhomogeneous 
part C = {cn}n>r is a sequence of type (3) of order s, whose characteristic 
polynomial is Q(z) = 2° — boz8~1 — byz8-? — «+» — bs_1. Let R(z) = 27 - 
agz”~!—a,z"~?—---—ay_, be the characteristic polynomial of the homogeneous 
part of (4). The linearization process of [2, Theorem 2.1 (Linearization Process) | 
applied to the sequence (4), allows us to show that T = {un }n>0 is a sequence of 
type (3) of order r+, with initial data vp, v1,...,Ur+s—1 and whose coefficients 
C0; C1;--+;Cr+s are obtained from its characteristic polynomial given by P(z) = 
Q(z)R(z). Therefore, following Proposition 4.2, we get the following property. 


Proposition 4.5. Let T = {Un}n>o be a sequence (4) and Hrin = (vi4j)0<i,j<rtn—1 
its associated Hankel matrices of order r +n. Suppose that C is a sequence of 
type (3) of order s. Then, we have det H,4, =0, for everyn> s. 





On the other hand, let A be a self-adjoint operator on a Hilbert space 
H be a solution of the linear moment problem (1) on a vector on a non- 
vanishing « € H, associated with the sequence T = {Un}n>o defined by (4). 
By the linear recursive relation (3), related to the linearized expression of 
(4), we have (A”P(A)a|xz) = (P(A)az|A"x) = 0, for every n > 0, where 
P(z) = Q(z)R(z) is the characteristic polynomial of the linearized sequence 
of (4). Therefore, we have (A” P(A)a|A™P(A)x) = 0, for every n > 0, m > 0, 
especially || A” P(A)x|| = 0, for every n > 0. This implies that A”z is a linear 
combination of 2, Az, ..., A°+®~!x. Therefore, when the nonhomogeneous part 
C isan s—GF'S, if the linear moment problem owns a solution A, a self-adjoint 
operator on a Hilbert space H, then it has a solution A on some r+s-dimensional 
Hilbert space (for more details see [11, Proposition 2.2 |). This allows us to 
suppose that the Hilbert space H is of finite dimension (r + s). Therefore, we 
have the following result. 


Proposition 4.6. Let T = {tn}n>o be a sequence (4), with positive definite 
associated Hankel matrix H,, and let P(z) the characteristic polynomial of its 
homogeneous part. Suppose that C is a linear recursive sequence of type (3) of 
order s, whose characteristic polynomial is Q(z). Then, there exists a (deg(P)+ 
deg(Q))-dimensional Hilbert space H(z) and a self-adjoint operator A on Hcy), 
solution of the moment problem (1). 
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Proposition 4.6 shows the main role of the recursiveness of the sequence 
{¢n}n>o0, in reducing the study of the linear moment problem (1) to the finite 
dimensional Hilbert space H. 


5 Some considerations on the K-moment problems 
(2) for sequences (4) 


The aim here is to apply results of the preceding sections for solving the K- 
moment problem (2) for nonhomogeneous recursive sequences (4), using results 
of the linear moments problems in Hilbert spaces H. More precisely, the solution 
of K-moment problem (2) is obtained in terms of representing measure of the 
self-adjoint operator A and the vector x € H solution of the linear moment 
problem (1), for the nonhomogeneous recursive sequences (4). The Stieltjes and 
Hamburger moment problems for the nonhomogeneous recursive sequences (4) 
are discussed. 


5.1 K-—moment problems associated with sequences (4) 


Recall that the purpose of the K—moment problem associated with a given 
sequence T = {vn}o<n<p, where K is a closed subset of R, is to find a positive 
Borel measure yz such that Expression (2) is verified, namely, 


Un = . t”du(t) and supp(w) CK. 
K 


As mentioned above, the problem (2) has been studied in the literature, by 
various methods and techniques. It is called the full moment problem when 
p = +00 and the truncated moment problem, for p < +00 (see [7—-9]). Using 
the spectral representation of the self-adjoint operators, we can show that the 
linear moment problem (1) and the moment problem (5.1) are equivalent (see 
for example [6]). Moreover, using Theorem 4.3 and Theorem 4.4, we get, 


Theorem 5.1. Let T = {un}n>o be a sequence (4). Suppose that the Hankel 
matriz H = (v;+4;)i,j7>0 1s positive. Then, there exists a positive Borel measure 


js such that 
Un, =| t"du(t), 
K 


where K = supp(). Namely, the there exists a positive Borel measure i solution 
of the K-moment problem (2). 


Now consider the moment problem (2) for a sequence T = {vn }n>0 given by 
(4). Let yu be a positive Borel measure of support Kk. Then, following the proof 


of Theorem 2.2, we have vy = | t’du(t) for every n > 0, if and only if, v, = 
K 


| t"du(t) for any n=0,...,r—landc, = | t”-" P(t)du(t) for n > r, where 
K K 


10 


36 Mouniane 27-39 


J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 30, NO.1, 2022, COPYRIGHT 2022 EUDOXUS PRESS, LLC 


K = supp(). Moreover, a direct computation allows us to get the following 
result. 


Proposition 5.2. Under the preceding data, the following assertions are equivalent. 
(i) Un = fixe t’du(t), for every n> 0, where K = supp(y). 
r= 
(tt) v4 = ft" dult) forn =0,...,2r—1 and ¢,— 5) ajtp—ju. = fy t”—2" P(t)? du(t), 
j=0 
for every n > 2r, where K = supp(p). 


It is easy to show that the second assertion of the Proposition 5.2 implies 


r—1 
that cor — So yeok 74 = [itrrPerant, for any k > r, and if there 
j=0 
Tal 
exists ko > r such that cox, — >> ajCoro—j-1 = 0, then supp() C Z(P) U {0} 
j=0 


or equivalently the sequence 7 is an r — GF'S, in which case the sequence C 
vanish. This allows us to give a necessary condition for a sequence (4) to be a 
moment sequences of some positive Borel measure. Thus, we recover Lemma 
2.2 of [10], considered for the special case of the Hausdorff moment problem. 


Since the sequence C is a nontrivial, if a sequence (4) is a moment sequence of 
r-l1 


a positive Borel measure jz, we have coz > S- a;Co,-j-1, for k > r. Hence, we 
j=0 
can obtain the following. 
Proposition 5.3. Let T = {un}n>o0 be a sequence (4). If T is a moment 
r-1 
sequences of a positive Borel measure ju, then cox > > a;Con—j—-1 for anyk > r. 
j=0 


Using Proposition 4.5, we can easily establish the following. 


Proposition 5.4. Let T = {Un}n>o be a sequence (4), a positive Borel 
measure and p a measure given by t’dp(t) = P(t)du(t). Then yu is a solution 
of the full moment problem (2) associated with T if and only if 1 is a solution 
of the truncated moment problem (2) associated with T, = {un}o<n<r—1 and 
{Cn4r}n>0 is a moment sequences of p. 


Particularly, when T = {vn}n>0 is a sequence of type (3) of order r (i.e 
Cn = 0, for every n > 0), then the second assertion of the preceding proposition 
is equivalent to the fact that yz is a solution of the truncated moment problem 
(2) associated with 7, = {Un}o<n<r—1 and J, t’dp(t) = fit’ -"P(t)du(t), for 
every n > r. The last statement is equivalent to supp(4z) C Z(P), and we obtain 
Lemma 2.2 of [10] in the particular case of the Hausdorff moment problem. 


5.2. Moment problems (2) associated with sequences (4), 
with c, satisfying (3) 
Let consider the linear moment problem (1) for sequence sequences (4), where 


the sequence C = {Cn}n>,r satisfies the linear recursive relation (3). Then, by 


11 
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Proposition 4.2, Theorem 4.4, Proposition 4.6 and Theorem 5.1, we get the 
following result concerning the Hamburger moment problem for sequences (4). 


Theorem 5.5. Let T = {un}n>o be a sequence (4). Suppose that C = {cn}n>0 
is a sequence of type (3) of order s. Then, a necessary and sufficient condition 
that there exists a measure ps solution of the truncated Hamburger moment 
problem associated with a sequence T = {Un}n>o is that the Hankel matrix 
H,4.5 1s positive definite or equivalently det H, > 0 forn=0,1,...,r+s. 


Similarly, we get the following result concerning the Stieltjes moment problem 
for sequences (4). 


Theorem 5.6. Let T = {un}n>o be a sequence (4). Suppose that C = {cn}n>0 
is a sequence of type (3) of order s. Then, a necessary and sufficient condition 
that there exists a measure wu solution of the truncated Stieltjes moment problem 
associated with a sequence T = {Un}n>o0 1s that the two matrices H,., and 
Sr+s are positive definite or equivalently det H, > 0 and det S, > 0 forn = 
0,1,...,r+s. 


Note that a similar result can be established for the Hausdorff moment 
problem. 
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ABSTRACT 
Sometimes, it is not possible to find a general solution for some differential 
equations using some classical methods, like separation of variables. In such 
a case, one can try to use theory of tensor product of Banach spaces to find 
certain solutions, called atomic solution. The aim of this paper is to find 


atomic solution for conformable non-linear wave equation. 
Key Words: fractional wave type equation; conformable derivative; atomic solu- 





tion. 


1 Introduction 


In [Khalil et al., 2014], a new definition called a-conformable fractional deriva- 
tive was introduced as follows: 
Letting a € (0,1), and f: E C (0,co). Then for x ¢ E 


D* f(x) = lim tz a Pa Hz) (1) 


e>0 E 





If the limit exists then it is called the a-conformable fractional derivative of 
f at x. 

For x=0, if f is a-differentiable on (0,7) for some r > 0, and lim,_,9 D° f (0) 
exists then we define D° f(0) = lim, 49 D°f(0). The new definition satisfies: 


1. To(af + bg) = aTo(f) + 6Ta(g), for all a,b € R. 
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2. Ta(A) = 0, for all constant functions f(t) = X. 


Further, for a € (0, 1] and f,g are a-differentiable at a point t, with g(t) 4 0. 
Then 


Leaf o)= 7 Bale) elas): 
2. To(£) = SeB Malo g(t) #0. 





We list here the fractional derivatives of certain functions, 
Le = peo 
2. T,(sin +t%) = cos 2t*. 
3. T,(cos +¢%) = — sin 42°. 
4. Tea = eat”. 


On letting a = 1 in these derivatives, we get the corresponding classical rules 

for the ordinary derivatives. 

One should notice that a function could be a-conformable differentiable at a 

point but not differentiable, for example, take f(t) = 2Vt. Then T1(f)(0) = 

1. 

This is not the case for the known classical fractional derivatives, since 
T\(f)(0) does not exist. 

A vast number of researcher dedicated so much of their work to study con- 
formable derivatives and its applications. Among them, [Abdeljawad, 2015], 

[Abu Hammad and Khalil, 2014], [Aldarawi, 2018], [Alhabees and Aldarawi, 2020], 
|ALHabees, 2021], [ALHorani and Khalil, 2018], [Anderson et al., 2018], [Atangana et al., 2015], 
[Chung, 2015], [Hammad and Khalil, 2014], [Khalil et al., 2016], [Kilbas, ], 
[Mhailan et al., 2020]. 


2 Atomic Solution 


Let X and Y be two Banach spaces and X* be the dual of X. Assume x € X 
and y € Y. The operator T : X* — Y, defined by 


T(a*) = 2*(x)y (2) 
is bounded one rank linear operator. We write x © y for T. Such operators 


are called atoms. Atoms are among the main ingredient in the theory of 
tensor products. 


41 Aldarawi 40-47 


J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 30, NO.1, 2022, COPYRIGHT 2022 EUDOXUS PRESS, LLC 


Atoms are used in theory of best approximation in Banach spaces, see [Al Horani et al., 2016]. 
According to [Khalil, 1985], one of the known results that we need in our 
paper is: if the sum of two atoms is an atom, then either the first components 
are dependent or the second are dependent. 
For more on tensor product of Banach spaces we refer to [Deeb and Khalil, 1988] 
and [Khalil, 1985]. 
Our main object in this paper is to find an atomic solution of the equation 

D? Deu = 7 DE Dou + De Deu. (3) 
This is called the conformable non-linear wave equation, where c is constant. 
Let c = 1 for simplicity to get 

De Deu = DEDEu + De DEFu. (4) 


If one tries to solve this equation via separation of variables, then it is not 
possible since the variables can not be separated. 


3. Procedure 
Let u(x,t) = X(x)T(t). substitute in equation (4) to get: 

XP") =X" @)Pa)+ XxX? are). (5) 
This can be written in tensor product form as: 


X (x) @ T**(t) = X*7 (x) @ T(t) + X9(x) @ T(E). (6) 


Let us consider the following conditions: X(0) = 1, X°(0) = 1. 
In equation (6), we have the situation: the sum of two atoms is an atom. 
Hence, we have two cases: 


3.1 case I: X74(x) = X*(zx) 


The situation of case I: X?°(x) = X°(x), using the result in [Al-Horani et al., 2020], 
we get 


K(f) Se (7) 
Now, we substitute in (6) to get 
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a8 2b 
e8 @T(t)t+e% @T(t). 


eF @T*(t) = eF Q(T) +T*(0)]. 
T?(£) = T(t)+T*(t). (8) 


tay) 
RQ 
© 
ee 
dO 
Q 
— 
nw 
YN 
| 


Hence, T**(t) = T(t)+T°(t). Again, using the result in [Al-Horani et al., 2020], 


a a 
145) 1- V5) "e 


T(t) = ce ee coe 2 
Using the conditions T(0) = T°(0) = 1, we get 





(9) 








ee V5+1 (evs) V5-1 (Vi=1)% 
(t) € Sea ee 
2/5 2/5 


From (7) and (10), we obtain the atomic solution of (4) as follows: 


2 1 ave 5 f> aeye® 
u(x,t) =eF Noe ea) ey ve aca) = |. (11) 
2/5 2/5 





(10) 














3.2 case II: T(t) = T(t) 


This is conformable linear differential equation. Hence, we can use the result 
in [Khalil, 1985], or use the fact that 


Po = a). (19) 
To get 


dT (t) a 
at = tt ldt 
DG) 
Lae = Bay (13) 
Where k is constant. Hence, 
T(t)=Ke=,K =e. (14) 


T(t) =e. (15) 


4 
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Substitute in equation (4) to get 


(X79 (x) + X*(x)) Qee 
X(z) = X??(x)+ XP (x). (16) 


ia 
ig 
® 
av) 
t 


Again, by using the result in [Khalil, 1985], and the conditions X(0) = 
X*(0) = 1, we get 


= 3475 ee 3+ V5 sapee 
x)= (228) (4 (17) 


From (15) and (17), we obtain the atomic solution of (4) as follows: 


u(x,t) = oe Par gas eee a ea 18) 
2/5 2/5 


3.3. Example 




















o— 


Considering the following fractional wave equation 


DED i= De De ise De Dyk: (19) 
The solution of (19) is 


= (es i arene Lent) (20) 








2 
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Abstract This paper deals with stability of nonlinear differential equations with 
parameter with periodic perturbation. We determine values of the parameter under 
which the solutions of the perturbed systems could be uniformly exponentially stable. 
Sufficient conditions for global uniform asymptotic stability and/or practical stability 
in terms of Lyapunov-like functions are obtained in the sense that the trajectories 
converge to a small ball centered at the origin. Moreover, to illustrate the applicability 
of our result, we study the stabilization problem for a class of control system. 


Keywords: Differential equations, parametric systems, perturbation, asymptotic 
behavior of solutions. 


Mathematics Subject Classification (2000): 34D20, 37B25, 37B55. 


1 Introduction 


The investigation of stability analysis of nonlinear uncertain systems is an important 
topic in systems theory. The problem of stability analysis of nonlinear time-varying 
systems has attracted the attention of several researchers and has produced a vast 
body of important results (see [2]-[26], [29], [32], [33], [34] and the references therein). 
There have been a number of interesting developments in searching the stability cri- 
teria for nonlinear differential systems, but most have been restricted to finding the 
asymptotic stability conditions for some classes of certain systems. In particular, 
parametric stability for nonlinear systems is an interesting area of research, and it 
naturally arises in diverse fields such as population biology, economics, neural net- 
works, and chemical processes. 


48 Hammami 48-65 


J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 30, NO.1, 2022, COPYRIGHT 2022 EUDOXUS PRESS, LLC 


Basically, parametric stability for nonlinear systems addresses the stability of equilib- 
ria for nonlinear systems with real parametric uncertainty, especially the feasibility 
of equilibria and the stability nature of the equilibria with respect to small variations 
of the real parametric uncertainty (see [25]). Dynamic systems governed by ordinary 
differential equations with periodically varying coefficients have been studied since 
one and a half centuries ago (see [12], [14], [19] and the references therein). 

Mathieu [31] introduced a differential equation with periodic coefficient and Hill [24] 
presented the first ever solution technique of linear periodic equations. Lyapunov [30] 
demonstrated the Lyapunov-Floquet transformation for autonomous systems which 
is a linear periodic system into a dynamically equivalent time-invariant form. Unlike 
the differential systems without parameters, studying stability of differential para- 
metric systems with periodic coefficients may not be easily verified ({16]-[17]). 

It is well known that for linear parametric systems of the form: « = A(a)z, a is a 
real parameter which can be constant or depending on time. For technical reasons, it 
is important to distinguish between constant and time-varying parameters. Constant 
parameters have a fixed value that is known only approximately. In this case, the 
underlying dynamical linear system is time invariant. Time-varying parameter a(t) 
is a certain function which varies in some range and the resulting system is then 
time-varying. Kharitonov’s theorem (see [27|) gives a simple necessary and sufficient 
condition for parametric system where a quadratic Lyapunov function is used to solve 
the problem of stability. Barmish in [3] introduced the notion of parameter dependent 
Lyapunov functions for continuous-time linear systems whose dynamic matrices are 
affected by bounded uncertain time-varying parameters. Floquet [20] developed the 
complete study for stability of linear time-periodic differential equations. Based on 
Floquet theory the stability of the linear system with time-periodic coefficients can 
be determined from the eigenvalues of a certain matrix. These eigenvalues are often 
called Floquet multipliers. He proved that, if all Floquet multipliers have magnitude 
less than one, the linear system with time-periodic coefficient is asymptotically stable. 
In general to solve the problem of stability the usual techniques are related to some 
linear matrices inequalities that finding an adequate Lyapunov matrix to solve a sys- 
tem of Lyapunov inequalities which is a convex program. Perturbation theory is a 
pertinent discipline for the applications of time parametric dynamics which is a com- 
pilation of methods systematically used to evaluate the global behavior of solutions 
to differential equations. This motivates us to study the problem of uniform exponen- 
tial stability of perturbed systems by assuming that the nominal associated system 
is globally uniformly asymptotically stable by imposing some restrictions on the size 
of perturbations in particular that are periodic in time. 

The goal is to obtain estimates for the solutions of perturbed differential equations 
and to get uniform boundedness and uniform convergence to a small neighborhood of 
the origin. The notion of practical stability, (see [6]), is introduced in a special case. 
We determine values of parameters under which the systems are uniformly practically 
exponentially stable where some estimates on the decay rate of solutions at infinity 
are obtained. Finally, we give an application for the stabilization a class of control 
parametric system. 
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2 General definitions 


Consider the non-autonomous system 

dx 

— = f(t 1 
where f : [0,00) x R” —> R” is continuous in t and locally Lipschitz in x on [0, 00) x 
R”. The origin is an equilibrium point for (1), if f(t,0) =0, YVt> 0. 






































Definition 1. (Exponential stability) The zero solution of system (1) is exponen- 
tially stable if there exist positive constants c, , and such that 


Iz@)ll < ulle(to)le“,_¥ |Ix(to) Il < € (2) 














and globally exponentially stable if (2) is satisfied for any initial state x(ty) € R”. 


The exponential stability is more important than stability, also the desired system 
may be unstable and yet the system may oscillate sufficiently near this state that 
its performance is acceptable, in particular when f(t,0) # 0, thus the notion of 
practical stability is more suitable in several situations than Lyapunov stability, it 
means that the trajectories converge to a small neighborhood of the origin, in the 


sense of uniform stability and uniform attractivity of system (1) with respect a certain 
ball B, = {x € R"/|z|| <r}. 














Definition 2. (Uniform stability of B,) B, is uniformly stable if for alle > r, 
there exists 6 = 6(€) > 0, such that 


|x (to) || < 6 = > ||z@)||<e, Wt >to. (3) 


Definition 3. (Uniform attractivity of B,) B, is uniformly attractive, if for 
ée>r, ty >0 and x(to) € D, there exists T(€,x(to)) > 0, such that 


Ie(t)|| <e, Vt>to + T(e,2(to)). (4) 














B,. is globally uniformly attractive if (4) is satisfied for all x(to) € R”. 


Definition 4. (Practical stability) System (1) is said uniformly practically asymp- 
totically stable, if there exists B, C IR", such that B, is uniformly stable and uniformly 
attractive. It is globally uniformly practically asymptotically stable if x(to) € R”. 














Definition 5. System (1) is said uniformly exponentially convergent to B,., if there 
exist y > 0 and k > 0, such that 














l(t) || < Allx(o)|l exp(—7(E — to)) +7, VES to, Va(to) € R”. (5) 











If x(to) € R”, the system is globally uniformly exponentially convergent to B,. 
We say that the system is globally uniformly practically exponentially stable if for 
r > 0, it ts globally uniformly exponentially convergent to B,. 





Here, we study the asymptotic behavior of a small ball centered at the origin for 
0 <|| x(t) || —r, so that if r = 0 we find the classical definition of the uniform 
asymptotic or exponential stability of the origin viewed as an equilibrium point. 
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3 Problem formulation 


We consider the following system of differential equations 


dx 


Gp = MAla(t)) + BY))a + vplt.2), +20, (6) 











where A(a(t)) € R"*” is a matrix given by A(a(t)) = a;(t)A;+Q9(t) As, with a;(t)+ 
ag(t) = 1,a;(t) € R*, Vt > 0, B(t) € R”*” is T-periodic matrix, u,v € R are 
parameters and y(t,x) is a smooth vector function such that, for all t > 0 and 
x € R” 





















































p(t+T,x) = v(t, 2) 


and 
lo(t, x) || < Alla? +r, 620, k>0, r>0. (7) 


Suppose that the spectrum of matrices A; and A, belong to the left half-plane 
{A € C, R(A) < 0} and 


: B(t)d(t) = 0. (8) 


Throughout this paper, we indicate the following domains: 


























I, = {uw € R,0 <p < po}, I, = {v ER, |v| < uo}, 


such that the system (6) is practically uniformly exponentially stable for uw € I,, v € 
Iz. Moreover, we obtain estimates on the solutions of (6) that guarantee exponential 
decay when t —> +00 to a certain ball B(0,7r;) with a radius r;,2 = 1, 2. 


Remark For y = v = 1, the system (6) can be seen as a perturbed system (see [8], 
[9]). 
Notations: The following notations will be used throughout this paper. For a matrix 


X, the notation X* denotes the transpose of matrix X. Amin(X) and Amax(X) denote 
the minimum and the maximum eigenvalues of X respectively. 


Since 


spect(Aj;)in19 C {A € C, Re(A) < 0}, 


then, there exist symmetric and positive definite matrices H,; and Hp» solutions of 
the matrices Lyapunov equations (see [26] for the existence and uniqueness of the 
matrices H;, i = 1,2), 

MA, + AJM, = —-I (9) 


and 
Hy Ao + AH. = —I. (10) 


The matrices H;, 7 = 1,2 satisfy: 


CO 
n= f Ai e®Ai dg, 
0 
4 
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In many cases, it is hard to find a common positive-definite matrix H = H, = Ho. 
In fact, the existence of a common positive-definite matrix depends on the difference 
of the two matrices A;,i = 1,2. In order to solve these problems, many scholars have 
made many further investigations. For example, in [28], the authors showed that, if 
the matrices A, and A» are real Hurwitz matrices, and that their difference is rank 
one, then A, and A», have a common quadratic Lyapunov function if and only if the 
product A,A»2 has no real negative eigenvalue. We can solve this problem, in the 
special case when A; + Aj = Ag + Aj, we get 


CO CO 
H= | ei esl dg =v 042 642 dg, 
0 0 


To facilitate our task, we will suppose that, (9) and (10) have a unique solution 
Hea SA). 
We have 

nillall? < (H2,2) < ||A\IIle\’, 


where 1 = Amin(H). 


Now, In order to study the asymptotic behavior of solutions, we shall impose some 
conditions on the parameters under which the system (6) can be practically uniformly 
exponentially stable. 


Theorem 1. Let 


b= max i fw sds + f B*(s)dsH \\, 


TE [to ,to+T] 


fo= max __|\(H (af BK s)ds + [2 “(s)dsH)(Ay + B(r))|h 


a! 








f= max _ CH (a fe BK sjds-+ f BY(s)dsit)(As + B7))Ih 


oem to 


and 


Lo = min al where 3 = max{o, 33}. 


Let H be a solution to the matrices Lyapunov equations (9) and (10) and 6 = 
Then, for parameters w and v such that 


O<w<po and 264 2\v pa (Ee Ny +61) <1, 














and for any initial data x(to) € R”, the solutions of system (6) converge exponentially 
towards the ball B(0,r1) whose radius is given by 


(12 + ,)? 
LL 
(2 — fi) (1 — 28 — 2\v| k(t te 5,)) 





ry = 2\v|r 
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Remark Note that, if v = v(t) with |v(t)| —> 0 as t —> +o, then the solution of 
system (6) tend to zero when ¢ tends to infinity. 


Proof Define the following matrix 


H(t, 1) = iH a | 5 s)ds — i B*(s)ds H. (11) 
Since H = H%, it follows that 
A(t, u) = A*(t, 1) 
and by (8), the matrix H(t, 41) is T-periodic, ie. 
A(t+T,p) = H(t, p). 
Let x(t) be a solution to (6), then the function 
h(t, wv) = (ACE, w)a(t), v(£)) 


is continuously differentiable on t. It follows that, the derivative of h(t, u,v) is given 
by 


© n(tssv) = (CHE, Walt), 2(0)) + HCE, w) a(t), 2) + H(t walt), Za(d)) 
Since : 
“H(t, p) = -HB(t) — B(OH, 
then 
Ch(tyv) = —(HB() + BO H)a(t),2(0) 
+ (u(t, w)(Ala(t)) + BCO)2(t),2(0) 
+(u(A(a(t))* +B O)HU, watt), 2(0) 
HAH (t wyolt,2),2(6)) + (H(t walt), elt,2). 





Using the definition of matrix H(t, w), we obtain 
# a(t, p, v) = ((-HB(t) — BY(t)A)x(t), 2(t)) + (A(A(a(t)) + BO) a(t), x(t) 


dt 
— pl we Ne sjas+ f B*(s)ds H)(A(a(t)) + B(t))x(t), x(t)) 
+((A(a(t))* + BY(t))Hax(t), x(t) 
—((A(a(t))* + B*(t)) na sjasr B*(s)ds H)x(t), x(t) 


+2 (V(t, welt, ©), w(t 
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Repay Aa) byte Mueead nasa BO AG1O Sa) woes 
Ehltspv) = (or(t)(HAr + ApH) + on(t)(HAs + ASH) (t),2(0) 
iG we (( (H [ 50) s)ds + [ B*(s)ds H)(Ay + B(t))e(t), «(t)) 
+ (A, + Blt nr fa sjds+ ff B*(s)ds H)x(t), x(t) 
— A(t) (ca B(s)ds + [e *(s)ds H)(A2 + B(t))x(t), x(t) 


to to 


+ ((Ag + B(t))*(H | B(s)ds +f B*(s)ds H)x(t).2(0) 


to to 


+2(V(A(E, u)elt, ©), x(t))) . 





(12) 


Taking into account (9) and (10) and using the fact that 0 <  < fo, we obtain the 
following estimate 


Dune 2ieaip 


dt 
+2ya;(t) max ||(H me B*(s)dsH)(Ai + B(r))IIIla(@)|? 


TE[to,to+T] to) to 











+202(t) max, | B(s)ds+ i: " BY(s)dsH)(Ay + B(r))IIlle(OIl 


€|to,to+ to 


+2|o|h (Wt, " Bae + 2btr (Ts 6) nee 
~ (1-28-21 & (E+ 6) ) toro? 


42|v|r (a Hy 6s) \|z(¢) ||. 


Since the matrix H(t, 1) is positive definite for 0 < pu < uo, it follows that 





IA 


0< on —Bi)I < H(t, w) < CH + B)I. 





Thus, 
ne decom ara : 
—Att,p,yv) < - t, Vv 
teat TVA + bi 
+B 
+ Nee ara A(t, u,v). 
LB, 
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Let H(t, u,v) = /A(t, u,v), it follows that, 








d 1 = 248 — 2\v| & (HEL + 6.) 
tea) |All H(t, p,v) 
dt rr + 1) 
Ezal 
ee 
eee By 
aay) 


which implies that 
1 = 243 a & (H+ 8) 
2(||H|| + 491) 


jee + 6)? 


(2-& (1 — 2u8 — 2\v|k( Hl t 61) 





H(E, Hs, v) < H(to, bs, v) exp L(t — to) 


+2|y|r 














7h 
All 1 = 248 — 2\v| & (Ht + 6.) 7 
= i I|x(to) || exp Al + wh) L(t — to) 

seeall 2 
+2|y|r Un + Py) 

B= B, (1 — 208 — 2|v|a( Hl + 3,)) 

and consequently 
Hee Al 
\| HI 1 — 248 — 2\y| k (HEL + 4) 
IIz()||_ < aa rn NA+ ua) f(t — to) } |x(to) || 


(124 + g,)? 
LU 
(4 — p,) (1 — 2y8 — 2\v| (HL + :)) 





Thus, we obtain an estimation as in Definition 5. Hence, the solutions of system (6) 
converge exponentially towards the ball B(0,7r,) whose radius is given by 


(12 + ,)? 
LL 
(2 — fi) (1 — 2u8 — 2\v| k(t + 51)) 





Remark A simple verification shows that r; > 0. 


In the next part of this paper, a new class of functions appears: functions that 
depend on a set of constant parameters, that is, f = f(t,v,¢), where « € R’. The 
constant parameters could represent physical parameters of the system and the study 
of perturbation of these parameters accounts for modeling errors or changes in the 
parameter values due to aging. Let begin by introducing the following lemma. 
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Lemma (see [26]) Let f(t,x2,¢) be continuous in (t,2,¢) and locally Lipschitz in x 
(uniformly in ¢ and ¢) on [to, +oo[xR” x {lle — eo|| < c}. Let y(t, €0) be a solution of 
& = f(t,x,€0) with y(to, eo) = yo € R”. Suppose y(t, 0) is defined and belongs to R” 
for all t > tp. Then, given A > 0, there is y > 0 such that, if 



































||20 — yoll < y and le — e0|| < 7 


then there is a unique solution z(t, ¢) of = f(t,x,¢) defined for t > to, with z(to,¢) = 
zq, and z(t, €) satisfies 


\lz(t, €) — y(t, €0)|| < A, Vt > to. 


Quite often when we study the state equation + = f(t,x,¢), where « € R?, we need 
to compute bounds on the solution x(t) without computing the solution itself. That 
is why, in order to make our tache more easy, we will solve the differential equation 
& = f(t,x,€9) where € is a parameter sufficiently close to ¢, i-e., ||e — €o|| sufficiently 
small and after that we will approximate the solution of « = f(t,x,¢). 


Theorem 2. Let H be a solution to the matrices Lyapunov equations (9) and (10). 
Let 31, Bo, 03, 8 and po be defined in the Theorem 1, let d > 0, p >0 and 


He jue or? (11 = pore (1 = 2113) 
2 k(\| || + 91)? (yf AH +8 


be 





with y is some constant. Then, for 0 < uw < po, |v| < % and for any initial data 











(to) ER", |la(to)Il < p, 





the system (6) is practically uniformly exponentially stable. 


Proof Let x(t) be a solution to system (6) and H(t, 1) be defined by (11). From 
the proof of Theorem 1, the function h(t, u,v) satisfy the inequality (12). By the 
definition of matrix H(t, j:) and taking into account that ||y(t,v)|| < kl||z||/!*°+ 7, we 
obtain the following estimate 


Git) < (26) ator + 2b (EE 4 6, ) pow 





dt 
HA 
+2|y|r (a + ss) \|a(t)||. 
Ll 
Since ai 5/2 
A(t, u,v meee 
gO = van ep < 
then, 
a(eyer? < Pm) 


Cm — B,)'8/2° 
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It follows that 
1— 26 
< TAT+ B: 
2ivlk (ZI + 6) 
(ay — B,)1+8/2 


A +g 
eee z ' V h(t, u,v). 


Viral =k 


fea 


ht A(t, u,v) 








hay 





Introduce the following notation 





1 Ty — By) ote 
hence ong ae a ea pyre + es h(t, 1, V). 
Let z(t) = J/h(t, 1, V) 
we have d yy : 22 ii One 4 - (13) 














Let z(t,¢) the solution of (13) where ¢ = (€1,€2,€3) € R% and y;(t, €9) the solution of 


d €1 €2 vité 
ht =- 5% alt) (14) 











where €9 = (€1, €2,0) € R?. 





In order to solve (14), we can take 7 = 14+ 6 and w(t) = y:(t,é0)!-” = y(t, €0)~°. 
Thus, 


“ w(t) = Oy - = 
Solving the homogenous equation 
S w(t) = Sw, 
we get 
wt=Le 2, 
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A simple computation shows that 


€10 
€9 rare 
L(t)=—e 2 +6, VO>0, 
€1 
and consequently 
€19 
w(t) = 2 +6¢ 2 
€1 
where 
_ £19, 
Ey 
It follows that, 
any, t ) 
w(t) = 2+ (w(t) - 2) e 2 me 
€1 €] 
Since y;(t,€9) = w(t)? and w(to) = y1(to, €0)~°, we obtain 
€10 €10 =e 
SbF € € —(t—-t 
y(t, éo) = | yr(to,€0)~° € 2 \ 7 ee ge ( 0) 
Ey Ey 
If 
e2y{ (to, Eo) < €1, (15) 


which will be verified later on, and using the fact that for all a > 0 and b > 0, we 
have b 


(a+b sar1+—)?, Yer, 














Thus, 


-1/5 
€ € € € 
ya(t,€o) <yi(to,eo)e 2° x (1 — yi (to, eo) — BS ito) Bert) 
1 1 
yields, 
> éy\ 7/8 
yr(t,€o) < yilto, eoje 2°") (1 = ii(to.20)2) 
1 
Then, by the Lemma, for |le3||2 < y and A > 0, we get 


Il2(t,€) — w(t, €0) || < A, 
which implies that 


495 
—A(t- € 
lee < A+ loultoreolen #™ (1 ~ afte eo) ) 
1 














; -1/6 
< A+ (|lz(to,e)|| + ye" 2” 








€2 
1 — yf (to, €0)— 
€4 








A 1 
< d+ (yf Ft tote) + net 
mM 





m/s 











€2 
i= if(tovea)2| 
Ey 


11 
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Since 
‘i || || 
— — p,||x(t)|| < 2(,€) < 4, — + Allez], 
lu lu 
then, 
fl : al" 4 (10) 
eG =< gia |e ace a(tg)||e7 2 
Iz(@)||_ < near y\ (to oe I|x (to) | 
nN y €9 ma 














i — y? (to, €0)— 
Ey 


The last inequality implies that the solutions of system (6) converge exponentially 
toward the ball B(0,7r2) whose radius is given by 


(eh ean 


which is clearly positive. 





T2 = 














€2 
his Hite) 2| 
Ey 


Finally, let verify the condition (15). Since |v| < 1, 0 < uw < fo and ||x(to)|| < p, 
then 


2\v|k (1 si a)’ 








€2 
-, Yilto, £0) = Gn — B,)1+8/2 (1 — 2,8) (ll2(to, €) || + yy 
5 
2uok (\|Z|| + 451)? Al i 
pee? Ga ey) a) ra 


Hence, according to the definition of v9, we have 


€2 
—y> (to, Eo) <i. 
Ey 


4 Application to control 


In this section we study the stabilization problem of a control system modeled by the 
same dynamic as (6). 


Definition 6. A function a: [0,a[— [0, +00 is said to be of class K, if it is contin- 
uous, strictly increasing and a(0) = 0. It is of class Ky if, in addition, a = +00 and 
a(r) + +00 as r — +00. 


Let as recall the following result (see [6]). 


12 
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Theorem 3. Let consider system (1) and suppose that there exist a continuously 
differentiable real function h(-,-) on Ry xR”, Kx functions ai(-), a2(-), aK function 
a3(-) and a small positive real number @ such that the following inequalities hold for 
allt € Ry and x € R” 












































ay(llell) < h(t.) < aa((lel) 
Oh Oh 
art ae flts2) S —aa(llal) + o. 


Then the system is globally uniformly practically stable with r = ay! 0 a2 0a3'(0). 











When the function satisfying f(t,0) # 0 for certain t € R,, we shall study the 
asymptotic stability of the system at a neighborhood of the origin viewed as a small 
ball centered at the origin. The state approaches the origin (or some sufficiently small 
neighborhood of it) in a sufficiently fast manner. The following result gives sufficient 
conditions for practical global exponential stability. 




















Theorem 4. Consider system (1). Let h: |0,+00o[xR” — R be a continuously dif- 
ferentiable Lyapunov function such that 





ei|lal|? < h(t, x) < alla? 
ah | oh 
Ot Ox 


for allt > 0 and x € R”, where ci, cy and cz are positive constants. Then B, is 
globally uniformly exponentially stable, with r = \/o/c1c2. 


f(t, x) < —csh(t,x) + 0 














Now we state the stabilizability problem associated with the following nonlinear time- 
varying control system: 


dx 
G afb eltu)), +20, Ue) 


where z € R", u€ R”™, f(t,z,u): Ry, x R® x R™ > R”. 
















































































Definition 7. The feedback controller u(t) = u(t, x(t)), where u(t, 2) : R* xR" > R™ 
stabilizes globally uniformly asymptotically or exponentially the control system (16) if 
the closed-loop system 


— = f(t, z(t), ult, (¢))) (17) 
is globally uniformly asymptotic or exponential stable. 


In the case where f(t,0,0) # 0 for a certain t > 0. We can formulate the above 
definition as: 


Definition 8. The feedback controller u(t) = u(t,x(t)) stabilizes globally uniformly 
asymptotically or exponentially the control system (16) with respect B,, if the as- 
sociated closed-loop system (17) is globally practically uniformly asymptotically or 
exponentially stable. 


13 
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From Theorem 3, one has the following result which concern the asymptotic stabiliz- 
ability problem of system (16). 


Theorem 5. Suppose that there exist a stabilizing feedback controller u(t) = u(t, x(t)) 
for control system (16) and a continuously differentiable function h(-,-) : Ry x R"° > R, 
K functions a;(-), a@2(-), aK function a3(-) and a small positive real number @ such 
that the following inequalities hold for allt € Ry and x € R” 


















































ai({lx]]) < h(t, 2) < ao((laI]) 


OV Oh 
ae t Dg Pitt ult, x(t) S —as(llell) + ¢. 


Then system (16) in closed-loop with the feedback controller u = u(t, x(t)) is globally 
uniformly practically asymptotically stable with r = ay' 0 a2 0 a3'(¢). 


Also, we can say that the control system (16) is globally uniformly exponentially 
stabilizable by the feedback control u(t) = u(t, x(t)), where u(t, x) : Rt x R" > R”, 
if the closed-loop system (17) is globally uniformly exponentially stable. 


























Definition 9. B,. is globally uniformly exponentially stabilizable by the feedback con- 
trol u(t) = u(t, x(t)) of there exist y > 0 and k > 0 such that for allt > to > 0 and 
xo € R", the solution x(t) of the closed-loop system (17) satisfies: 














Ilz(t) || < Al|xollewp(—y(t — to)) +r. 


In this case, system (16) is globally practically uniformly exponentially stabilizable by 
the feedback control u(t) = u(t, x(t)). 


One has the following result which concern the exponential stabilizability problem of 
system (16). 


Theorem 6. Let u= u(t, x(t)) an exponential stabilizing feedback law and 

















h: [0, -+00o[xR” > R 





be a continuously differentiable Lyapunov function such that 
c||al|? < h(t, 2) < calfer||? 


Oh i Oh 
Ot 0% 
for allt > 0 and x € R”, where c1, co and c3 are positive constants. Then B,. is 


globally uniformly exponentially stable with r = \/o@/cic2, with respect the closed-loop 
system (17). 


f(t, x, u(t, x(t))) < —e3h(t, x) + @ 














Now, we will study the practical exponential stability problem a class of nonlinear 
systems of the form (6). It is worth to notice that the origin is not required to be an 
equilibrium point for the system (6). This may be in many situations meaningful from 
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a practical point of view specially, when stability for control systems is investigated. 


Consider the class of systems that can be modeled by: 


& = W(Alalt)) +B@))x + vpltzu), +20, (18) 











where A(a(t)) € R”*” is a matrix given by A(a(t)) = a1(t)A,+a2(t) Ao, with a,(t) + 
ao(t) = 1,a;(t) € Rt, Vt > 0, B(t) € R®*” is T-periodic matrix, 1 € R, v € R are 
parameters and y(t,z,u) is a smooth vector function. u denotes the control of the 
system. We suppose that there exists a stabilizing feedback control u(t) = u(t, x(t)), 
where the function wu is a suitable feedback controller such that the condition (7) is 
replaced as follows: y(t, x,u) is a smooth vector function such that, for all t > 0 and 
x ER", 

































































g(t +T,x, u(t, x(t))) = (t,x, ult, e(t))) 
and 
lle(t, x, u(t, x(é))) || < Allal|/P +7, 620, k>0, r>0. 
The practical uniform exponential stability can therefore be established as in Theo- 
rem 2, an d an estimation as in Definition 9 can be obtained which gives that the 
system (18) in closed-loop with u(t) = u(t,x(t)) is practically globally uniformly 
exponentially stable. 


5 Conclusion 


Asymptotic stability of a class of parametric differential equations has been studied. 
New sufficient conditions for practical uniform asymptotic exponential stability of so- 
lutions for parametric systems with periodic coefficients are obtained. An application 
to control system is given. 
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Abstract 


Using generalized Canavati fractional left and right vectorial Tay- 

lor formulae we prove corresponding left and right fractional Hilbert- 

Pachpatte type inequalities for Banach algebra valued functions. We cover 

also the sequential fractional case. We finish with applications. 
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1 Introduction 


Motivation follows: 
We need 


Definition 1 (see /5]) A definition of the Hausdorff measure ha goes as follows: 
if (T,d) is a metric space, A C T and 6 > 0, let A(A,6) be the set of all 
arbitrary collections (C), of subsets of T, such that A C U;C; and diam (Ci) < 6 
(diam =diameter) for every 1. Now, for every a > 0 define 


nd (A) := inf {> (diamC;)* | (C;), € A(A,6)}. (1) 


Then there exists limhe, (A) = suph? (A), and ha (A) := limhé, (A) gives an 
rt 5>0 as 


outer measure on the power set P (T), which is countably additive on the o-field 
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of all Borel subsets of T. If T =R", then the Hausdorff measure hy, restricted 
to the o-field of the Borel subsets of R”, equals the Lebesgue measure on R” up 
to a constant multiple. In particular, hy (C) = w(C) for every Borel set CCR, 
where ys is the Lebesgue measure. 


We also need 


Definition 2 (/2/, Ch. 1) Let [a,b] C R, X be a Banach space, v > 0; n := 

[v] € N, [-] ts the ceiling of the number, f : [a,b] ~ X. We assume that 

f(™ € Ly ([a,b],X). We call the Caputo-Bochner left fractional derivative of 
order v: 

1 

DY = 

(Dra) (2) Ear 





fe t)"-¥-1 pO (4) dt, Vane [ad]. (2) 


Ifv €N, we set DY, f := f™ the ordinary X-valued derivative, and also set 
D? f := f. Here T is the gamma function and integrals are of Bochner type [3]. 


y [2], Ch. 1, (DY, f) (x) exists almost everywhere in x € [a,b] and DY, f € 
Ly (a, 6] , X). 
(”)|| » .(@a.b),.x) < 0» then by [2], Ch. 1, DY, f € C ([a,0],X). 
We are motivated by a Hilbert-Pachpatte left fractional inequality: 





Theorem 3 (/2/, Ch. 1) Let p,q >1: eae = 1, and, > 2 V2 > a 
ni = [4%], 4 = 1,2. Here [a;,b;] C R, i = 1,2; X is a Banach space. Let 


fi € C™— ([ay, bi], X), i= 1,2. Set 
(a; - ti)" 
Fa, (ty) = D7 6? (44), (3) 
ji=0 


Vt; € [ai, xi], where x; € [a;, bi]; i = 1,2. Assume that fr? exists outside a 
p-null Borel set B,, C [a;, xi], such that 


hy (F,, (Bz;)) =0, V ai € lai, bs]; t= 1,2. (4) 


We also assume that fl? € Ly ((a;,b;],X), and 











rit (a;) = 0, k; = 0, 1, see NG 1; i= 1, 2, (5) 
and 
(DEL Fi) € Lg ([a1,b1],X), (D¥2, fa) € Ly ([a2, b2],X). (6) 
Then ? ' 
fe Il fr (v1) || Ifo (v2) || dardxe 
(5 ae D+ (ag—az)9v2- 7) 7 
p¥i-1)4+1)"  g(g(v2—1) +1) 
(by = a1) v yy 
T (v1) 2) (De, Alleg¢oxoan Pe. falle cas,eaxy° 
2 
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We need 


Definition 4 (/2/, Ch. 2) Let [a,b] C R, X be a Banach space, a > 0, m := 
[a]. We assume that f(™ € Ly ([a,b],X), where f : [a,b] > X. We call the 
Caputo-Bochner right fractional derivative of order a: 


(De Ne) = po 





b 
sf (Gear PM Olas Veeteile (8) 


We observe that Di f (x) = (-1)™ f(™ (a), form € N, and D?_f (x) = f (2). 


By [2], Ch. 2, (D¢_f) (x) exists almost everywhere on [a,b] and (D@_f) € 


Ly ([a, b] , X). 
i] ees < oo, anda ¢ N, then by [2], Ch. 2, D?_ f € C({a,b],X), 


hence ||D¢_ f|| € C ([a,0]) . 
We are motivated also by the following Hilbert-Pachpatte right fractional 





inequality: 


Theorem 5 (/2/, Ch. 2) Let p,q >1: he = 1, anda, > ae ag > Bs 
m, := [a;], i = 1,2. Here [a;,b;] C R, i = 1,2; X is a Banach space. Let 
fi € cmt ([a;, 64] ,X), t= 1,2. Set 
mi—-1 i 5 
. Xj —t; a ji 
F., (4) = S) BOW 100 4), (9) 


ji=0 
V ti € [x;,bi], where x; © [aj,b;]; 7 = 1,2. Assume that fo) exists outside a 
p-null Borel set B,, C [xi, bi], such that 
hi (Fi, (Bz;)) =0, V a; € [aj, bi]; 7 = 1,2. (10) 
We also assume that f™ € Ly ((a;,b;],X), and 


f (6) =0, ky =0,1,...,,mi—1; 7=1,2, (11) 


a 


and 
(De_ fi) € Lq ([a1,b1],X), (Df2_ fa) € Ly ([a2, b2] ,X). (12) 
Then 





ae hs Il fi (1) Il fo (v2) || dridae 
(S x1 )Po1~ 1)+1 (bo—ag)Me2-Vt1\ = 
p@er=1)+1) + q(q(a2—1) +1) ) 





(by — a1) (bp — a 
oth z Pe Fall, Gaxbu1.%0) Der fall. ([a2,b2],X) ° 





(13) 


In this work we derive Hilbert-Pachpatte inequalities for Banach algebra 
valued functions with respect to their Canavati type generalized left and right 
fractional derivatives. We cover also the sequential fractional case. We finish 
with applications. 
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2 Background on Vectorial generalized Canavati 
fractional calculus 


All in this section come from [2], pp. 109-115 and [1]. 

Let g: [a,b] — R be a strictly increasing function. such that g € C1 ({a, }]), 
and gt € OC" ((g(a),g(b)]), n € N, (X,|l-|]) is a Banach space. Let f € 
C” [a,b], X), and call 1 := fog! : [g(a),g(b)] > X. It is clear that 1,1’, ...,1 
are continuous functions from [g (a), g (b)] into f ([a, b]) CX. 

Let v > 1 such that [v] =n, n € N as above, where [-] is the integral part of 
the number. 

Clearly when 0 < v < 1, [vy] =0. 

I) Let h € C'([g (a), 9 (0)] , X), we define the left Riemann-Liouville Bochner 
fractional integral as 


(J2°h) (z) = q. (z—t)”"* h(t) dt, (14) 


TY) Jeo 


for g(a) < 2 < z < g(b), where I is the gamma function; (v) = fy° e~*t” dt. 
We set Jp°h = h. 

Let a := v—[v] (0 <a <1). We define the subspace C%,,.) ([g (a) , 9 (0)] ,X) 
of Cll ((g (a) ,g (b)|, X), where xo € [a,b] as: 


o(to) (Ig (a) ,9 (b)],X) = 


{he ([g(a),9B),X) : HEPK € C*(Ig(eo),9(0)],X)}- (15) 
So let h € C%,,.) ([9 (@) .9 (0)| ,X), we define the left g-generalized X-valued 


g(xo 
fractional derivative of h of order v, of Canavati type, over [g (ao) ,g (b)] as 


v — (7920) p(rl))" 
Di q,yh = (ie nll D) (16) 


Clearly, for h € C%.,.) (Ig (a) ,9 (b)],X), there exists 


1 d f* = 
v — 472 AD 
(Dyoayh) (z) Cee Te = (z—t) “AW? (£) dt, (17) 
for all g (ao) < z < g(b). 


In particular, when f og! € C¥,..) ([g (a), 9 (0)],X), we have that 


ro) 
1 d 


(Phen Fo) = pqrayes f E-9 For Wat, (8) 


for all g(xo) < z < g(b). We have that Dv, (fog™*) = (fog) — 
Dye) (fog!) = fog, see [1]. 
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By [1], we have for fog! € Veo) (9 (@) 9 (0)],X), where zo € [a,}] 
the following left generalized g-fractional, of Canavati type,X-valued Taylor’s 


formula: 


Theorem 6 Let fog™! € CY 


Cee) ) (Ig (a),g(b)|,X), where xq € [a,b] is fixed. 
(i) Ifv >1, then 


RIT (0.972) (g (ao) 





f («)-f (wo) = >> i late eqteoyre 
k=1 ‘ 
1 g(x) _ ; 2 
T(v) he (9 (2) - 4) (Deco) (f OG )) (t) dt, (19) 


for allajp <a<b. 
(it) If0<v <1, we get 


1 g(x) eo 7 aM 
Fe= ay f @@-8 (Dyen Fea) Oat, 20) 


for allajp <a<b. 


II) Let h € C ([g (a) , g (b)] , X), we define the right Riemann-Liouville Bochner 
fractional integral as 


1 
T(v) 





(#2) Os ie (t— 2)" h(t) dt, (21) 


for g(a) < z< 2% <g(b). We set J? _h=h. 
Let a := v—[v] (0 < a < 1). We define the subspace C%,,,)_ (Ig (a) , 9 (b)] ,X) 
of Cll ([g (a) ,g (b)|, X), where xo € [a,b] as: 


ao) — (lg (2) » 9 (b)] ,X) = 


{he CH (Ig (a) ,9 ()],X) : H3G2,_hY € C1 (Ig(a),9(ao)],X)$. (22) 


So let h € Ch...) (lg (a) ,9 (0)],X), we define the right g-generalized X- 
valued fractional derivative of h of order v, of Canavati type, over [g (a) , g (xo)| 
as 

(w0)- 
Clearly, for h € C¥.,.)_ ([9 (@) 9 (0)], X), there exists 


/ 
v i= l-a Vy 
D¥ (qq) 8 = (-1)" nce nil d) (23) 


_4)jr-1 g(xo) 
(Deco) (z) = aoe! (t— z) RiPD (£) de, (24) 


for all g(a) < z < g(ao) <g(b). 
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In particular, when f og™! € C¥,.)_ ([g (a) ,9 (0)],X), we have that 


9(xo)— 
_4)yr71 g(xo) 
(Dies (Foo) @ = SE PO =a (Foo) wat 
; (25) 
for all g(a) < z < g(xo0) < g(b). 
We get that 
(Deo) (F297) @ = (-D" (Fe971)™ (2) (26) 


and (D9...) (F297) (2) = (F974) (2), all 2 € [9 (a), 9], see [1]. 

By [1], we have for fog! € (20) — (19 (@) ,9(0)],X), where xo € [a, ] is 
fixed, the following right generalized g-fractional, of Canavati type, X-valued 
Taylor’s formula: 


Theorem 7 Let f og~! € CY” 
(i) Ifv >1, then 


ao) — (9 (@) 9 (0)],X), where xo € [a,b] is fixed. 





f (x) — f (0) = » il (9 (x) — g (a0) + 
=1 
1 g(xo) fe 
roy | oy COIN (Dyas) (F2.97")) at (7) 
g(x 
for alla<a< 120, 
(it) If0<v <1, we get 
1 g(x) ong Z 5 
F=f E- 9 Bho (Feo) Oat, 28) 
alla<a<2o. 
III) Denote by 
Les = DTD oegyr sl alae (m-times), m € N. (29) 


We mention the following modified and generalized left X-valued fractional Tay- 
lor’s formula of Canavati type: 


Theorem 8 Let f € C'({a,b],X), g € C*({a,b]), strictly increasing: g~! € 
C1 ([g(a),g(b)]). Assume that (Dix, (Fog!) € CX.) (Ig (@) .9 1X), 
0<v <1, 2 € [a,b], fori =0,1,...,m. Then 

1 


g(2) 
_ (m+1)v-1 (m+1)v 1 
FO = Tm+y) (ata) — ay" (DEE (toa )) ee 
(30) 


allajp <a <b. 
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IV) Denote by 
Dee = De Ci Phin laa) = (m times), mE N. (31) 


We mention the following modified and generalized right X-valued fractional 
Taylor’s formula of Canavati type: 


Theorem 9 Let f € C'({a,b],X), g € C*([a,b]), strictly increasing: g~! € 


C1 ([g (a) ,g(b)]). Assume that (DX, (fo.97)) € CXa)— (Ig (@) 9 (D)1,X), 
0<v <1, 2 € [a,b], for alli =0,1,...,m. Then 


1 


f(@) = Fiesty) 


g(xo) 
[ee aeenerrn (Deas (Fea) Cae 
(32) 


alla<a<2% <b. 
3 Banach Algebras background 


All here come from [4]. 
We need 


Definition 10 (/4/, p. 245) A complex algebra is a vector space A over the 
comple filed C in which a multiplication is defined that satisfies 


z (yz) = (xy) z, (33) 
(c+y)z=a2z2+y2z, c(yt+z)=ry+22, (34) 

and 
a(xy) = (ax) y = x(ay), (35) 


for all x,y and z in A and for all scalars a. 
Additionally if A is a Banach space with respect to a norm that satisfies the 
multiplicative inequality 


lzyl| < lll llyll @€ A, y € AD (36) 
and if A contains a unit element e such that 
re=ex=x (xE A) (37) 


and 
lle|| = 1, (38) 


then A is called a Banach algebra. 
A is commutative iff xy = yx for all x,y € A. 
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We make 


Remark 11 Commutativity of A will be explicited stated when needed. 

There exists at most one e € A that satisfies (37). 

Inequality (86) makes multiplication to be continuous, more precisely left and 
right continuous, see [4], p. 246. 

Multiplication in A is not necessarily the numerical multiplication, it is some- 
thing more general and it is defined abstractly, that is for x,y € A we have 
zy € A, e.g. composition or convolution, etc. 

For nice examples about Banach algebras see [4], p. 247-248, § 10.8. 


We also make 


Remark 12 Next we mention about integration of A-valued functions, see [4], 
p. 259, § 10.22: 

If A is a Banach algebra and f is a continuous A-valued function on some 
compact Hausdorff space Q on which a complex Borel measure p is defined, then 
| fd exists and has all the properties that were discussed in Chapter 3 of [4], 
simply because A is a Banach space. However, an additional property can be 
added to these, namely: If x € A, then 


w i) fdu= ) ef (p) du(p) (39) 
Q Q 


ee iu)o= f Fo) du), (40) 


The Bochner integrals we will involve in our article follow (89) and (40). Also, 
let f € C({a,b], X), where [a,b] C R, (X,||-||]) 7s @ Banach space. By [2], p. 8, 
f ts Bochner integrable. 


and 


4 Main Results 


We start with a left generalized Canavati fractional Hilbert-Pachpatte type in- 
equality over a Banach algebra. 


Theorem 13 Let p,q > 1, such that : + : = 1, and (A, ||-|]) 7s a Banach 
algebra; andi = 1,2. Let also xo; € [ai,b;) C R, vy > 1, nm: = [vi], fi € 
C™ (faz, b:], A); gi € C1 ([ai, bi]), strictly increasing, such that g, | € C™ ([gi (ai) , 9 (b:)]), 
with (fio 9,3) (9; (to;)) = 0, ky = 0,1,...,n; — 1. Assume further that 
i995 * © Chine) ([9s (ae) 5 94 (b:)] ,A). Then 
ja re Il (f1 © 97") (21) (fe 0 93") (22)|| dzrdze 
9 g 


sues) (sou ' acaba) a 
p(p(vi—1)+1) a(a(v2—1)+1) 





1(£01) 
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(91 (b1) — 91 (201) (92 (b2) = 92 (Xo02)) 


PT (2) ey 
|] Peten (Ae 97")|| 








De: >") 
Lq([91(%o1),91 (b1)],A) il g2(%02) (fp eae ) 


Proof. By (19) and assumptions we get that 


(ea Ved = Tie fH (Phony (ea) eis 2) 





Lp([92(#o2),92(b2)],A) 





By Hélder’s inequality we obtain 


ua 1 “ 
If: ¢.97°) ()I| < i, 


vy4—-1 Vy = 
Spiga [Obie (e079) tala s 





1 1 
1 Ts (v1-1) j v a4 4 , 
a (z1 = t,)? t dt, / | D ! Ps fi og (ts)| dt, = 
D(v1) 91 (01) 91 (#01) ( a oy : ) 


p(vyy—1t+l a 


1 (41-gi(@01)) * a . : : 1 
T (14) (p a i a 1)? ee tes (fie gi )) (t1)| a) 


That is 








(43) 


p(vy—1)+l 


Lee, 1 (4-41 (%01)) z 
Il (f1 ° 97") (21)|| < PC) i — yea 


“(Dea Vege) (ell dts), (44) 
(flea (29%) cal) 


for all 9; (%o1) < 21 < gi (61). 
Similarly, we prove that 





ro [ed 





q(vg—1)+1 


ee 1 (22 — g2 (%02)) : 
|| (fz °.93°) (22)|] < T(v2)  (q(ve—-1) + 1)# 


(= (Prien) (f2° 98") a) 


for all g2 (x02) < v2) < g2 (b2). 
Therefore we have 








; (45) 


p(vy—1)+l 


es 1 (4 -g1(#01)) ? 
(fos) lls rey (oi — D401)? 





74 Anastassiou 66-77 


J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 30, NO.1, 2022, COPYRIGHT 2022 EUDOXUS PRESS, LLC 





il (Pitcen (fic n')) |Paeeeeen ; fo 
for all gi (%o1) < 21 < gi (61); 
and a(vg—1+1 
(fo. © 952) (za) )| < rw (22 = 92(ton))* 
(q(v2—1)+1)2 
| | (Dexeon (fre n')) | eres: ae 


for all g2 (x02) < v2) < g2 (b2). 
Hence we get that 


(f° 95°) || |f2.2.957) (za) < : 


T (v1) 0 (v2) (pr — 1) +)? (q(va—- 1) +14 





p(vy—1)tl a(vg—1)+1 














(21—g1(01)) ® ~~ (22 —ge(o2)) 4 (48) 

Dia) (fe 9"))|]] | (Pexceos) (Fe °.95")) | < 
IIA aitzos) mn) as[g1(#01),91(63)] ga(zoa) f2 ° 92’) p,lga(2o2),9a(ba)] 
(using Young’s inequality for a,b > 0, arba < an e) 

l (41-91 Guyer (22 — ge (Co) aa ale 
TP (1) T (v2) p(p(v1 — 1) + 1) q(q (v2 — 1) +1) 

Di ax) (f° 95") I | exe) (f° 92") : 

I¢ giten) (fies) Lq({91(wo1),91 (b1)],A) ga(zoa) 2° 92’) Lp ([92(wo2),92(b2)],A) 








V (21, 22) € [91 (wor), 91 (01) X [92 (@o2) , ge (b2)] - 
So far we have 


Il (fi ° 9) (z1) (f20 93°) (z2)]| 

















(Gaaeopree i (santa(toa] ee) 7 “ 
pipe 1) +1) gava—N+1) 
fog) eos") |e (51) 
(Se See aaa - 


p(p(1—1)4+1) q(q(v2—1)41) 


WCATACE I | (Petco 29°") 


Din (0579) | 
III oatecs) 2° 02) Lp ([92(wo2),92(b2)],A) 


V (21, 22) € [91 (@o1) » 91 (61)] x [92 (@o2) , 92 (b2)] - 

The denominators in (50), (51) can be zero only when both z1 = gi (01) 
and 22 = go (#2) . 

Therefore we obtain (41), by integrating (50), (51) over [g1 (x01) , g1 (b1)] x 
[92 (02) ,g2(b2)]. 

We continue with a right generalized Canavati fractional Hilbert-Pachpatte 
type inequality over a Banach algebra. 











Lq([91(01),91(b1)],A) 





10 
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Theorem 14 All as in Theorem 13, however now it is fiog;' € Cox) — (Lge (2) » 9% (Bs) A), 
fori =1,2. Then 


ee an | (fi re) a) (21) (fo ° Or) (z2)]| dz,dz2 
g g 


a (G2) (ete f wetigian ~~ 
p(p(v1—1)+1) : a(q(v2—1)+1) 





1(a1) 





(91 (@o1) — 91 (41) (G2 (wo2) — 92 (a2)) 
P (v1) T (v2) 


[Pron 292"), 





(52) 








| |p; oileea)— (f° 9i Lgl (ba @a\eaG@oalay- 


a([g1 (a1) ,91(01)],A) 
Proof. Similar to Theorem 13, by using now (27). 
Next comes a sequential left generalized Canavati fractional Hilbert-Pachpatte 


type inequality over a Banach algebra. 


Theorem 15 Let p,q > 1, such that + + = 1, and (A, ||-|]) 7s a@ Banach 
algebra; and i = 1,2. Let also f; € C* ([ai,bi],A); gi: € C+ ([a:, bi]), strictly 


increasing, such that g;' € C* ([gi (ai) , gi (bi)]). Assume that ae <u,<1, 


xoi € [ai,bi], and DEC. (f.097 >) © Chicag,y (Ig (ae) 9 (Bi)] A), for Je = 
0,1,...,m; EN. Then 














‘ie ee II(f1.0. 91 *) (21) (f2 © 99 *) (22)]| derden 
. 2 (21-91 (a yyp(matDvr1-Dtt _ (22-92 (a jyrCmatlv2—D+1 _ 
(#01) »'ga(2oa) ( sec (Cores) aero 50 ama C(C(ERS PSS ) 
(91 (b1) — 91 (X01)) (ge (b2) — ge (o2)) (53) 
DP ((m, + 1) 1) P ((me + 1) v2) 
1D pit aan ae | |p Sa doa 6 yh], 
|| 91 (#01) a MN a ([91 (201),92 (b1)},4) HHI 92(%02) (f2° 99 Lp({92(02),92(b2)],A) 





Proof. Using (30), as similar to Theorem 13 the proof is omitted. ™ 
The right side analog of Theorem 15 follows: 


Theorem 16 Let p,q > 1, such that +++ = 1, and (A,||-||) is @ Banach 
algebra; andi = 1,2. Let also f; € C* ([a;,b:],A); gi € C+ (ai, bi]), strictly 


increasing, such that g,' € C* (|g: (ai), gi (bi)]). Assume that rear <Uie< 


1, roi € [ai, bi], and De. = (frog) € Cr. (lai (ai) 19: (b)} 4), for 
4, = 0,1,...,m; © N. Then 








fe (#01) Ce Il (fo 97) (21) (fo 2 93 *) (22) || dzrdzo 
a a (g1(wor)—21)PCO™FYYIT YF? (go(aon)—za) ama tVr27VtT\ 
gi(a1)  Yg2(a2) : IC CEERI ESSVESD pine ala a+ L7a—1) 41) ) 


. (x01) — 91 (@1)) (G2 (to2) — 92 (a2)) 
T ((m, + 1) 11) T ((me2 + 1) v2) 





(54) 


pimt) V2 
(f20 


tens) (S12 91") Lq([91(a1),91(01)],A) \|| 92(v02)— 


pit) V1 
[> n" 








L»([92(a2),92(wo2)],A) 


Proof. Using (32), as similar to Theorem 13 is omitted. m 


11 
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5 Applications 











We give 
Corollary 17 (to Theorem 13) All as in Theorem 18 for g; (t) = e', i = 1,2. 
Then 
II (fi © log) (21) (f2 0 log) (z2)|| dz1dze 
eric oabe (25 eto1)P(vr-D+1 ea) _ 
pe@i-+l © a(a(v2—-1) +1) 
(e = err) (e% es er02) (55) 
DP (11) P (v2) 


II] Deter (f1 © log) lll, (feo: ,e6s],a) lll Deto2 (f2 © log) III, (feo ,e%2],A) - 
We finish with 


Corollary 18 (to Theorem 15) All as in Theorem 165 for [a1, 61] C R, [a2, be] C 
(0,00), and g; (t) = e* and go (t) = logt. Then 





: ee \|(f1 © log) (21) (fo 0 e*) (22) || dzidza 
e701 Jlo 


(z1—e701 Pmt De1-D 41 (zo—log(ao2))4m2 tDv2-Dtl\ = 
P(p((mittjvi-1)+1) g(a((m24+1)v2—-1)+1) 





(Xo2) 
(e% _ ever) log (b2/x02) 
DP ((my + 1) 11) P ((me + 1) v2) 
collet te 


log(xo2) 





(56) 


Il fexesranelaes 6 








([ero1,e% Lp ([log(wo2),log(b2)],A) 
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Abstract 


Using a generalized vectorial Taylor formula involving ordinary vector 
derivatives we establish mixed Ostrowski, Opial and Hilbert-Pachpatte 
type inequalities for several Banach algebra valued functions. The esti- 
mates are with respect to all norms ||-||,, 1 <p < oo. We finish with 
applications. 
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1 Introduction 
The following result motivates our work. 


Theorem 1 (1938, Ostrowski [6]) Let f : [a,b] + R be continuous on [a,b] and 
differentiable on (a,b) whose derivative f' : (a,b) > R is bounded on (a,b), i.e., 
FE? = sup |f’(t)| <-+00. Then 

tE (a,b) 


1 (x = ath)? 7 ))Sup 
aoe . Je a)\lfllo > (4) 





b 
sf fOa-1@) 


< 











for any x € [a,b]. The constant + is the best possible. 


78 Anastassiou 78-94 


J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 30, NO.1, 2022, COPYRIGHT 2022 EUDOXUS PRESS, LLC 


Ostrowski type inequalities have great applications to integral approxima- 
tions in Numerical Analysis. 

We present ([{1], Ch. 8,9) mixed fractional Ostrowski inequalities for several 
functions for various norms. 

In this article we generalize [1], Ch. 8,9 for several Banach algebra valued 
functions by using ordinary vector valued derivatives and our integrals here are 
of Bochner type [4]. Motivation comes also from [3). 

We are also inspired by Z. Opial [5], 1960, famous inequality. 


Theorem 2 Let x(t) € C!((0,h]) be such that x (0) = x(h) =0, and x(t) > 0 
in (0,h). Then 


h ; h h ; > 
[eorwass f ora. (2) 


In (2), the constant * is the best possible. Inequality (2) holds as equality for 
the optimal function 


ct, <5 
Ue BePSh (3) 


where c > 0 ts an arbitrary constant. 


Opial-type inequalities are used a lot in proving uniqueness of solutions to 
differential equations and also to give upper bounds to their solutions. 

In this work we also derive Opial type inequalities for Banach algebra valued 
functions with respect to ordinary vector valued derivatives. 

Additionally we include in this article related Hilbert-Pachpatte type in- 
equalities, [7]. We finish with selective applications to Ostrowski, Opial and 
Hilbert-Pachpatte inequalities. 


2 About Banach Algebras 


All here come from [8]. 
We need 


Definition 3 (/8/, p. 245) A complex algebra is a vector space A over the 
comple field C in which a multiplication is defined that satisfies 


x (yz) = (xy) z, (4) 
(c+y)z=ax2z2+y2z, c(ytz)=ry+22, (5) 
and 
a(xy) = (ax)y = x(ay), (6) 
2 
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for all x,y and z in A and for all scalars a. 
Additionally if A is a Banach space with respect to a norm that satisfies the 
multiplicative inequality 


lzyl| < lll llyll @€ A, y € AD (7) 
and if A contains a unit element e such that 
re=ex=x (x € A) (8) 


and 
lle|| = 1, (9) 


then A is called a Banach algebra. 
A is commutative iff xy = yx for all x,y € A. 


We make 


Remark 4 Commutativity of A will be explicited stated when needed. 

There exists at most one e € A that satisfies (8). 

Inequality (7) makes multiplication to be continuous, more precisely left and 
right continuous, see [8], p. 246. 

Multiplication in A is not necessarily the numerical multiplication, it is some- 
thing more general and it is defined abstractly, that is for x,y € A we have 
zy € A, e.g. composition or convolution, etc. 

For nice examples about Banach algebras see [8], p. 247-248, § 10.8. 


We also make 


Remark 5 Nezt we mention about integration of A-valued functions, see [8], 
p. 259, § 10.22: 

If A is a Banach algebra and f is a continuous A-valued function on some 
compact Hausdorff space Q on which a complex Borel measure p is defined, then 
J fd exists and has all the properties that were discussed in Chapter 3 of [8], 
simply because A is a Banach space. However, an additional property can be 
added to these, namely: If x € A, then 


and 


ce iu)e= f Fo) du). (11) 


The Bochner integrals we will involve in our article follow (10) and (11). 
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3 Background 
We use the following generalized vector Taylor’s formula: 


Theorem 6 (/2/, p. 97) Letn € N and f € C” ({a,b],X), where [a,b] Cc R 
and (X,||-||) is a Banach space. Let g € C' ({a,b]), strictly increasing, such that 
g + €C" ((g(a),g(b)]). Let any x,y € [a,b]. Then 


Fa) =F) + FOI Fog) (gy) 2) 


a! 








sa n-1 —1)(”) 
CSE (g(a) — 2)" (fog *)”” (2) dz. 


The derivatives here are defined similarly to the numerical ones, see [9], pp. 
83-86. 

The above integral is of Bochner type [4], and so are the integrals in this 
work. By [2], p. 3, if f € C((a, 6], X) then f is Bochner integrable. 


4 Main Results 


We start with mixed generalized Ostrowski type inequalities for several functions 
that are Banach algebra valued. A uniform estimate follows. 


Theorem 7 Let n € N and f; € C” ({a,b],A), ¢ = 1,...,7 © N— {1}; where 
[a,b] CR and (A, ||-||) is @ Banach algebra. Let g € C' (a, bl), strictly increas- 
ing, such that g~' € C” ([g(a),9(b)]). We assume that (fi 0 gi)” (g(z0)) = 
0,j =1,..,n—-—1,1=1,...,r; where xp € [a,b] be fixed. Denote by 


E (fi, seey te) (x0) = 


Tr 


b b 
[\Ws@]s@e-|f |TIs@] ae] so]. as) 





j#t ji 
Then 
1) 
1 
E (fi, ++ fr) (0) = Ga)! 
Tr xo Tr g(xo) 
gy" | {| Tse is = 902)" (oo) ae] a] + 


(14) 
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j=l 
Ft 
and 
2) 
1 
|B (fi, Fr) (@o)ll SS 
- We | n 
40 x a + 
3 NM) NN socococeny (22 9) ‘| Ils 
iy 
(15) 
b 
:og 1) Hl 8) — 9 (a0))" | f dx 
Woo ML coun acoy 2 90)" | ITI 














j= 
ii 
Proof. Let xo € [a,b] such that (f; og 1) (g(xo)) = 0,7 =1,...,n—-1,; 
i=1,...,r. Let x € [a, xo], then by Theorem 6 we have 


1 9) aly _1y(n) 
f@)-fed=Gay if @@-) (hog) @az 8) 


— 1)” g(xo) 
7 oe. ) (2 9(2))" (frog) (2) az, 
fori =1,...,r. 


And for x € [zo, b], then again by Theorem 6 we get 


g(x) 


= 1 n—-1 ~1)(”) 
f@)-h@o= Gag foe -a (fog) (z)dz, (17) 


fori =1,...,1r. 


We multiply (16) by (= fj (2) to get: 
j#i 


Ils (x) | fe (@) — Ils (x) | fi (vo) = 
ti Hi 
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Va € [a,x]; for i =1,...,r. 
Similarly, we get (by (17) 


wa 


If (x) ne (a= IL fi (x) fi (x0) = 
B z 
(= fj (=) 


Va € [xo, 6]; for i =1,...,r. 
Adding (18) and (19) as separate groups, we obtain 





YT @ | £@-Y | LF | flo) = 
i=1 1 pai, in 
i" - = g(xo) a ites 
(i=2)! a Is (x) [. (z-—g(a)) Ff og ) (z) dz (20) 
Fi 
Vx € [a, zo], 
and 
Ils (x) fi (x) = y IL fi (x) fi (x0) = 
ove ee 
d : : oe n-1 —1)() 
(n- Ilia Is _ in (a(@)— 2)" (frog) (2) ae (21) 
j#i 
VaeE [Xo, b] ‘ 


Next, we integrate (20) and (21) with respect to x € [a,b]. We have 


sy [l4@|f@a->- . [[ 4 @ | de | fi (eo) = (22) 
i=1 % @ aa, i=1 a oz 
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and 
r b r 
a (its a Z| hag 7 fi(wo) = (23) 
i=1 0 ae i=1 (0) = 
1 ie by 7 . g(x) DAs snes 
Cee L i 7 as (9 (#) — 2)" (fiog™’) et) +} 
Ft 


Finally, adding (22) and (23) we obtain the useful identity 


E (fi, seey Tes (x0) = 


a b r 
7 I i fj (x a) x) dx — i, i fj 7 3 fi ) = = 7 
j#t j#t 





j#t 
[ ae [2 oer (frog) ( ic) 4 (24) 
wo | j=] g(o) 
Fi 


proving (14). 
Therefore, we get that 


IIE (fi, $84) fr) (x0)|| = 


El em] (Cen) 


lar (x we xe) — 2)" (f,oq7} (ede) 
L [toe] (Eo 1 (f, 0g) (2) 


Ft 























+ 
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1 r Lo r g(x0o) a _ te 
nf (it io (z- a2)" [hoo “Ja 
j#t 











Hence it holds 


We have that 


ost ls \ earn is i us oi ot vn 














; 
+ hose Seal he oi oar] | P 
a (28) 


“i ts i £9) cay coun (2 (20) — 9 (2))" | i i Ii oi +} 
j#t 
; Ih peer it i we 7) ‘| 
2 


(29) 
proving (15). m 
Next comes an Lj, estimate. 
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Theorem 8 All as in Theorem 7. Then 





I|E (fi, + fr) (wo) S 


(n—1)! 


Tr 


| [Ieee 


t=1 


flee” 











L1([9(@),9(x0)]) 


[| Ts} Go) - ay" ae 
iH 











L1([9(#o),9(6)] 


b Tr 
f [TL et | Go) - 9 (20) ae | | 
iH 


30) 
Proof. By (26), (27), we get that 


IIE (fis fr) @o)ll S$ (8) S$ —— 


r xo 


orn” 











L1([9(@).9(@0)]) [ 


i=l 


II Ilfi (@)IL | (9 (wo) — g(a)” dex 


+] [leery 





Li ([9(ao),9())) 


b r 
[LIL ei] @@-a0eoy"*ae] |}, 
a 


proving (30). m 
An L, estimate follows. 


Theorem 9 All as in Theorem 7, and let p,q>1: 


1 


E fist x < T 
|B (fi. 5,) (eo) § ~— 














yy Kee he [Geo - 9" No de 


Lq([9(@),9(x0)]) 











iF 
1 (n) 4 ‘wie 
+ ||| 4°Og | i x) —g(xo))” 4 ;(x)|| | dx 
2 VU caenroon | L, 8-90" | LLM 
j#t 
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Proof. By (26), (27), we get that 





|B (fi, fr) oll S (8) S Gay 


: IB; 9x0) 
[IL ie (| = 9(ey"-P a] 


i=l 
j#t 


(hi og) (2) i) ‘ | + 


b ‘2 g(x) P 
5 (x x = gyre) dz 33 
i. Ts (ow ) (33) 


1 
P 






































j#t 
(leer) al} 
Sela (9 (00) - g(a)" ? “iy 
i=l I oe - Can |e ‘) ll Lq([9(@),9(x0)]) 
ae (g(e) — 9(ao)) > Sate 
/f (tuson) ees ee) an 
1 





(n—1)! (p(n —1) +1)? 








> IIo [Glo =a tey* | TT | ae 


I stings 


b 
sexy 











(9(2) —9(20))"* | TT fs @I | ae | | 


Lq({9(xo),9(d)]}) [ = 
j#i 


(34) 
proving (32). m 
Next we present a left generalized Opial type inequality for ordinary deriv- 
atives: 


10 
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Theorem 10 Let p,q >1: ear =1, andneEN, f € C” ([a,b], A); where 
[a,b] CR and (A,||-||) is a Banach algebra. Let g € C1 ({a,b]), strictly increas- 
ing, such that g~t € C” ([g(a),g(b)]). We assume that (f 0 gt)” (g (ao)) = 
0,7 =0,1,...,n —1; where xo € [a,b] be fixed. Then 




















for allajp <a<b. 


Proof. Let xo € [a,b] such that (f 0 g1)\” (g (xo)) =0, 7 =0,1,...,.n—1. 
For x € [2o,b] by Theorem 6 we have 


7 = 1 9(z) _ n-1 6 —1)() 
(Fer) OM)= Graf C@—V (Ferd. (6) 


By Hélder’s inequality we obtain 


g(a) 
\(¢ 97) (9(2))|| < cane (al) — 3" roo) 


1 he (n—1) P g(x) 
= (o(e)- 2 at} | f 
(n— 1)! ( g(0) g(x0) 



































Call He) 
Bates i; . (fog) If ae, (38) 
¢ (9g (%0)) = 0 
Thus 
2H) — yoo) gta 20, 2 
and 1 
ecw el ee 


11 
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Consequently, we get 


II(fog-*) (9 w))I| 





p(m—1)+1 


(9(w) — 9 (wo))" py de(g(w))\# 
(n—1)!(p(n—1) +1)? Ga ” a 


V g(w) € [9 (xo) ,g (0). 
Then we observe that 


ie 
g(o) 


g(2) 
[Weer ovepl (ror) tu))| dace) < 

















1 
(n—1)!(p(n—1) +1)? 


HO) ond a ofan seme dp (g(w))) # 
[ate (oto) FY)" dateny < (a2) 








1 
(n— 1! (p(n —1) +1)? 


g(x) P g(x) a q 
( ae) — afew) (/ v(g (wy) 2 Hagtw)) = 
g(o) g(xo) 








1 
(n— 1! (p(n —1) +1)? (p(n— 1) +2)? 








Cr ae) a 
(g(«) — g(a0)) (/ 9 (9 (w)) ‘otas)) = (43) 





(g(a) — 9 (ao))"* 74 (2 (9 @)) : 
(n= 1)!(p(n— 1) +1)? (p(n — 1) +2)? 


(9 (x) — 9 (ao))"*?~ ( i. ) 
24 (n — 1)! (p(n — 1) +1) (p(n— 1) +2)? \Yore0) 











for all g (ao) < g(x) < g (0), proving (35). = 
The corresponding right generalized Opial type inequality follows: 
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Theorem 11 All as in Theorem 10. Then 
i 

g(x) 
(g (wo) — g(a))"t?~4 ( i 

27 (n—1)!((p(n—1) +1) (p(n—1) +2)? Vo) 


for alla<a< 20. 





(F097) (2) (Fog) (2) 








dz < 


B 








(fog) 








Proof. As similar to Theorem 10 is omitted. m 
Next we present a left generalized Hilbert-Pachpatte inequality for ordinary 
derivatives. 


Theorem 12 Leti=1,2;p,q>1: ee =1, andn; EN, fi € C™ ([ai, b:] , A); 
where [a;,b;] C R and (A,||-||) is @ Banach algebra. Let g; € C*({a;,bj]), 
strictly increasing, such that g;' € C™ ([gi(ai),gi(bi)]). We assume that 
(fio 9; nee (gi (toi)) = 0, 9; = 0,1,...,n; — 1; where xo; € [ai,b;| be fixed. 
Then 





ee re Il (F fi © 9), pre 1) (f2 fo) 92") (z2)|| dz dz 
g Gg 


(eo) (e= =gi(vo1))P™1- YF acini) a 


aKow) p@o@a—D+t) + a(a(ma— 1) +1) 





(91 (b1) — 91 (%01)) (92 (b2) — 92 (X02)) 
(m1 = 1)! (no = 1)! 


Proof. Let 1 = 1,2; xo € [a;,b;], such that (eg)? (9g: (woi)) = 0, 
Ji = 0, i wey UG 1. 
For x; € [20i, b;] by Theorem 6 we have 





(46) 


Ke; :) ‘ 


1°99, ay 


fo ° gg 




















Lq((91(201),91 (b1)],-A) II¢ Lp ([g2(wo2),g2(b2)],A) 





gi (wi) 
(fi 9; ') (gi (ai) = won is ; (gi (xi) — 2%)" (fi rad (2) dzi. 
«(Zoi (47) 
As in (37) we have 
p(my—1)+1 
Beet 5 1 (gi. (1) — gi (@01)) —® 
ie cre amr arm 


i 
q 


oar) wll i) < 





tae 
gi (01) 
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p(my—1)t1 


maT pia Mea 














La({g1(vor),91(61)]) 
(48) 
for all v1 € [xo1, 01]. 
Similarly, we obtain that 


a(mg—1)+1 


1 (ga (x2) — go (to2)) 2 
m—I)l  (g(nmy—1) +1)" 





Il (f2 0.93") (ga (#2))]| < 


Iter 











; (49) 
Lp ([92(#02),92 (b2)]) 


for all x2 € [ao2, ba]. 
By (48) and (49) we get 


Il. 097") (gu (@1)) (f2 ©. 95") (92 (#2))|| < 


1 
(n4 oe 1)! (ne rs 1)! 





l| (fa © 97 *) (91 (@1))|| || (f2 © 92 *) (92 (w2))|| < 


P(my—1)t+1 a(mg—1)+1 


(91 (@1) — gi (@01)) —? (ga (@2) — go (Zo2)) 
(p(m —1) +1)? (q(m2—1) +1)" 
|| Kee || 


1°94 
(using Young’s inequality for a,b > 0, arbi < 





yh 




















Te 


Lq([91(01),91(b1)]) Ly([g2(o2),92(b2)]) 


b 
1 @) 








! (gn (21) = 91 (won))PY (92 (2) = 90 (oa) OO 
eS PO tat) a(q(n2—1) +1) 


(51) 
| Lq({91(%01),91(b1)]) Mle | 
V (21,22) € [Xo1, 61] x [x02, ba] . 
So far we have 


Il (f2 097") (91 (21) (f2 © 92") (G2 (@2))|| 


29 ee 




















II|(neay | 
Lp ([92(#02),92 (b2)]) 




















< 
(See 4 yee to) ~~ 2) 
p(p(n1—1)+1) q(q(n2—1)+1) 
: (esi) 
(n1 — 1)! (nz — 1)! . Liq ((91(w01),91(b1)],A) 
(n2) 


(42298 


V (1,22) € [xo1, b1] x [xo2, ba] - 











Lp ([g2(wo2),92(b2)],A) ’ 
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The denominator in (52) can be zero, only when both g; (21) = gi (a1) and 
92 (2) = 92 (02) . 

Therefore we obtain (46), by integrating (52) over [91 (%o01) , 91 (b1)] x [92 (202) , go (b2)]- 
7 

It follows the right generalized Hilbert-Pachpate inequality for ordinary 
derivatives. 


Theorem 13 All as in Theorem 12. Then 
oie [orn Ii or") (a) (fo0.95") (22) || ded 
g 92 


(g1(x01)— zy )P(r1— 1)+1 elon} = 








1(a1) 





p(p(m1—1)+1) a(q(n2—1)+1) 
(91 1 — g1 (41) (92 (02) — g2 (a2)) (53) 
(4 — 1)! (ne — an 
yl, \2o95)”]| 
(e) fé 
| | (fos Lg({os (a) gx 201)1,A) {III 42° Lp(Ig2(a2),92(#02)],A) 




















Proof. As similar to theorem 12 is omitted. = 


5 Applications 


We make 


Remark 14 Assume neat that (A, ||-||) 7s @ commutative Banach algebra. Then, 
we get that 


Te 


3 b r b r 
E (fi, wing fr) (Xo) (ig) | II Pe (x) | II fj (x) dx Ti (xo) r 


j#i 


i=l 


Xo E a, b] 
When r = 2, we have that 


b b 
E (ft, fa) (to) =2 } fa (2) fa (2) def (0) / fo (tt) dx fo (eo) / fi (1) de, 


xo € [a,b]. 
We give 


Corollary 15 (to Theorem 7) All as in Theorem 7, (A,||-||) is a commutative 
Banach algebra, r = 2. Then 


IE (fi, fa) ( TEs? IIIIleeoy 








aliuths 
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(o(2o) —9(@))" | | TP ss il | a |] + 
Bi 


2 


Le tocouyocon (22) ~ 900)” [ [LNA ll | ax | 








j=l 


Ihtece™ 


It follows 


Corollary 16 (to Corollary 15) All as in Corollary 15, with g(t) = e'. Then 








Wei AVM = AY [LIEU ao 


ery" | f° | TT ast | ae || + 


Hi 


||] © tog) 








b 2 
| (-e)"| fT TTise@n}a ||}. 60 
co, [e70 ,e>] ®o \ j=1 
JFi 
We continue with 


Corollary 17 (to Theorem 10) All as in Theorem 10 for g(t) =e’. Then 
ia 


2¢ (n — 1)! (p(n — 1) +1) (p(n—1) +2)]? (/., 


dz< 


((f © log) (z)) (fo log)? (z) 














(f 0 log)” (z) 





2 
qd q 
az) ; 


(58) 











for allajp <a<b. 
We finish with 


Corollary 18 (to Theorem 12) All as in Theorem 12 for gi (t) = e', i = 1,2. 
Then 





ir ca II (fio log) (21) (f2 0 log) (z2)|| dzidze 


(S5 rot) p(my—1)41 oS) = 





p(mi—1)+1)  *  g(q(n2—-1) +1) 
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(eh = er01) (e% a er02) 


lst 


(59) 














||] 2 tog) 








The simplest applications derive when g (t) = t and A = R, leading to basic 





Lg ([et04,e], Lp( [eta eb2],4) 


known results. 
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Abstract 


Here we are dealing with several smooth functions from a compact 
convex set of R*, k > 2 to a Banach algebra. For these we prove general 
multivariate Ostrowski type inequalities with estimates in norms ||-||,, , for 
all 1 < p< oo. We provide also interesting applications. 
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Keywords and Phrases: Multivariate integral inequality, Ostrowski inequal- 
ity, mixed partial derivative, Banach algebra valued functions. 


1 Introduction 
In 1938, A Ostrowski [5] proved the following famous inequality: 


Theorem 1 (1938, Ostrowski [6]) Let f : [a,b] + R be continuous on [a,b] and 
differentiable on (a,b) whose derivative f' : (a,b) > R is bounded on (a,b), i.e., 
IIf/llcov = sup [f’ ()| < +00. Then 

tE(a,b) 


1 (x a ate)? 7))sup 
ac (ee Je @ilfilleo » GM) 





< 


b 
sf fO#-1@) 











for any x € [a,b]. The constant + is the best possible. 


Since then there has been a lot of activity around these inequalities with 
important applications to Numerical Analysis and Probability. 
This article is also greatly motivated by the following result: 
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k 
Theorem 2 (see [1]) Let f € C! (11 (ai, bl), where a; < b;; a;,b; € R, 


i=l 


i=1,...,k, ans let £6 := (x01,---, Con) € [] [ai, bi] be fixed. Then 
i= 


by b; br 
=— | ef of f (21, ..-, 2%) dz1...dz_ — f (Z9)| < (2) 
IT (b; = a;) ay ay ak 


Loi — By + (b; = toi)* Of 
> (' 2 (bj — a;) Iz 











t=1 [o-e) 
Inequality (2) is sharp, here the optimal function is 
Haak Aly rey & = Dla” , A> 1. 


Clearly inequality (2) generalizes inequality (1) to multidimension. 


We are inspired also by [2]. 

In this article we establish multivariate Ostrowski type inequalities for sev- 
eral smooth functions from a compact convex subset of R*, k > 2, to a Banach 
algebra. These involve the norms ||-||,,, 1 < p < oo. 


2 About Banach Algebras 


All here come from [6]. 
We need 


Definition 3 (/6/, p. 245) A complex algebra is a vector space A over the 
comple field C in which a multiplication is defined that satisfies 


xz (yz) = (xy) z, (3) 
(c+y)z=2z2+y2z, c(yt+z)=ry+272, (4) 

and 
a(xy) = (ax) y = x(ay), (5) 


for all x,y and z in A and for all scalars a. 
Additionally if A is a Banach space with respect to a norm that satisfies the 
multiplicative inequality 


lzyll < llellllyll @ eA, y € A) (6) 
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and if A contains a unit element e such that 
re=ex=x (x € A) (7) 


and 
lle|| = 1, (8) 


then A is called a Banach algebra. 
A is commutative iff xy = yx for all x,y € A. 


We make 


Remark 4 Commutativity of A will be explicited stated when needed. 

There exists at most one e € A that satisfies (7). 

Inequality (6) makes multiplication to be continuous, more precisely left and 
right continuous, see [6], p. 246. 

Multiplication in A is not necessarily the numerical multiplication, it is some- 
thing more general and it is defined abstractly, that is for x,y € A we have 
ty € A, e.g. composition or convolution, etc. 

For nice examples about Banach algebras see [6], p. 247-248, § 10.8. 


We also make 


Remark 5 Nezt we mention about integration of A-valued functions, see [6], 
p. 259, § 10.22: 

If A is a Banach algebra and f is a continuous A-valued function on some 
compact Hausdorff space Q on which a complex Borel measure p is defined, then 
| fd exists and has all the properties that were discussed in Chapter 3 of [6], 
simply because A is a Banach space. However, an additional property can be 
added to these, namely: If x € A, then 


and 


(1 iu)o= f Fo) du). (10) 


The vector integrals we will involve in our article follow (9) and (10). 


3 Vector Analysis Background 


(see [8], pp. 83-94) 
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Let f (t) be a function defined on [a, b] C R taking values in a real or complex 
normed linear space (X, ||-||), Then f (¢) is said to be differentiable at a point 
to € [a,b] if the limit 


f (to +h) — f (to) 
h 

exists in X, the convergence is in ||-||. This is called the derivative of f (t) at 
t= to. 

We call f (t) differentiable on [a, b], iff there exists f’ (t) € X for all t € [a, d]. 

Similarly and inductively are defined higher order derivatives of f, denoted 
fl" f®,.., , k EN, just as for numerical functions. 

For all the properties of derivatives see [8], pp. 83-86. 

Let now (X, ||-||) be a Banach space, and f : [a,b] > X. 

We define the vector valued Riemann integral i f (t) dt € X as the limit of 
the vector valued Riemann sums in X, convergence is in ||-||. The definition is 





f' (to) = lim (11) 


as for the numerical valued functions. 

If f° f (t)dt € X we call f integrable on (a, 8]. If f € C ({a,b], X), then f is 
integrable, [8], p. 87. 

For all the properties of vector valued Riemann integrals see [8], pp. 86-91. 

We define the space C” ([a,b], X), n € N, of n-times continuousky differ- 
entiable functions from [a,b] into X; here continuity is with respect to ||-|] and 
defined in the usual way as for numerical functions-. 

Let (X,||-|]) be a Banach space and f € C™([a,b],X), then we have the 
vector valued Taylor’s formula, see [8], pp. 93-94, and also [7], (IV, 9; 47). 

It holds 


fw)-f (@)-f' (a) (y-2)-5f" () (y—2)” fe ay Say 





(n — Ti 
a (12) 
=p f o- 8 Oa, Vaye lod. 
In particular (12) is true when X = R™,C™, m EN, etc. 


A function f (t) with values in a normed linear space X is said to be piecewise 
continuous (see [8], p. 85) on the interval a < ¢ < b if there exists a partition 
a=to <t) <te <.. <t, = 6 such that f(t) is continuous on every open 
interval th < ¢ < t,41 and has finite limits f (t9 +0), f(t: 0), f(i +0), 
f (to —0), f (t2+0),..., f (tr — 0). 

Here f (tx — 0) = iy. (t), f (te +0) = my (t) . 

The values of f (¢) at the points t, can be arbitrary or even undefined. 

A function f (¢) with values in normed linear space X is said to be piecewise 
smooth on [a, b], if it is continuous on [a, }] and has a derivative f’ (¢) at all but 
a finite number of points of [a,b], and if f’ (t) is piecewise continuous on [a, }] 
(see [8], p. 85). 
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Let u(t) and v (t) be two piecewise smooth functions on [a, b], one a numerical 
function and the other a vector function with values in Banach space X. Then 
we have the following integration by parts formula 


b b 
i u(t) du (t) = u(t) v (t) [2 -| v(t) du(t), (13) 


see [8], p. 93. 
We mention also the mean value theorem for Banach space valued functions. 


Theorem 6 (sce [4], p. 3) Let f € C([a,b],X), where X is a Banach space. 
Assume f’ exists on [a,b] and || f' (t)|| < K, a<t <b, then 


If (0) — f(a)l| < K (b—a). (14) 


Here the multiple Riemann integral of a function from a real box or a real 
compact and convex subset to a Banach space is defined similarly to numerical 
one however convergence is with respect to |]-||. Similarly are defined the vector 
valued partial derivatives as in the numerical case. 

We mention the equality of vector valued mixed partiasl derivatives. 


Proposition 7 (see Proposition 4.11 of [3], p. 90) Let Q = (a,b) x (c,d) C R? 
and f € C(Q,X), where (X,||-||) 7s a Banach space. Assume that 2 f (s,t), 
of (s,t) and of (s,t) exist and are continuous for (s,t) € Q, then of (s, t) 
exists for (s,t) € Q and 

2 2 


0 0 
asait (st) = DiDe (84) > for (s,t) € Q. (15) 


4 Main Results 


We present general Ostrowski type inequalities results regarding several Banach 
algebra valued functions. 


Theorem 8 Let p,q >1: at i = 1; (A,||-|]) @ Banach algebra and f; € 
C1 (Q,A), = 1).47;7 7 © N, n © Zy, and fed To € Q Cc R*, k > 2, 
where Q is a compact and convex subset. Here all vector partial derivatives 





Oe, k A 
hon= cane where a = (a1,...,Q%), a, € Zt, X= 1,...,k, lal = Day =, 
A=1 


j=l,...,n, fulfill fio (Zo) = 0, i=1,...,7. 


Denote 
Dn We 1a ; 1 
+1 (fi) = max [llflll.g (16) 
i=1,...,r, and 
k 

2 - Zl, = olex—aoal. (17) 
A=1 
5 
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Then 
ay ee ieee : sae dz | f;(z)|| < 
pHi ae 


max Dnii(fi) +r 


i€{1,...,r} b re 
= d < 
maa | f | Leu] ie aan a2 | < 


p=1 
p#t 











ares 7 min (f= - | 2 Zilla ) : I Ill folllloc.g “| ’ 


t=1 = 
for 
Tr 
and 
i. - 281i," TL lol 
PS le 
oes L1(Q,A) 
r Tr 
| 
— X6 f 19 
\ el a S| | LE bt (19) 
a L4(Q,A) 


Proof. Take g,> (t) := fi(%o +t (@ — %)), 0<t<1;i=1,...,r. Notice 
that g;> (0) = fi (ZG) and g;y (1) = fi (2). The jth derivative of g;> (t), based 
on Proposition 7, is given by 


k J 
0 
p= |(d Z  — LOr 12, fi) (eon FEAL 201) e039 CORA Ee — oR) 
zy 


d=1 
(20) 
and 


‘ j 
a” (0) = (>: (2, — Zo) =) fi] (0), (21) 
= 


for j=1,...,,.n+1,1=1,...,r 
Let fia be a partial derivative of f; € C"t! (Q, A). Because by assumption 
of the theorem we have fia (>) = 0 for all a: lal = j, j = 1,...,n, we find that 
ee (0) =.0.. 7S 1s i Lh es 
Hence by vector Taylor’s theorem (12) we see that 
“ gi?) (0) 


j=l 
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where 
1 ty tiga 
RinZ0= f (fo (fd -a2 O) dts) J dt, 3) 
0 0 0 
t= Vtg 
Therefore, 











gtd (¢ (tn))| I. tnd) :) dt, (24) 


rn zons f(f (fl 
(n) 


by the vector mean value Theorem 6 applied on g;-s over (0,t,). Moreover, we 















































get 
1 ty trai 
|| Rin (% , 0)| | | | i sf (/ tnd) dt 
co, [0,1] 0 0 0 
zeae 
[0,1] 

_ 25 

(n+ 1) (25) 

However, there exists a tio € [0,1] such that | | | 4 =| gt? (tio)| 

That is ae 
k & n+1 
ll. (so 2) — 09) fi| @ + tio (2 - Bi) 
fou) ce zy 
k 
(Se i-2nif 2) 1) oe-+e002 an. 
d=1 
Le., 
9 n+l 
Mons |(l-=\[anlL) 4) e9 
0, i A=1 Ozy [eve) 
tS 1 at? 


Hence by (26) we get 











_O 
Oz 


k 
(Zim 
A=1 
< 


|| Rin (2, 0) (n+ 1)! 





< 


n+1 
|.) 4| 
+1 


n a Dy a => n 
tae qe |Z _ col) = I - | Zz Zolli, ak : (27) 
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Therefore it holds 





ly ? 


tE{1,..., r n 
||Rin (2, 0)|| < <A 2-70" (28) 


for 2 = 1,...,7. 
By (22) we get that 


[]7#@Q)A@- | [4 @ | &@) =) [[f. (2) | Rn (7,0), 
p=1 p=1 p=1 
pF pF pF 
(29) 
for alla =1,...,r. 
Hence 
[]#@]A@- I] fo (2) | fi (@) 
i=1 | p=1 i=1 | p=1 
pF p#t 
= [.o62) | 250). (30) 
i=l p=1 
p#t 
Therefore we find 
BG) (xo) = 
fo(2)| (Zaz -S [p(2) | az | n@) = 
Xf, [We] aoree yf, | 6] «7 | ne 
p#Fi pF 
fo(%) | Rin (7,0) dz. (31) 
(tte 
pHAr 


Consequently, we have that 


IIE (fi, Hog fr) (x0)|| Tar 


Sf [Wee] see-L] f | oe| 2 | se] - 
i pF 
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(32) 








= 
> 
el 
Soo 
ES 
3 
& 
S 
Q 
vl 
IA 


Og 
>> 
. kL 
> 
x 
canna 
a 
£ 
& 
Ss 
Q 
SU 
IA 


oo 
| ne 
8 
> 
x 
Rs 
a 
3 
& 
S 
Q 
x 
IAS 





max Dn+1 (fi) + 


i€{1,...,r} is Pe 
ea | LLL en | I a 


p=1 
pHi 








So far we have proved 


|Z (fi, + fr) (Zo)l| < 


max Dnii(fi) +r 


ae [| UL fire ane | = ©. Co 


i=1 | %@ | p=1 








Furthermore it holds 


be erie et Dnys4i (fi) a r Tr 
()< o = waz) |S | TT ill. o || 








(n+ 1)! i=1 | p=1 
pHi 
(35) 
and 
tie Dati (fi) r r 
i€ age 
< 
©) < aap Mh BMY g Til 7 
Pat 11(Q,A) 
(36) 
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and finally 
mee Patt (fi) |r f 1 
<i — Folly” | 
(f) < m+! 2. LL hol I oli Lp(Q,A) 
p#t Lq(Q,A) 
(37) 
proving (18), (19). m 
We give 
Corollary 9 (to Theorem 8) All as in Theorem 8, with f, =... = f, = f, 
r EN. Then 
eed '(2)az) 1 @)| < 
i 1 n+l 
eet (fue IF 2 12 Bolle 2) = (38) 
Dn 2 a7 oe 
AD min { (f 12 a8" 22) (Hoa) 
sth". ar i BIL oll Lavon} 
I x9|| .Q ll L1(Q,A)’ F moll p(Q,A) ll L,4(Q,A) 








(39) 
We also give 


Corollary 10 (to Theorem 8) All as in Theorem 8, with (A, ||-||) being a com- 
mutative Banach algebra. Then 


‘f(em) 2-3] f Toe] | sel < 
Q \p=1 i=1 Q \ p=1 
pHi 
Right hand side of (18) < Right hand side of (19). (40) 
We make 


k 
Remark 11 Of great interest are applications of Theorem 8 when Q = [J [ay, ba], 
v=1 


where [ay,b,] CR, A=1,...,k. 
We observe that by the multinomial theorem we get: 


k n+1 
(n+ 1)! 
|z. — Zoa| dz,...dz, = een Sena Ae 
|. [ay,by] (>: De 'p9!...pz,! 
N=1 


A=1 Pytpot..-pp=ntl P1-P2 


10 
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ie |Z1 = xo1|"! |z2 — roo"? eee |Z = xor|?* dz,...dzp => (41) 
[ay,ba] 


k 
(n+ 1) [ 
|z,. — xo,|" dz, |) = 
P1!po!. are ( 


bn 


Pitpet-.-prantl 


» ae Zi ll te (ox — zy)” dz +f 


k ! A=1 
Dy py=nt1 I] Pr: 
A=1 A=1 





(zy = zor) is] = 


Or 





e + 1)! x (xo = ay)?rt? + (by _ ato)? 
Se ty 
ae pytl 


= py=n+1 IL py! 


We have found that 
marly 
; 2 — Zolli, (43) 
TI [ea,,] 
ASE 


Eni [by ee Hagar 
Sag (os Gaal"). 








Based on (18), (19) and (43) we conclude: 
k 
Theorem 12 Let (A,||-||) @ Banach algebra and f; € Ct! (1 [a, by] A), 
A=1 


k 
i=1,..,7,7 EN, n € Zy, and fixed Z € [I [ay,b)] C R*, k > 2. Here 


ASL 
all vector partial derivatives fig := are where a = (aQ4,...,QK), a, € ZT, 


k 
AS 1}..,ky lol SS Oy = 95-9 Hoy MUA fig Zo) =O =A wet 
d=1 





Denote 
Dny+1 (fi) = eae >Hi Feallll k ’ (44) 
a: oo, TT [ax,ba] 
AE 
tel ere 
Then 


ye Ll %(2)| &(@yaz- 


i=1° TD [oasbal | pai 


p#t 
ip Ll (2) | az] n@] < (45) 
i=1 | 7 TI [aa,bal | pai 
a pHi 
11 
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Tr 


( max Dnr4i (fi) 


Se 
. 
i 3 
ss 





ie{h..0} LLMs ee 
p#i a 
1 k 
De k k II (( _ tox)?>t ee Ct oe aye) 
> py=n+1 I] pa! He (Ox Lp Aas 
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Abstract 


In this paper, we study the Mexican hat wavelet formulated from the 
Gaussian function. The Mexican hat wavelet transform (MHWT) is de- 
fined using this basic wavelet. A standard method is introduced to obtain 
the gap formula for the MHWT. Further, an example for the gap formula 
is also presented. 

Key words: Fourier transform; Wavelet transform; Schwartz distri- 
butions; Tempered Boehmians 
Mathematics Subject Classification(2010): 44A15; 46F12; 54B15; 
46F 99 


1 Introduction 


By utilizing the theory of distributional as well as classical Fourier and Hilbert 
transforms, the theory of wavelet transform in L?-spaces (1 < p < oo) is formu- 
lated. The wavelet transform has been rising as a major mathematical tool for 
the past two decades and its contribution to signal analysis is significant. The 
major reason for this is the representation of functions in a time-frequency plane 
is possible with wavelet transform. Hence, the wavelet transform can be treated 
as an operator which localizes time and frequency. Moreover, one can regulate 
wavelets within a fixed time period to acquire varied frequency components that 
are useful in enhancing the study of signals having localized impulses and os- 
cillations. Based on the idea of wavelets as a family of functions, the mother 
wavelet ~p,a(t) is defined by dilating and translating the function ~ € L?(R) 
and is given by 


u—ob 


a 





Wo,a(u) = (fa) *w ( ) , buER,a€c Ry = (0,00), (1.1) 
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where a is the dilation, which calculates the level of compression, and 0 is called 
shifting parameter, which works out the wavelet’s time location. If |a|< 1, then 
(1.1) is the compressed version of the mother wavelet and represents higher 
frequencies. 

For a square integrable function f, the wavelet transform with respect to Wo,4 
is defined by [5], 


W(b,a) = ie f(u)dy.a(u)du fora € Ty and u,beE R. (1.2) 


The inversion formula for (1.2) is given as follows: 
2 fe ofee™ ot xz—b da 
7 Ww ee ae R c 
ah a, vane ( a ) al — 


co} 7 2 co |. 2 

2G = | PO tu = | ote em < oo [1,p. 64]. 

2 0 |u| 0 |u| 
Recently among very many authors, the researches carried out by R. S. Pathak 
et al. [4-10] have investigated the theory of wavelet transform to distributions 
and ultradistribution spaces. Singh et al. have extended the theory for distri- 
butional wavelet and mexican hat wavelet transform [11-14]. Further, inversion 
formulae for the same are established in the sense of distributions and ultradis- 
tributions. 


Mexican hat wavelet that is formulated by taking the second derivative of 
Gaussian function is defined by 





—u? Py d? —u? 
w(u) = exp (+) (l-u*) = aye CUP (+) : (1.4) 
Therefore, 
2 
_ _,3/2 2 _ (=u) _ a 

Wv,a(u) = —a°!* Di exp ( oom ) F (v. re (1.5) 

Thus from (1.2), we have 

3/2 [ 2 (b—t)? 
W(b,a) = —a f(t) Dz exp | — dt, a> 0. (1.6) 
¢ 2a? 


Then, under certain conditions on f, we have 





W(b, a) = —a3/? a F(t) exp (- oS) dt, a>0, (7 


From the above two equations we can consider the MHWT as the Weierstrass 
2 


transform of (#4) f(u). This relation can further be utilized to explore various 
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properties of W(b,a). Also, as Weierstrass transform is defined for complex 
values of b, therefore, the definition of the MHWT can be extended for b being 
complex, whenever required. 


Now for a € (0,00) and b € C, we define 


1 —b? 
k(b,a) = —== —]. 1.8 
(6.0) = cee (=) (18) 
Clearly, 
1 —(b—1u)? 
D?k(b— 2) — ____ p}? —_— ‘ 1. 
2h(b— a2) = =D? (exp (“5 )) (1.9) 
Hence the Mexican hat wavelet transform of a function f(t) is given by [7] 
co a b _ 2 
W(b,a) = ar f f (u)exp Pa du. (1.10) 
= a 


2 Gap formula for Mexican hat wavelet trans- 
form 


The gap formula which is also known as the jump operator provides a uni- 
fied approach to obtain a relation between the determining function at a given 
point in terms of the transform. Here, it acts as an operator which gives 
f (b+) — f (b-) in terms of W(b, a) where W(b, a) and f(b) are related by 
(1.10). Such representations have been obtained for various integral transform 
like Laplace transform, Stieltjes transform, Weierstrass transform, and many 
more [2, 15, 16]. In the next theorem, we present Gap formula for the Mexican 
hat wavelet transform. 


Theorem 2.1. Let f(y) € Li(m,n) for any finite interval such that the 
integral (1.10) relating W(b, a) to f?)(y) converges form <b <n. Also, there 
exists numbers f'?)(b+0) satisfying 











[ve (b4u) — f?(b+0)|du = o(h), h- 0. 
0 


Then for d satisfyingm <d<n we have for —c0 <b< mw, 





lim ~i(1-eya fo exp (f = ) W(s, 1)ds = f (b+0)—f (b-0). 


a?—1- = 2a? 


Proof. Let a(u) = fe f(v)dv, Vd € (m,n). Also, let a(u) be locally bounded 
variation, such that 


(2.1) 


aw 
la(u)| = : 
ae 
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Then the MHWT of f(v) is defined by 














W(b, 1) =), k(b — u, 1) f(v)dv. (2.2) 
Now, using integration by parts on (2.2), we get 
W (6,1) = ‘ ky(b — u, l)a(u)du, (2.3) 
where a 
ky(b—u,1) = ap elo —u,1l). 
Consider 
d+too 4 2 
I = -i(a— ay? f (s-djex(S 5) ) W(s, 1)ds 
d—t00 2a 
d+itoo _ 2 co 
= ~i(1 = a2)9?? f (s — b) exp (S Dy ) / ky(s — u, l)a(u)du 
d—ico a —oo 
oo d+too 2 
— b) (s — b) 
= ~i(1-02)°? Vie f au | ie Sa | kex(s —u,1)ds. 
i(1 — a‘) Ta oe a(u)du bs ms age exp 5a2 i(s — u, 1)ds 
Let us consider 
. d+itoo 2 
—i (s — b) 
J = = | (5 — Dex ( a2 ) f(s — uta 
1 sa d+iy—b)? 
= — | (d+ iy — b) exp i a kyi(d+ity—u,l)dy, (s=d+iy) 
Qa Jo 2a? 
at rd —y-i(d—b))*\, | 
= = [ty ia-)) exp ( om) ki (ty + d—u,1)dy 
= / k(d + iy — b, a”)ko(d + iy — u, 1)dy, 
where 92 
kg(s —u,1) = aMee et) = (s — u)ki(s — u, 1). 
Os? 
By [7, Theorem 2.1], we have 
i = i k(d + iy — b, a”)ko(d + ty — u, 1)dy (2.4) 


= ko(d+iy—u—d—iy+6,1—-a’) 
ko(b—u,1—a?). 





Hence, we obtain J = ko(b— u,1— a”), by combining (2.4) with Corollary 2.2 
of [3], where f(b) = ko(b — u,1—a?). Further, breaking the integral J into 
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4 parts, corresponding to the intervals (—co,b — 6), (b—,b), (b,b +6) and 
(b+ 6,00), we have 


I= a aaream'ad f+ fa f+ Lh atone na ot 


= I,(a) + Io(a) + I3(a) + Iy(a). 





For Iz(a), we can choose a 6 > 0 so that | f@(u)— f° (b—-)|< € for b-6 <u<b 
and therefore, 


b 


ki(b—u, 1 — a?)[f (u) — f (b-)]du 


b—46 


[I2(a) + f (b-)| + o(1) 








I 


b 
| ko(b — u, 1 — a”) B(u)du] + 0(1) 
b-46 


b 











IA 
nm 
co 
Ls) 
S 
a 


,1—a?)|s — uldu + o(1) 
< eM+o(1) asa 31-. 
Similarly |I3(a) — f(?)(b+)|< eM + o(1). 
For € being arbitrary, we have Ip(a) ~ —f'?)(b—) and Iz(a) © f°) (b+). 


For I,(a) and I4(a) by Lemma 2.1c of [83], for some € and 7 such that m < 
E<n<n,ata=1 


fAu) = oem (“™)]. u— oo, 








2 
fu) = ofem(SEE)], uo. 
Therefore, 
b-—6 
[n(a)| = Jim (2n)/2(1 — oa ki (b—u, 1 — a?) f® (u)du 
< tm a-eye fo oo Gry ) if (u)idu 
< jim_M(1- a’) a [i a( > Ca oF) exp (EE) a 
= o(l). 


Hence, [,(a) = o(1) and similarly I4(a) = o(1) as a? 


the proof of the theorem. 


— 1-, which concludes 


oO 
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Example 2.2. As a simple example take the MHWT at a = 1, 


W(s,1) = a ky (s — u, l)a(u)du 


where 


Since the integral (1.10) converges always, therefore by Theorem 2.1, we have 


3/2 [6 — b)exp (<>) W(s, 1)ds 


: . 23/2 [ (s — 0)? a 
im —i( \e/ [6-9 exp ( 5a? exp | —— ds 
i(1 — a?)3/?,/27a4 —b? 

a?—1— (a? — 1)8/2 2(1 — a?) 
b=0, 
0 otherwise. 


II 
= 
I 
3. 
— 
jan 
| 
a 
bo 
WY 








lI 
= 
B 
= 

| 

Q 


II 
F 


(2.6) 


lI 
5 
ee 


Conclusions 


In this article, we studied the conditions needed to obtain a relation between 
the determining function at a point of discontinuity with its MHWT. As the 
Gaussian function derives the Mexican hat wavelet, therefore it satisfies the 
Gaussian decays in both frequency and space. Further, as the MHWT has 
localization in both space and frequency, it has a strong appeal to applications 
in space-frequency analysis, mixed boundary value problems, approximation 
theory, mathematical modeling, other digital modulation. 
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Abstract 


In an ecosystem, the balance of prey-predator system is greatly 
influenced by the availability of prey and the fear imposed on 
it’s population. In this paper, it is proposed that a prey-predator model 
in which prey is assumed to be able to detect the presence of predator and 
to counteract it by forming patches and incorporating the cost of fear into 
prey reproduction. Equilibrium points are calculated and analysis 
of the local and global asymptotic behaviors of the system are 
done. Hopf-bifurcation is seen in case of adequate availability 
of prey. The system stabilizes in presence of high levels of fear. 
Availability of prey act as a crucial role to change the dynamics of the sys- 
tem. Numerical simulations showcases the relationship between 
prey patches and other related parameters like level of fear, 
conversion rate of predator and availability of prey. These sim- 
ulations reveal the impact of fear on the prey-predator system 
and also justify the theoretical findings. In the end, the bifurcation 
scenarios are derived when two different parameters switch together at a 
same time. Numerical simulations are justified the theoretical findings. 


Keywords: Fear; Patches; Hunting Stability; Bifurcation. 


1 Introduction 


The survey of prey-predator dynamics is one of the blooming topics of ecosystem 
in last few decades. Predation process perform an indispensable part to main- 
tain ecological balance. In real field application, the predator do not capture all 
the prey population due to refuge property of prey [1, 2]. In biomathematics, the 
research of prey refuge is one of the hot spot area. As a result, many researchers 
focus in this aspect [3, 4, 5]. Some experimental finding confirm that fear effect 
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Modelling the fear effect in prey predator ecosystem incorporating prey 
patches 


on predator may alter the behavior of prey [6, 7, 8]. Some theoretical studies 
have revealed that growth rate of prey need to improve through implementation 
of fear effects [9, 10, 11]. Recently, the authors in [12] studied the hunting co- 
operation and the fear factor among prey in a Leslie-Gower model. This study 
revealed that fear factor is more effective than hunting cooperation to stabi- 
lize the system. Also, the scientists in [13] proposed a Beddington-DeAngelis 
functional response of predator-prey model and investigated the impact of anti- 
predator activity on whole system. They noted that the system may exhibits 
multiple Hopf-bifurcation. The researchers in [14] investigated that chaotic 
system turned into stable system in presence of cost of fear in three species 
model. But very few numbers of researchers explored the combine effects of 
hunting cooperation and anti-predator activity in predator-prey system. In re- 
cent past, the authors in [15] studied the combine effects of hunting cooperation 
and fear factor in prey-predator system and observed that strong demographic 
Allee phenomenon. Recently, the authors in [16] studies the influence of 
harvesting and allee effects in disease induced prey-predator system 
and reveals that allee effect and harvesting can be a handy technique 
for controlling the spread of disease. Fractional order mathemati- 
cal models are a new research field in non-linear dynamics [17, 18]. 
The authors in [19] apply the homotopy analysis transform technique 
in prey-predator model to evaluate approximate solution which con- 
verges to the exact solution of time-fractional nonlinear subject to 
initial conditions. 

Anti-grazing strategy is a vital part in prey-predator system to 
protect prey from predator. In marine system, size of phytoplankton are 
very small compare to the predatory enemies but they can survive from con- 
sumes by using anti-grazing strategies like morphology [20] formation of colonies 
[21] which resist the grazing pressure by higher trophic organisms. Toxin ejected 
by phytoplankton is one of another anti-grazing strategies to protect from zoo- 
plankton [22]. The author in [23] studied the formulation of patches for defense 
mechanism and discussed the ability of releasing toxin chemicals. Thus, paired 
mechanism over with patching and poison release outcomes will act a crucial 
role for the coexistence species. Some experimental researches noted that the 
patch size depend on organism density and also proportional with it [24]. In 
real field, phytoplankton are allowed to form spherical patches or colonies and 
release toxin chemicals [25]. 

Motivated by the above theoretical and experimental literatures, 
the dynamics of such system in which hunting by predator and fear of prey is 
studied. The aim of the present study is to investigate the impact of hunting, 
fear effect and toxin effect due to formulation of patches. As per my knowledge, 
the combine effect of three above factors has not to explore yet. The main 
target in present manuscript is to investigate the subsequent biolog- 
ical topics: 

e How does availability of prey density influence on the dynamics of prey- 
predator system. 
e Can fear factor among prey influence to stabilize the prey-predator system. 
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e How does patches influence the prey-predator dynamics. 


It is considered that, birth rate of prey population is reduced due to fear 
of hunting by predator. In the next section, proposed model is developed with 
incorporate prey patches. Section 2 represents the construction of mathemat- 
ical model based on some assumptions. Basic properties such as boundedness 
is discussed in Section 3. Analytical results based on the model and global 
stability are discussed in Section 4. Section 5 represents the local bifurcation 
such as Hopf and transcritical-bifurcation analysis. Numerical simulations and 
discussion are illustrated in Section 6 & 7. Finally, the paper summarize with 
a brief conclusion. 


2 Basic assumptions and model formulation 


Let us consider the assumption to construct the following mathematical model: 
Let x(t) and y(t) be the density of prey and predator population at time t > 0 
respectively. Here r and r; be the intrinsic growth rate and the intra-species 
competition rate of prey. c and e represent the predation rate and conver- 
sion rate of predator. Here (1—k 1) terms represents the amount of availability 
of prey for predation by the predator where, k; € (0,1]. It is assumed that pre- 
dation term is the Holling-IJ functional form. According to literature review, a 
fraction part k, of prey aggregate to form N patches. Therefore, each patches 
represent as whiz. It is assume that the three dimensional patch is roughly 
spherical in ocean. Therefore, the radius of patch is proportional to [7k12]'/3. 
As a result the surface of patch is proportional to [whiz]?/? = px?/3 
p= [aki ]?/. The effect of fear has a direct impact on prey reproduc- 
tion [26, 27, 28]. In presence of predator, intrinsic growth of prey becomes 
a function of the predator density like F(y; K) = i7K, im which K is defined 
as level of fear of the prey according to anti-predator response. This above 
function follows some conditions: 

i) F(y;0) =r: in the absence of fear effect, the prey reproduction rate remain 
unaltered. 

ii) F(0;K) = r: in the absence of predator, the prey reproduction rate 
remain unaltered. 

iii) im FY: kK) =0: extremely fearful prey fails to reproduce. 


, where 


iv) lim F(y; kK) =0: at a extremely higher predator density, prey fails 
yoo 


to reproduce. 


v) OF) <0: the prey reproduction rate low with high amount of fear effect. 


-\ OF (y;K 
(vi) =O 





<0: the prey reproduction rate low with high amount of predator 
density. 
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dx ra 5 c(1 — ky )ay 
ae Longe 1+a(1—ky)a = Gilz,y) 
dy e(l~ ki )ay 2 
oe oes qo A 5 Sy Sep yee 
a iaG-ne 2(x,y) 
(1) 
The system (1) will be analyzed with the following initial conditions, 
x(0) 20, y(0) 2 0. (2) 


3 Mathematical preliminaries 


Theorem 1. All non negative solutions (x(t), y(t) of the system (1) initiate in 
— {0,0} are uniformly bounded. 


Proof. Let us choose a function 0 =a%+y. 





Therefore, 
dQ _ dz ay re 2 c(l—ki)xy e(l—ki)ay = 2/3 
dt — dt a ~ 1+Ky re ae 1—k,)a a5 1+a(1—k,)x dy epx y- 


Let us consider a positive constant ¢ such that ¢ < d. Therefore, 


de +€0 < rox — ra? 4+ Cx — oo) — y(d —€) — epx?/3y 


< (rot O)a — 112? < (ro+6)? | 


“ar, 


ro+<y" 


By choosing T = , we obtain 


0 < O(x(t), y(t) < FL — 7) + O(u(0), y(0) Je", 


which indicates that 0 < O(ax(t), y(t)) < c as t — oo. Therefore, all non nega- 


tives solutions of the system (1) are originated from R? — {0, 0} will be restricted 
in the region V = {(z,y) € R%: a(t) + y(t) < z +e}. 

In ecology, it means that the system act in a specified manner. Boundedness of 
the system implies that none of the two interacting species grow unexpectedly or 
exponentially for a long period of time. Clearly, as a result of limited resource, 
numbers of each species is surely bounded. O 


From the ecological point of view, let us first consider the following 
region Ri = {(x,y): x >0,y > 0}. Here, the function Gi(zx,y) = «f(z, y) 
and G2 = yg(z,y) of the system (1) are continuously differentiable and 
locally Lipschitz in R% = {(x,y): z > 0,y > 0}. Therefore, Theorem 
A.4, page 423 in H. R. Thieme’s book [29] implies that the solutions of 
the initial value problem with non-negative initial conditions exist on 
the interval (0,5) and unique, where S is a sufficiently large number. 
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4 Equilibria: Existence and stability 


All possible equilibria are catalogued below: 
(i) The predator free equilibrium EF, = (+, 0). 
(ii) The positive coexistence equilibrium Et = (x*, 
while «* is ensured by solving {a(1 — ea)}808 ge + 3{a(l — ky)}7e% pi a** + 
[3e8p3a(1 — kx) — {(1 — ki)(e — da) }]x*® + [e%p? + 3{(1 — ky)(e —da)}?d)a*? — 
3{(1 — ki)(e — da)}d?2* + d3 = 0. 
Also, y* is ensured by solving cK (1 — k1)y? + [e(1 — ki) + ria*(1 + a(1 — 
ky)a*)K]y* — (1+ a(1 — ky)a*)(r — rya*) = 0. 

Thus the condition for the existence of the interior equilibrium point E*(x*, y*) 
is given by, «* > 0, y* > 0. 








Explicitly, general form of the Jacobian matrix at E = (%,7) is defined as 


= ten — 2nE— Se,  - 
J — = ee Ce. ay) e iti e ae ee . (3) 
Uta(l-k)a)2 3 °PURTS Trali—kne % CPX 
There exists a feasible predator free steady state E, of the system (1) which 
is unstable if 4 + p~ PER FESTIZEre 


The Jacobian ati at E* can be written as 


Or, a c(1—ki)y* rKa*  _ _c(1—ki)a* 
i TiEy) ~ ) 1 cre ee kije*)-  (U+Ky*)? 1+ad—ki)a2* 
e(1—k1)y* 0 


(ta(l—ki)a*)2 es 


Thus the eigenvalues in this case are obtained as roots of the quadratic 
d? — tr(J*) + det(J*) = 0, 

*) r * c(1—ki)y* 
tr(J*) = Goey 7 278" — Gee 


k1) e ky ee tae 
det(J*) = [ayitge + lla — Beesley". 


Now tr(J*) < 0 if apkasy < 2rie* + qt te as well as det(J*) > 0 if 


27 (1— k xr * 
0< Same 
Therefore, according Routh—Hurwitz criterion we can admit that E* is locally 


asymptotically stable providing the above two conditions are fulfilled. 


Theorem 2. If the non negative equilibrium E* exists, then (x*,y*) is 
c(1—k1)?a 


globally asymptotically stable in the x —y plane if r; > Tra —hy)a* 


Proof. Let us consider a Lyapunov function about E* 
V=a-2-—a*ing +21 +al—kyjz*)y—y* - y*in#). 
Differentiating V with respect to t of the system (1), we get 


WY = (a 2") (gg re — pee) + S(1+.a(1—ki)a*)(y—y*)( eae - 
dy — epa?/y) 

* rK(y—y* re c(1—k = c(1—k1)*a(x—-2 
=e) (ts — riz — a") + Cae a oe SS IEEE mq)! 
(1+ a(t — y)2*)(y — 9") [trpateaettieacmey ~ c0(e? — 2*8)). 
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After some calculation and simplification we get 
c(1-k 2a * is at * 
<< [n - poe (r—ax Y- gine \y-y*). 
Clearly, V is negative definite if r; > Tether Therefore by LaSalle’s 
theorem [30] E* is globally asymptotically stable in x — y plane. oO 


5 Local bifurcation 


5.1 Hopf-Bifurcation 


Theorem 3. The necessary and sufficient conditions for Hopf bifurcation of 
the system (1) around E* at ky = kj are [tr(J*)|ki=re = 0, [det(J*) |x, =e > 0 
and aie ltr(J* lin =e #0. 

Proof. The condition [tr(J*)]k,=re = 0 gives TKD ~ 2712" ee eee = 
0, in which [tr(J*)]k,=n¢ = 0. 

Now [det(J*)|x,=xe > 0 which is equivalent to the characteristic equation \* + 
[det(J*)]k,=re = 0 whose roots are purely imaginary, 

For k; = kf, the characteristic can be written as 


x*+w=0, (4) 


where w = |det(J*)|k,=xe > 0. Therefore, the above equation has two roots of 
the form y1 = +i/w and y2 = —i/w. Let at any neighbouring point k of kf, 
we can express the above roots in general form like y1,2 = 01(k1) + £i62(k1), 
where 6,(k1) = “& ana Aah) = det(J*) — £2") Now it is to be verified 


the transversality anatGol st ne (x3(k1)))er=xe #0 for 7 = 1,2. 
Substituting v1 = 61(k1) + i@2(k1) in (4) and calculate the derivative, we have 





20, (k1) 04 (k1) —= 26(k1)05(k1) + w! = 0, 
262(k1)O4 (ki) + 201 (k1)05(k1) = 0. (5) 
Solving (5), we get 
qe (Re(xj(k1)) erage = EEE #0, ie, so[tr(J*)le=xe # 0, which satisfy 


the transversality condition. This implies that the system undergoes a Hopf- 
bifurcation at ky = kf. oO 


5.2 Transcritical-bifurcation 


Theorem 4. System (1) undergoes a transcritical bifurcation when the system 
parameters satisfy the restriction ky = ki©. Here, ky is seen as the bifurcation 
parameter. 
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Proof. For ky = k}°, the Jacobian matrix J, of the system (1) around EF, 
has one zero eigenvalue. Let U; and V; be the eigenvectors of the matrix J; 
and (J,)? corresponding to zero eigenvalue respectively. Therefore, we ob- 


T 
tain U, = (“4 + Se) 1) and V; = (0 1)7. We have Fy, (x,y) = 


(0 -y)*, Fe, (Ei;sk =kPC)=(0 0 )7 and(Vi)" F, (Bujki = kPC) = 
0 


Also, DF, (Fi; ky = kf) Ui = (0 cee inca 

Therefore, we obtain (V,)* [DFy, (Ei; ky = kP°) (U,)] = -1. 

Further, (Vi)" D?F (Ei; ki = kP°) (1, U1) 

= ry (1—k1) ep (r r e(1—k1) 

= —2¢ | i, — eens] fa + et <0. 

By applying Sotomayor’s theorem [31] we can conclude that the system experi- 


ences a transcritical bifurcation at EL, when k; crosses aie 
O 


6 Numerical simulations 


In order to visualize the analytical finding, we perform the numerical simulation 
over the set of parametric values [32, 33, 34] 


r= 1.2, 7 =0.05,K =01, h =0.7, 
c= 0.45, e= 0.25, a=0.8, d=0.1, p = 0.15. (6) 








It is noted that the system (1) shows stable dynamics around at E* (3.06, 5.74) 
(cf. Fig. 1(a)). 


6.1 Effect of k, 


It is observed that when availability of prey species is high for predation, i.e., 
the low value of ki, the dynamical system switches to unstable behavior (viz. 
k, = 0.66). But high level of fear can stabilize the system (1) (viz. K = 0.2). 
It is illustrated in Fig. 1(b). Thus, the fear effect can prevent the oc- 
currence of limit cycle oscillation and increase the stability of the 
system. Fig. 2(a-b) depicts various steady state behavior of prey and preda- 
tor for the parameter k,. Here, it is noted that a Hopf point are situated 
(H) at ky = 0.673026 with eigenvalue +0.2848627 and one Limit point (LP) 
and a Branch point (BP) coincide at k; = 0.864180 with eigenvalue (0. — 1.2). 
Branch point (BP) indicates that at that particular point, predator 
goes to extension and the transcritical bifurcation occurs. The Limit 
point (LP) is a collision and disappearance of two equilibria in the 
dynamical system. The system switches from stable to unstable or 
unstable to stable behavior after crossing the Hopf point(H). It is ob- 
served that the first Lyapunov coefficient being —2.654148e—°? at Hopf point 
(#1) which confirm that a family of stable limit cycle generate from H (viz. Fig. 
3(a)). It is clearly indicates that increasing the amount of prey refuge 





120 Chatterjee 114-129 


J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 30, NO.1, 2022, COPYRIGHT 2022 EUDOXUS PRESS, LLC 


Modelling the fear effect in prey predator ecosystem incorporating prey 
patches 















> 6 | 


Mi : 
1) 























°o 
nD 
rr 
o 
oo b 
s 
x 
z 





Figure 1: (a) The equilibrium point E* is stable for the set of parametric 
values. (b) The figure depicts oscillatory behavior around at E* of system (1) 
for k; = 0.66 and K = 0.1(blue line), stable behaviour at E* for k; = 0.66 and 
K = 0.2(black line). 
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Figure 2: (a-b) The trajectory represents the different dynamical behaviors of 
prey and predator respectively for k,. 
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Figure 3: (a) The trajectory represents a family of stable limit cycles generate 
from Hopf (H) point for k; in «— y—ky plane. (b) Bifurcation diagram for ky. 
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Figure 4: (a-b) The trajectory represents the different dynamical behaviors of 
prey and predator respectively for e. 
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Figure 5: (a) The trajectory represents a family of stable limit cycles generate 
from Hopf (H) point for e in x — y—e plane. (b) Bifurcation diagram for e. 
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Figure 6: (a-b) The trajectory represents the different dynamical behaviors of 
prey and predator respectively for p. 
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Figure 7: (a) The trajectory represents a family of stable limit cycles generate 
from Hopf (H) point for e in « — y — p plane.. (b) Bifurcation diagram for p. 


can increase both densities of prey and predator. On the other hand, 
when k; reaches a high risk threshold of the prey refuge the preda- 
tor goes to extinct and the equilibrium F, is globally asymptotically 
stable. 


6.2 Effect of e 


Fig. 4(a-b) indicates that predator’s conversion rate (e) play a crucial role to 
switch the prey and predator natures. Here, we have one Hopf point (e = 
0.360577), Branch point (e = 0.097047) and a Limit point (e = 0.096319). 
Further, the system experiences a family of stable limit cycle generate from 
Hopf point (viz. Fig. 5(a)). 


6.3 Effect of p 


It is observed that the prey patches play a big impact in the system (1). From 
Fig. 6(a-b) & Fig. 7(a) it follow several stability behaviour and family of 
stable limit cycle for the free parameter p respectively. At p = 1.416971, the 
system experiences a super critical bifurcation with first Lyapunov coefficient 
—2.031921e-° and predator becomes extinct at p = 0.225770 i.e., at BP point. 
Also, a Limit point (LP) is obtained at p = 0.254407. 


6.4 Bifurcation 
The bifurcation diagrams (cf. Fig. 3(b), Fig. 5(b) and Fig. 7(b)) illustrate the 


complete dynamic pictures of the system (1) for the effect of parameter ky, e 
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Figure 8: (a) Two parameters bifurcation diagram for k, — p. (b) Two param- 
eters bifurcation diagram for p — e. 


and p respectively. Fig. 5(a-b) display the two parameters bifurcation diagram 
for k, — p and p—e respectively. In this case, we see a Bogdanov-Takens (BT), 
Cusp bifurcation (CP) and Generalized Hopf (GH). Generalized Hopf sep- 
arates branches of sub-and supercritical Andronov-Hopf bifurcations 
in the two parameter plain. The It is clearly indicates that a saddle-node 
bifurcation curve meet at transcritical curve at Cusp point(CP), ie., SN-TC 
point and saddle-node and Hopf bifurcation curve touch at BT point. 
Also, the bifurcation curve exhibits a Generalized Hopf point (GH) where the 
1s* Lyapunov coefficient turn out to be zero. All the numerical finding are 
summarized in Table 1. 


7 Discussion 


In this present article, a prey-predator model is designed by incorporating 
patches, prey refuge and fear effect to discover the dynamics of prey-predator 
systems. It is assumed that prey population grows logistically and 
predators consume prey population under Holling II functional re- 
sponse. Firstly, some basic properties are analyzed and verified which are 
ecologically well behaved such as boundedness and properties of existence of 
equilibria. The local stability behavior of the system is carried out 
around each equilibrium. In order to explore the dynamics of pro- 
posed system, it is identified that, the system (1) has two equilibrium 
point such as axial (£)) and coexistence equilibrium (E*). We also 
perform the global stability of coexistence equilibrium by choosing a 
suitable Lyapunov function. Throughout the analysis, availability of prey, 
i.e., the parameter k, play crucial role to exhibit Hopf bifurcation and stability 
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Table 1: Natures of equilibrium points. 











Parameters Values Eigenvalues Equilibrium points 
ky 0.673026 +0.284862:) Hopf (H) 
0.864180 (0, —1.2029) Limit Point (LP) 
0.864180 (0, —1.2029) Branch Point (BP) 
€ 0.360577 +0.3059072) Hopf (H) 
0.096319 0, — 1.00886) Limit Point(LP) 
0.097047 (0, —1.2) Branch Point(BP) 
p 0.074021 +0.2898791) Hopf (H) 
0.225770 (0, —1.2) Branch Point(BP) 
0.254407 (0, —0.398958) Limit Point(BP) 
(k1, p) (0.4146440.397248) = +0.00) Bogdanov-Takens (BT) 
(0.8639100.150199) (0, 1.20027) Cusp bifurcation (CP) 
(p, e) (0.0835480.129990) (0, —1.2) Cusp bifurcation (CP) 





(0.319445, 26.549989)  (£1.53468%) | Generalized Hopf (GH) 


switching behavior. Numerically, we observe that when ki < kf = 0.673026, the 
system exhibits oscillatory behavior and each population shows stable coexis- 
tence between 0.673026 < k, < 0.864180. When processed further, coexistence 
equilibrium looses stability via transcritical bifurcation i.e., branch point and 
the predator population will die out. Similar characteristic nature of prey and 
predator have been seen for the effect of conversion rate of predator and toxic- 
ity level due to patches. Further, to study the impact of fear effect, prey shows 
anti-predator behaviours. Several two parameter bifurcations are drawn 
that show different stability nature of dynamics. It is observed that high 
value of fear level can stabilize the whole system in presence of high availability 
of prey species for predation. So, availability of prey species, conversion 
rate of predator, prey patches and fear level acts an crucial roles in in 
determining the long-term population dynamics. We hope that this 
study will contribute in understanding the impact of fear, effect of 
conversion rate of predator and toxicity level due to patches. The 
system (1) can also be modified further for two prey and one or two 
predator which may be more significant to the biological diversity. 


8 Conclusion 


In this article, we consider fear effect prey-predator model and a prey refuge with 
forming patches. By examining the characteristic equation of the corresponding 
linearized system we obtain the threshold conditions for the stability of system. 
It is observed that level of fear, availability of prey due to refuge mechanism, 
conversion rate of predator and toxicity level due to patches play major role to 
stabilize the system. We find that combined effects of more than one parameters 
results in complex dynamical behaviour. 
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Abstract 


In this study, we have proposed second, fourth and sixth order convergent numerical techniques 
for approximating linear and non-linear boundary value problems of second order with the help 
of fractal non-polynomial spline function. We have discussed the convergence analysis and 
error bound for sixth order method to prove the theoretical aspects of the presented method. 
Numerical problems are experimented to validate the theoretical results. Comparison with 
fractal polynomial and few other existing methods leads us to the conclusion that the proposed 
technique is more efficient. 

Keywords: Difference equations, fractal non-polynomial spline, quasilinearisation, 


convergence analysis, truncation error. 
Mathematics Subject Classification: 28A80, 65D07, 34B15 





1. Introduction 


With the help of fractal non-polynomial spline, we have developed numerical techniques to 
find the approximate solution of boundary value problems(BVPs) of the type: 


walt) +p(t)w(t) =f(2), 1 (0, 1), 


w(0) = 00, w(1)=o1, 


(1.1) 


and 


w(t) +F(t,w(t)) =0, t€ (0, 1), 


w(0) = 00, w(1)=01, 


(1.2) 


where 69 and oj are constants. In (1.1), p(t) and f(t) are continuous functions in closed in- 
terval J = |0, 1]. For random choices of p and f, exact solution of these BVPs cannot be find. 
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Therefore we approach numerical methods to get approximate solution of (1.1). In (1.2), pre- 
sume that for (t, w(t)) €D = {O<t<1, —o< w(t) < oo}, F and gE are continuous. We know 


that (1.2) admits unique solution, if sup ge < *,|22]. Here we assume that ge <0 on 
(t,w(t))ED 


D and ge <0Oon D*={0<t<1, —©< w(t) < o}. The notation wy symbolizes second 
derivative of w with respect to f. 

Various authors have used different techniques to find numerical solution of linear as well as 
non-linear BVPs. Authors in used cubic spline functions to find the approximate solution 
of nonlinear BVPs. Few numerical techniques derived by various authors for solving non-linear 
BVPs are given in and fractional differential equations are given in 
. 

With the help of quasilinearisation technique[[6} [21| [26], the non-linear BVP (1.2) is converted 
into a system of linear BVPs, which in turn are solved by derived numerical scheme using 
fractal non-polynomial quintic spline function. A parameter A called scaling factor is used in 
fractal spline which is suitably restricted to obtain the approximate solution of the linearized 
BVPs. Fractal interpolation function was introduced by Barnsley[4] using Iterated function 
system. Although fractals are difficult to constrain but they are best suitable for generation 
of various irregular shapes found in nature. It provides the possibility of simulating and de- 
scribing landscapes precisely with the help of mathematical models. To find the numerical 
solution of (1.2), Balasubramani et. al.[3] have worked upon fractal quintic polynomial spline 
functions. In this paper we have worked upon finding the approximate solution using fractal 
non-polynomial spline functions and observed that the proposed scheme provides better results. 
The description of paper is as follows: 

At the beginning ,we have given a brief description of the presented method which uses fractal 
non-polynomial quintic spline to get a relation between w(t) and M(t) using continuity con- 
ditions. In section 3, we have discussed the truncation error. Thereafter, possible classes of 
method are discussed in section 4. Then we have discussed the convergence analysis of sixth 
order method in section 5. Error bounds are carried out. Thereafter, we have given a briefing 
about finite-difference method and Numerov’s method, and experimented four numerical prob- 
lems to testify the efficacy of proposed method in section 6. Concluding remarks are provided 


in section 7. 


2. Fractal Nonpolynomial spline 


Let 0 =f < ti <t2 <...<t, =1 be the partition of the interval J = [0,1] given in (1.1) 
and (1.2). Let w(t) and W, denote the analytical and approximate solutions respectively. For 
tj = jh, h=1/n, j =0,1,...,n. Let Mj and S; denote the approximation corresponding to 
Wi(tj) and W(t; ) respectively. 

Concept of Iterated functions system (IFS) is used to develop fractal interpolation functions(FIF). 
Basic details related to fractal interpolation are provided in [[5} {9} {10}. 
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Define H; :/ — J;, where J; = [t;-1,1;] such that 
Hj(t) =At+tj-1, tel. 

Clearly, Hj (to) = tj~1 and Hj(tn) = 4, 

and define Fj : / x R — R such that 

F5(t,w) =Aw+r;(t), (t,w) € Ix 

where A is scaling factor such that |A| < h* and 















































aA 








r;(t) = Ajcos§ (t — to) + Bysing (t— 19) + Cj (t— to)? + D5 (t— to)? +E; (t— to) + Fj. 


Constructing the IFS as follows 


























Ix R;X;(t,w) = (H(t), (Fy (¢,w))) : j =1,2,. 


which satisfies the following conditions: 




















F5(to, Wo) = Wj-1, F y(t, Wn) = Wj, 

: 1(tns Wa) = F541,1(to, Wo,1); 
5,2(to,Mo) = Mj-1, Fj,2(tn,Mn) =Myj, 

yall n3) = F5+1,3(t0, Wo,3), 
( 


F; 4(to,So) = S5-1, F5,4(tn, Sn) = Sj, 
















































































Aw+r' 
where j =1,2,.....2—1, and Fy (t,w) = “8 = 1,2,3,4 and 























rio) Wy 7?) (to) (4 
Wor = Wa = 2), Wo3 = 2 Wg = le 


Clearly, IFS is satisfying C+-differentiability conditions on FIFs[5} {9} [10}. 














Let F= {® € C4(/,R) | B(fo) = Wo, P(tr) = Wn, B)(to) = Mo, 
B) (t,) =Mn, BO (to) = So, BY (ty) = Sy}. 
Then (F,d) is a complete metric space and d is a metric induced on F by C*—norm. Let us 
define the Read-Bajraktarevic operator T on (F,d) as 


T(®(H;(t))) = A®(t) + Ajcos§ (t — to) + Bysin (t— 19) + Cj (t— 10)? +D;(t-t0)” 
+E t=) + Fs; t € [to, tn], T= 1,2 ysis The 


As operator T is contraction map, it must have a unique fixed point @ (say) which will 
satisfy the following conditions: 


@(H;(t)) =A Q(t) + Ajcos§ (t— to) + By sing (t—to) + Cj (t— to)? +D;(t— to)? 
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+E;(¢-f)+F), t¢€ fot), j=1,2,...,7. (2.1) 


From [10], it can be seen that 
































Fj (to, Wo) = W; 1> Fj (tn, Wn) = Wj, F5.2(to,Mo) = M;-1, 
F5.2(tn,Mn) = M;, 5 4(to, So) = S; 15 F5 2(tn, Sn) = S3, 






































are equivalent to 


@(t3—-1) = W3-1, P(t3) = Wy, P (t5-1) = My—1, 


2 4 4 (2.2) 
p) (ts) = My, 94H (t3_-1) = Sj_-1, 9 (ty) = 55. 


















































The conditions P51 (tas Wnt) = F5+1,1(to, Wo,1), and F 5 3(tn, Wn) = Fy, 1,3(to, Wo,3), can be 
reevaluated as op!) (H; (f%)) = op) (Hj +1(to)) and '?) (Hj (tn)) = op?) (Hj +1(to)) respectively. 
The coefficients Aj, Bj, Cj, Dj, Ej and F; used in (2.1) are evaluated using (2.2). We get 





Aj = &(S;- 1— #50), 

Bs = zane (Ss—#i5n) ~ sta (83-1 ~ #50), 

05 = 5 (5 — fe) ~ # (Mj—1 — Mo) + dex(S3 - Sn) — fa(Sj-1 -— 50), 

D3= F(Mj-1-4A ne Mo) + fn (5; a 480), 

Bj = (Wj —AW,) — (W5_-1-AWo) — Bx(6-+E7) (Sj — Asn) + Ae (6—26?) (55-1 — 50) 


i a i a 
(Ms fe) — 5 ms 1 i,Mo). 


= (We) 8) 
For continuity of g), we have used pD(t5) = p(tF) ie., 0) (Hy (tr) = @") (Hy41(t0)) 
and eventually get the following condition: 


A) (ty) — Azé sinE +B, EcosE +30; +2D; +E; =A) (to) +EBsz1 +EVH1- (2.3) 


Similarly for continuity of g@°) we have used p(t) = p)(tF) i.e., op) (Hy ay) = 
p'°)(Hj41(to)) and get 


A) (ty) +A5€? sin — BEF cosE + 6C; = A) (to) + E7Bj41 +6C541. (2.4) 


After substituting the values of Aj, Bj, Cj, Dj, Ej, Bj+1, Cj41 and Ej+, in (2.3) and (2.4), 
we obtain 





(So +Sn) (zs + * — - = sin€ ) + (53-1 +5j41) (aime — 2 (6+) 


133 Arshad Khan 130-152 


J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 30, NO.1, 2022, COPYRIGHT 2022 EUDOXUS PRESS, LLC 














4 4 
53 (Fey (2—482) — FEE) = 1.0 (4) 200) = (Wh — 25 + W51) 
2 
— 5 (Mo+My) + (Mya + 4M; +My), (2.5) 
and 
A co Xr i . a 4 co 
(S0+5:)(5 = Fae) (Fgae Ba) Gt Si) +5; (Fe = ) 


=2(9°)(to) — 9 (tn)) +1? (Mj—1 — 2Mj +Mj41), (2.6) 


respectively. From equation (2.5), we have 


I 1 A 
(ci253-1 + 28085 + 025341) =— 5 (Mya +4Mj +Mj-1) + ryko(So+Sn) — 5 (9 (rn) 


6h 


—9')(t9)) + Ee ee) aes 


1 
HA (W541-2W;+W541), (2.7) 


ht 


and from equation (2.6), we have 








1 1 
(S51 +2B1S; + S541) = = 72M j+l — 2M; +M;- i)- paki (So +S, ) 
A 

74 (9° (tn) — @'(t0)), (2.8) 
where 
= br ( Ecosec(§) _ 1) ~ pee n(l —cor(E)), 
O = w(g-a1), bo= a +-Bi), 
ky = =s _ cores ko = p (3 +h) 


Solving (2.7) and (2.8), we get 


(So+Sn) (Ok +onk1) — oA (9) (tm) — 9 (10) aA (PO (tm) — G9) (t0)) 
2h* = (a1 B2—0nBi) 2h* — (a Bo — a1) 2h* ~— (at, Bp — OB) 

aA (Mo +M,,) Oy (W541 —-2W; + W;-1) 7 QO (Mj41+4M,; +M;-1) 

4h* (a B2—2B1) 2h* = (Bo — a1) 12h? (a Bo — OB) 

OD (Mj 41 — 2M; +M;-_1) 





S;= 





+ 





2h? (041 Bo — O81) oe 
Using equation (2.9) in equation (2.8), we have 
06 (W542 + Wj-2) + 2(Bi — 01) (W541 + W531) + (20 — 4B))W; 
= —2(on + Bi)A(G" (t0) — @ (tn)) + 2(02 + B2)A( on — 9° tn)) 
—(Q + B,)A(Mo +M,) +h? (pMj42+qM3+1 +rM; +qMj-1 + pM;-2), (2.10) 


134 Arshad Khan 130-152 


J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 30, NO.1, 2022, COPYRIGHT 2022 EUDOXUS PRESS, LLC 


where 

p=%+ a, 

g = 2 §(201 + Br) — (a2 — Bo)], 

r=2| 2 (a1 +4B1) + (a2 —2fp)]. 

Remark 1: When (01,61, 0,B>) = (4,2 53 mat é) equation (2.10) reduces to (2.5) of Bal- 
asubramani et al.[3]. 


Remark 2: When A = 0, equation (2.10) reduces to quintic non-polynomial spline method by 
P. Srivastav et al. [31]. 


2.1. Spline Solution for Linear BVPs 
Equation (1.1) is discretized att =1,, since M;+pj;Wj =f , where pj = p(t;), £; = f(t). 
The boundary equations are discretized as Wy = 09, Wy = 0}. 








Substitute 
03)(t) = ie 3Wa+W3 93)(t,) = Wa 3Wa a1 +3Wn2 Waa 
op) (19) = Wi Wo Q(t) = — 
Mj =f; —pjWj, 


in (2.10), and after some calculations we get, 





ipa + toy) Wit ° oaey ]w2- ? Wael ]ws- jay + php;_o| Wj-2 
— [2B — @)) +gh?p;-1] W3-1- (oa —4B)) +p, Wi - [2(Bi — a — a1) 

+4hp311| W541- jax + ph?p;.9| Wie | eof) | Wr3+ See Wr-2 

— [2a Bu + Serif | yy, a p(t jot ty2) ta(tjait fy1) +743] 

+A(ot1 + Bi) [(£0 +n) — (Poo +PnOn)] — | AAGPUA 4 eeeBo | 
—[PegBUA 4 20a Pa) |g, 5 =2,3,...,(n—2). 


(2.11) 














In (2.11) we have (n— 1) unknowns W;, W2,...W,—; and (n — 3) equations. Therefore two 
more equations are required to find unique solution. Hence we derive two boundary equations 
as follows: 


Boundary equations 


Let the equation at j = 1 and j =n—1 be 








ner ps st 2st Woe oho 8 az (ant fa) jm 4 E (ees, W> 





_ | osha W3— oir Pat W,3+ | aie) Wiese | abu 
; i (2.12) 
+ Sieeefa)h| Wied | Hes Puld rs 2a felt Wr = (a1 + B1)[(£o + fn) 


— (4000 + dnOn)] + DERG (hew( te) + mich? Wir(te)) 
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and 








h 


tas Ie W3 on Wat es blk |W,» — ae 


+ Soatboal wy, 1 + |? Bi 4 2( c+ Ba) |= (ci + Bi) (fo + £n) 
—(qoOo + GnOn)| + DEP _5 (ew( te) + mich? wi (te)), 


ee ue a Se Wo — er Bue me Se Wit | Sioa P) | W> 








(2.13) 





respectively. The system (2.11), (2.12) and (2.13) provides the numerical solution Wj, j = 
1,2,...,n—1 for linear BVPs. 


2.2. Spline Solution for nonlinear BVPs 
2.2.1. Quasilinearisation technique 

We use quasilinearisation technique to convert the non-linear BVP given in (1.2) into a sys- 
tem of linear BVPs. Here w(°)() denotes the initial approximation and the function F(t,w(t)) 
is expanded around the w()(r) to obtain 


F 
F(t,w))(t)) = F(t, w (2) + (Ww) — w) Sea Se aes 


In general, 
F(t,we (2) = F(t, w)(2)) + WEFD — wl) (S 


where r is the iteration index such that r = 0,1,2,... 
The nonlinear BVP (1.2) can be written as 


wet) ) 4 F(,we+)(t)) =0, t € (0,1), 





(2.14) 
wEHD (0) =o, wED(1) =o, 
By substituting 
F(t, w+ 1)(2)) = F(t, w)(1)) + (wD — Ww) (F) 
; = ’ ow (t,1 (Y) 
in (2.14), we get 
wD) 4 g®)(QweEtD() =f), te (0,1), r=0,1..., (215) 





w+)(0) =o,  w&t(1) =o, 


where 
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Hence the non-linear BVP (1.2) is converted into a system of linear BVPs. Now we will proceed 


to solve this system numerically. 


2.2.2. Numerical scheme 
Let wi is the approximate value of w'*) (t;) and M is the approximate value of we ) (tj). 
Now, at t = tj, the differential equation (2.15) can be discretized as 


MED 4 gy et) — ff) 














j j j J 3 
where 
(r)_ (OF (x) _ | (x) (OF r) 
= — ws x), — F(ts,ws 
43 Creer or = Cran yes) 
Also, the boundary conditions can be discretised as wi ly a 00, worth) =O 
Substitute (r+1) (x+1) (r+1) (x+1) 
3) (tg) = —Wo +3W; mel) +W; 
Wet) _ swe) gyEt) _ ple t) 
g) (tp) = n-1 7 n-2 n-3 
(x+1) (r+1) (r+1) (x+1) 
wrrv’_w Wr Wee 
Fe 
r r r r 
My =F5°— 45 Wi 


in equation (2.10) we have 





= Bei Bu) si ae wet) + ek wet) = | ee Pe) | wer) _ | 


+pi?-qy,| we) = [2(Bi — a) +gh?q’”| Woe = (201 —4B)) $+ rh2g with) 
— |2(B1 — on) + at? as') | WHA? — [on + pias] Wea) — [Meath | wy) 

+ [Seep wea) — [BeBe 4 See went = Lp ant Foe) 
taf + fe try” | FAC + Bio" + fe) ~ (Gh! 00+ ah” on) 

— [taupe 4 2 la a= Es rf 20 fa) Se G0 a) 


(2.16) 











In (2.16) we have (n— 1) unknowns wert) oy bk wort) and (n — 3) equations. 
Therefore two more equations are required to find unique solution. Hence we derive two bound- 


ary equations as follows: 
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Boundary equations 


Let the equation at j = 1 and j =n—1 be 








1 n3 


6(O)+ r+1 2(a,+B,)A 
oor, ih jwes Je. (% Bi) 





|e BA 5 2a BaA | ie) re ch S(t Ba) Jwern + Staaf] yyfe +0) 
ipa Woe 2dr Bad wee) + |e 

















(2.17) 
ergs Poe ze (aot a)’ Jwet) =a 2s A(on + Bf +6) 
— (5 00+ ak On)] + ESS (hw (4) mgr (4), 
and 
Ao TP 4 Peace Polt worn _ oie se Stor) Jwirt) +. | eee | pyle 
— | 2(@)+B2)A] (etl) _ | 2(a2+ho)A 4 sana (c+1)_— [ 2(a1+B1)A 
| 7B | rs |e call 8 hae hi (2.18) 








ge oe bere 4 (eo a)) |wet) = _ A(on + Bi) (fe +6) 
~(qe oy + gi? On)| + DE" 5 (few) (ty) +-mh2w*? (t,)), 


respectively. For non-linear BVPs, system (2.16), (2.17) and (2.18) gives the approximate 


eT ea ee 


solution W; .n—l. 


3. Truncation error 


From (2.16), we have 








T™)(h) = Ly Vas WED (19) — arrByh 4 See BA) wlth) (11) 

4 | Seesoo | w (+1) (p,) — Pon Bo*] w+) (05) — oy 
+ phi>g@)(t5-2)] WED (15-2) — [2(B1 — err) + gh? g® (05-1) WED (Hy 1) 
— | (2011 — 4B1) + rh2g®)(t5)] WE (15) — [2(B1 — on) 


+ qh*q (1541)| WetD(t541) — [a + ph?g ) (4 t542)| WO*) (1549) 
_ “(a Po)A Ba)A W(t, 3) + [8 (ota) ]we) (2) 


= Geereae 4 Sabet Wet) (t,_1) + ee 4 otf) w+) (t,) 
+h? LCF (¢5 42) +f (052) + af (t5 41) 4 FUG —1)) + FU] 


— Aa + Bi) [CF (to) + f(t) — (g(t0) WEF) (19) 
+g wet) (t,))], j=2,3,...,(n—2). 


(3.1) 











Substituting f)(t;) = wt) (t;) +g) (tj) (tj) in (3.1), we get 
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T{)(h) = —2(c + Br)a [Meow Mada Mn eM) 
wet.) wet) (r+1) —we«+l 
+ 2( of) + Bp)A | FG WO a aca) ad 








r+1) (r+1 
—W n-1 


w' ) 

—2(o4 + Bi)A |“ —"2—| +.2(a + Bi) |, 

— (0 + Bi)AWI*Y (9) — (C1 + Bi)AWHe? (tn) Oe) 
— a (wt (t5 4.9) +wEt) (t52)) — 2(B1 — a) (wETY (454.1) + wt) (15-1) 

— (20 — 4B, )w&) (15) + phwl*? (1542) + gw) (t441) + ew TY (5) 


r+l 
+ glows *) (1541) + phewle *) (1549). 


(ake 


After further simplification we obtain, 


Ty")(hh) = —2( + Br)A| Whe” (to) + O(h)| +2(a2 + Bo)A [Whe (mn) + O(0)| 
— 2(% + Bi)A [WE *Y (10) + OCH) | +2( + Bi) [WE *? (Mn) + 0(8)| 
— (01 + Bi)AWI TY (19) — (on ’ ae (tn) 
+|£ (704+ Bi) - (4p+4)|h* wert (t3) + + | 1o5(31a +81) 
— 1(16p +4) | ASwhnn (15) + eee Ph net 
— xep(40 +9) [AS whea (t5) + O(0?). 


(3.3) 


We write 
TY (h) = TO + TO), 
where 
Ty? (hh) = —2( ot, + Bo)A| Whe (to) + O(h) | + 2( c+ Bo)A| War? (tn) + O(H)| 
— 2(04 + Bi)A| Wi)? (10) + OC) | + 2(04 + Br) |W" (rn) +0(0)| 
— (0 + Bi)AWE*” (9) — (on + Br)AWE*? tn), 
me 
n)=|4( (70 + Bi) — (sp) |) + [rho (31.04 -+B1) — h(16p+4) |h° ae (t;) 
ae | ra10q9(161 10 +31B,) — 360 in (4p +4) newt? (t5) +O(h?). 


4. Class of methods 


4.1. Second order method 

Choose A such that |A| < h*. For getting method of second order, unknown coefficients 
must satisfy ela 
(@1 + Bi) = 5. 


E (70 + Bi) —(4p+q)| 40. 
One such set of values are: 


10 
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(0,81) = (4,4) and 
p= 1/4,¢=0,;7= 1/2: 


Also 

a iii ha 6 19100), 
(mo,m;,m ,m3,m4,ms) = (0,2, 2,40; 0), 

and 


atj =n—1, ek 15 !n—25ln—35ln—45 In 5) = (O11, 2,— 4050) 


(my,Mp 1,M,—2,M,;—3,My,—4, My 5) = (0,2, 3,40, 0). 








Since |A| < h*, we have T\”)(h) = O(h*) and T.”)(h) = 2atwe') (15) + O(0). 
Therefore 


T”)(h) = O(n4). (4.1) 


4.2. Fourth order method 


Choose A such that |A| < A°. For getting method of order four, values of unknown coeffi- 


cients must 7 conditions: 

(0 + Bi) = 5, 

E (704 + Bi) — (4p +4) = 0, 

|rto (31.04 +B) ~ 75(16p-+4)| #0. 

One such set of values are (1, 81) = (é, i) and 





p= 72009 = mee = oa 

Also 

at j = 1, (10, 01,12, 13, 14,15) = (0,—1,2,—1,0,0), 
(mo,m),m2,m3,m4,ms) = (0, 75, 795 75,0,0), 

and 


at j =n—l, (lists isbn 25ln 35!n 4s bn 5) = = (0, mals 2, sly 0 ,0), 


1 10.) A: 
(my, Mp 1, M,—2, My»—3,Myn—4,My, 5) = (0, 72°12? 739, 0). 








Since |A| <h®, we have T\”)(h) = O(h®) and 7!) (h) = agghwht')) (t4) + O(87). 
Therefore 


T)(h) = O(h®). (4.2) 


4.3. Sixth order method 


Choose A such that |A| < 8. For getting method of order six, values of unknown coeffi- 


cients must satisfy conditions: 


11 
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(a + Bi) = 

5 (70 + Bi) — (4p +4) =0, 

7a9 (3101 + Bi) — G(16p +q) =0, 

| raipao (161104 + 3181) — xe (40 +4)] £0. 


The only set of such values are (1, B;) 
Also 


(45,73) and p = 


56. 246 
36009 = 3607 — 360° 








at = (Uo, 01,12, 13, 14, ls) = (—4, 7 ,—2,-1,0,0), 
(mo,m1,m ,m3,m4,ms) = (to op aa) 
and 
atj =n-1, (asl ts !n—25In—3 5 ln—45 ln 5) = (—4, 7 pees 10:0) 








(my, Mp 1,Mpn—2, Mn—3,Mn—4, My 5) = 


Since |A| < h®, we have T” (h) 
Therefore 


Remark 3: Since Q = 


n(s- a) and By = a 
ie.(@2+ Bo) = z(5— (01 +B1)). 
therefore (a + B,) = 5 implies (G+ B2) = 


5. Convergence analysis 


43 7 1 





(A —5 5) 
240° 12° 8° 3? 48° 607° 


= O(h8) and 7.” (h) = 


= o(h’). 


r+l 
5000 nw it (t;) + O(n’). 


(3-6) 


The system given in (2.16), (2.17) and (2.18) can be written as 





M® wet) 

where 
ee 0 0 0 0 0 0 
fs ay i 
ve) ow) ww 000 
ee eee 
eee 
Mea=| : : : : : : s : : 
Mes Me, 2 Me, , 0 0 0 0 0 0 
Me, MPa. Mas 0 0 0 o 0 0 
Mes Mm, Me, 0 0 0 0 0 0 
Mm, mM, Mm), 0 0 0 0 0 0 
ee Se Bi OOO OO 0 
12 
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= dq‘), 


ocooooco oe 


(x) (x) (x) 
0 0 0 Mins Mina Mint 
= es - 
0 0 0 Mons Mg-2 Moa-\ 
4 z) r 
0 0 0 s m3 Mig-2 Mat 
e z) 2 
0 0 0 Mans Mn-2 Moat 
. r) 7 
0 0 0 M5 n—3 M5 n-2 M5 n-1 
(x) (r) (r) (r) (r) (x) 
Me sn6 Saeed inte ag n—3 ge? am 
je r) z z z) 
M-4.n—6 eae Sea ae a3. owas ores 
r) 2 (r (x z) 
0 Mn-3,.n—5 Mes n—4 ain ere aa 
a B = z) 
0 0 My-on—4— Mn-an—3 Mn—2n-2 Mn—2n-1 
0 0 0 mM® mM) M®) 
rLan3 pe pare | 
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where W(t) = (wer) wer) ae WerDyr, M) is coefficient matrix of Wt! and 
gd) = (d® d®,...,d™ 7 
Let N)(r) be the matrix when A = 0. Note that, 


n—1 
M0) NO n= max YIM 


Thus we get 


2(a,+Bi)A  6(O2+B2)A 
h h3 


—6(O2 + Br)A 


IM —n®|),, =2 A 





+2 +2] Meee 


h3 


Theorem 5.1. [7 : Let Q,;andQz be any two matrices having matrix norm as ||.\|. If the eigen 
values of Q, are given as 0,, @2,..., 9, and eigenvalues of Qo be given as U1, L2,.--, Ln. Then 





2N-1__1 N-1 1 
max|65 — Mj] <2 N NN(2P) % ||Q; —Qo||¥, (5.2) 


where P = max(||Qi||, ||Q2Il)- 


In our case, we take the matrices M™) = Q,, N) = Q), N=n—1. Using ||.||.. in theorem 
5.1, we get 


N— n— als 
max| 0; — 1] < 2084) (n— 1) (4) (20) (9) paz) — OLD, 653) 
J 


where P = max(||M“)||.., ||N)||..) and M) and N) have eigenvalues 6; and Uj, j = 
1,2,...,n— 1 respectively. 


For sufficiently small values of h, N@)(r) becomes irreducible, nN > 0, Ni <1] 
and the row sums give 
r 43,2 (2) _ 7,2,(r) _ 1)2_(©) 
R, =4—- ashqy = gh?qy = zh’q; > 0, 


r)_ 4 56 42g) 246 12 (r) 2_(r) 2_(r) 
Ry = 73 — 360" 11 — 360" 99 — Fah 3 — x69! qa >9, 








Ry ~ —xbyh?a\") - Hig \- 26 424°") — Sg, - x0? ae > 0, 


where j = 3,4,...n—3, 


360 


(r) _ 4 56 72,(r) _ 2467,2_(r) J6 p2g@) 1 72_(r) 
Rio = 13 — 360" In_1 — 360 In—2 — oI dy 3— 300 In_4 > 9, 


R®, = 4— 8729) — Tyg”, — tng, >0. 


Here N‘*) is a monotone matrix [20]. Therefore for adequately small values of h, (N z= 
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exist and we get non-zero eigenvalues U;, j = 1,2,....—1. Thus for these values of h (corre- 
sponding to which N“) is a monotone matrix), A lies in the region (—h®, h®). We select A in 


such a manner that it must satisfy the following two conditions : 


(i) M©) is invertible matrix, since ||M@) —N)||,. =2 aes + (aot a) =8(a2+Ba)A 


+2| area | + 














2 2oort Po )A , and from (5.3) we find that eigenvalues of M (") are non-zero, whenever A is suf- 





ficiently small. 
(ii) Since nv) >0, j =1,2,...,n—1,, the row sum corresponding to M) is 


AC +Bi)A  4(Q + Bo) A 
h h3 ; 





st) = R; j =1,2,...,n—1, (5.4) 


when A is sufficiently small. 
When N) is monotone (i.e. when h is adequately small ) and M) invertible and row sum of 
M) is positive (i.e. for sufficiently small A € (—h®,h8) ).We derive the error bound as follows: 


5.1. Error Bound for Sixth order method 
The system (2.16), (2.17), and (2.18) with analytic solutions can be written as 


MODE — gd) 477) (n), (5.5) 


where 


and 


Since from (5.1) we have 
Mower — g@), (5.6) 


Using (5.5) and (5.6) we get 


that is, 


MPEG) — 7@)(p), (5.7) 
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where BS (EP ee SB we ewe 


Consequently, using (5.7) we obtain 
EC+) = (M@)) Tt) (hn). (5.8) 


Using the definition of product of inverse of matrix with the matrix itself, we get 
n—1 = 
IG Se i aca th 
j=l 


Hence by (5.4) we get 





ym < 5 7 = O) 
=e Ss, C12 
1<j<n-1 


1 


n—1| 7 

BY) = SM Tn), §=1,2,...,0-1. (5.10) 
j=l 

Substituting (4.3) and (5.9) in (5.10), we get 


(r+1) gh’ 
|E; | = c™ pr ? 





where q is a constant. 


Hence we obtain 
||E ||. = O(h°), 


which proves that the proposed scheme is sixth-order convergent. Similar procedure can be 
used to derive the convergence of second as well as fourth order methods. 


6. Numerical experiments 


We take adequate number of iterations till the maximum error between the two succeeding 


iterations satisfy the following tolerance bound: 


r+1) 


max|WET) —w| < TOL, 
J 


where TOL is convergence tolerance. When the condition is met, we believe w+) is the 
approximate value W of the given problem. Here we have considered TOL = 107°. 


For each n, Ey denotes the maximum point-wise error which is determined by 


many) —W;|, 


15 
144 Arshad Khan 130-152 


J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 30, NO.1, 2022, COPYRIGHT 2022 EUDOXUS PRESS, LLC 


where w(t; ) and W; are the analytic and approximate solutions respectively at t = t;. Order of 
convergence of the proposed method is determined as 


E” 


6.1. Numerical Schemes for comparison 


As we compare the presented method with Numerov’s method and second order finite dif- 
ference method, here we give a brief particulars about these two methods. 


6.1.1. Finite-difference method 
Consider BVP given in (1.1) and (1.2), let W'=+)) be the approximate value of wt) (f), 
Putting 


WMO [wet owe We (6.1) 


in (1.2) and after simplifying, we get 


(r+1) 2 (r+1)] _ (e+) (x+1) __ ,2,-(r) 
Wi | =248g; Wy We Se”, (6.2) 
for } =1,2,...n. Here Wo = oo and W, = oj. 
6.1.2. Numerov’s method 
For BVP given in (1.1) and (1.2), Numerov’s method can be written as 
h2 
Wj-1 —2W, 4+ Wii = —[£j-1 + 10f5 + £541], (6.3) 


12 


where f; = f(t;,Wj), j =0,1...n, Wo = Oo and W; = oj. To get more details about this 
method, one can refer [12]. 
Problem 1: Consider the following linear BVP(25} 31] 


wilt)tw(t)=—-1, O<r<], 
w(0)=0, w(1)=0, 


(6.4) 


1—cos(1) 
sin(1) 
1 along with results given by Srivastava et al.[31]} and Ramadan et al.(25]. A varies according 


to the order of method. 


with exact solution w(t) = cos(t) + 





sin(t) — 1. Approximate results are shown in Table 


Problem 2: Consider the following nonlinear BVP[3] 


wrt) +exp(—2w(t))=0, O<tr<I, 
w(0) =0, w(1) = log(2), 


(6.5) 
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Table 1: M.A.E. for problem 1. 





h 


1/8 


1/16 


1/32 


1/64 





Second Order Method 
p = 0.040634839941 13, 
q = 0.25412730690212, 
r = 0.4104757063 1347 


1.5516 x 10-°3 


2.0410 x 10-4 


3.0770 x 10~° 


5.2534 x 10~% 














pe 2.9263 2.7296 2.5502 
(p,4,r) = (7,0, 5) 3.4324 x 10° 6.0707 x 10° —-1.2491 x 10-% ~—.2.8070 x 10-®° 
p 2.4992 2.2809 2.1538 
Fourth Order Method 
(p,9,.7) = (pp 7h 8S) 12-9214 x 107 5.8656 x 10-7 1.7739 x 10-8 5.2095 x 10-1 
p™ 5.0337 5.0472 5.0896 








(p.4,7) = (a5 45> 360) 


ria 


1.9558 x 10-° 


5.0164 


6.0424 x 10-7 


5.0072 


1.8788 x 10-8 


5.0036 


5.8564 x 10719 








Sixth Order Method 


_ 1 56 246 
(Osgst) = (gegeaep aco) 


pY 


2.6594 x 107° 


6.9093 


2.2124 x 10-9 


7.0262 


1.6972 x 1071! 


7.0646 


1.2678 x 107}3 








Srivastava et al. 


p® 


7.1329 x 10-% 


3.7720 


5.2213 x 10-9 


3.8440 


3.6359 x 10710 


3.5392 


3.1275 x 1071! 








Ramadan et al. 


Fas 


1.7538 x 10-4 


3.0213 


2.1600 x 10~°> 


3.0123 


2.6770 x 10~- 


3.0065 


3.3310 x 107-7 
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with exact solution w(t) = /og(1+ 1). Approximate results are shown in Table 2 along with 


results given by Balasubramani et al.[3], finite difference method and Mohanty et al.[24]. 


Table 2: M.A.E for problem 2. 





h 


1/8 


1/16 


1/32 


1/64 





Second Order Method 
(p,4,r) = (4,0, 5) 


1.9977 x 10~-% 


4.5767 x 10-% 


1.1324 x 10-% 


2.8198 x 10~ 















































pN 2.1259 2.0148 2.0058 
(p,4,r) = (4, 4,0) 2.7119 x 10° 6.2781 x 10° += 1.5566 x 10° = 3.8770 x 10-® 
p’ 2.1109 2.0119 2.0053 
Fourth Order Method 
(p,4,r) = (795.457 483) «2.6377 x 10-® 9.0287 x 10°” 3.0209 x 10-8 1.0626 x 10-” 
gp 4.8686 4.9014 4.8292 
Balasubramani et al. 
(p.4,7) = (to OH) 3.7039 x 10° 1.3093 x 10°” 4.6024 x 10° 1.6823 x 10-!° 
pN 4.8222 4.8303 4.7739 
Sixth Order Method 
(D,9,r) = (sgg) Fp 9a) ~—-2-4456 x 10-7”) -2.1358 x 10- = 1.6419 x 107"! 1.1984 x 10-13 
pN 6.8392 7.0233 7.0980 
Finite difference method 2.2281 x 10-™ 5.6130 x 10° 1.4060 x 107° 3.5166 x 10- 
pN 1.9890 1.9972 1.9993 
Mohanty et al. (24] 1.6424 x 10° 1.0481 x 10° 6.5976 x 10-8 = 3.8966 x 10-% 
p’ 3.9699 3.9896 4.0816 
Problem 3: Consider the following nonlinear BVP[3] 
(6.6) 
w(0)=0, —— w(1) = log(1/2), 


with exact solution w(t) = Jog(1/1+1). Approximate results are shown in Table 3 along with 
results given by Balasubramani et al.[3], finite difference method and Numerov’s method. 
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Table 3: M.A.E for problem 3. 





h 


1/8 


1/16 


1/32 


1/64 





Second Order Method 
(p.4.r) = (4,0, 5) 


rab 


1.3688 x 10~°3 


1.7292 


4.1286 x 10-4 


1.8314 


1.1600 x 10-4 


1.9110 


3.0846 x 10~° 








(p,4,r) = (4, 4,0) 


2.3839 x 10-8 


6.2248 x 107-4 


1.6526 x 10~°%4 


4.2528 x 107% 








p 1.9372 1.9132 1.9582 

Fourth Order Method 

(p,9,r) = (a: 45> BB) 2.7594 x 10° 9.4434 x 10-7 3.1573 x 10-8 1.1062 x 10- 
pn 4.8689 4.9025 4.8349 








Balasubramani et al. 


_ 1 26 66 
(P,4,7) = (30> io 10) 


3.8662 x 10~% 


1.3680 x 10-7 


4.8082 x 10-°? 


1.7524 x 10719 








pn 4.8207 4.8304 4.7781 
Sixth Order Method 
(p,4,7) = (sep. 35> 396) :1-3851x 10° — 1.2157 x 10- ~— 6.9262 x 10-1?_—1.2062 x 10-8 
p’ 6.8320 7.4555 5.8434 








Finite difference method 


2.3261 x 10~% 


5.8573 x 10~° 


1.4670 x 107° 


3.6702 x 10~% 








pr 1.9890 1.9974 1.9989 
Numerov’s Method 2.1034 x 107%  1.3382x 10-97 =8.4017 x 10-9 = 55.2577 x 10719 
pr 3.9743 3.9935 3.9982 
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Problem 4: Consider the following nonlinear BVP[3] 


258 exp(w(t))—207° 























Wr(t) 440 = 0, 0<t< 1, (6.7) 
w(0) = —log(4), w(1) = —log(5), 
with exact solution w(t) = —log(4+ 1°). Approximate results are shown in Table 4 along with 
results given by Balasubramani et al.[3], finite difference method and Numerov’s method. 
Table 4: M.A.E for problem 4. 
h 1/8 1/16 1/32 1/64 
Second Order Method 
r) = (4,0, 5.5212 10-8 ~=1.2773x 10° ~— 3.3060 x 10° ~—- 8.4161 x 10- 
P54, Airs 
pn 2.1118 1.9500 1.9738 
ry= {2,20 9.5912x 10-8 = 2.0448 x 10° — 5.2840 x 10" ~—1.3576 x 10-™ 
P49; 4°q 
pY 2.2296 1.9523 1.9605 
Fourth Order Method 


(p,4,") = (ap He Be) 6.2487 x 107 ~—- 1.0123 x 10° = 33.8928 x 10-8 ~—- 2.7550 x 10- 


pe 5.9477 4.7007 3.8206 








Balasubramani el al. 
(p,4,7) = (ao oS) 3.9439 x 10°) 3.3929 10°) 1.4653 x 10-8 6.6424 x 107-1 


gp 3.5391 4.5332 4.4633 








Sixth Order Method 
(p,4,7) = (seg, 325366) SLB x 10° 1.2322 x 10-8 2.1551 x 10719 3.1186 x 107? 


pN 8.6963 5.8374 6.1107 








Finite difference Method 1.1795x10~ 2.9324 10-%  7.3024x 10-8 — 1.8265 x 10~-® 








pr 2.0080 2.0056 1.9992 
Numerov’s Method 3.0070 x 10795 —- 1.8480 x 107° =—s-1.1585 x 10787 7.2337 x 107 
pr 4.0242 3.9956 4.0014 








7. Conclusion 


This study deals with developing second, fourth and sixth order convergent numerical 
schemes by using fractal non-polynomial spline function. With the help of quasilinearisation 
technique, the non-linear BVPs is converted into a system of linear BVPs, which in turn are 
solved by using the proposed schemes. These schemes are used to find approximate solution 
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Figure 2: Relationship between analytical and approximate solution for problem 2. 
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of second order linear as well as nonlinear BVPs. Comparison with polynomial fractal quintic 


spline and few other methods leads us to the conclusion that the presented methods are more 


efficient. 
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Abstract 


Solitary wave propagation and interaction in plasma using numerical 
tools like Galerkin Finite Element scheme are discussed in this paper. 
A one-dimensional nonlinear Schrodinger-Korteweg De-Vries (Sch-KdV) 
equation is taken as model equation for Non-linear waves propagation in 
the said media. The derived system, with the help of cubic B-spline source 
functions are engaged as element and weight functions, after finite element 
formulation is solved with Runge Kutta Fourth Order method (RK*). 
Previously the finite element methods with some numerical simulations 
do not exhibit the complex nature of wave interaction, especially solitary 
wave interaction. A combination of Galerkin Finite Element scheme with 
RK‘ is a very prominent instrument to study the nature of Non-linear 
evolution equations in ionic medias, which is the novelty of the paper. 

Key words: Schrédinger - Korteweg - De Vries (Sch-KdV)equations, 
Galerkin Finite Element Scheme,Cubic B-spline source functions, Solitary 
Wave 
Mathematics Subject Classification(2010): 35M10, 65Z05. 


1 Introduction 


Several physical phenomena are described either by nonlinear coupled partial 
differential equations or by nonlinear evolution equation. This Non-linear wave 
propagation phenomenon appears in one or other ways can be well explained 
by travelling and solitary wave solution of the said equations. Most of these 
equations do not have an analytical solution, or it is extremely difficult and 
expensive to compute their analytical solutions. Hence numerical study of these 
nonlinear partial differential equations is important in practice. The Non-linear 
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waves propagation in plasma can also be explained by these solutions. In the 
past study, many methods for finding the Solitary and periodic solutions [1]-[8] 
and numerical method [8]-[12],[21]-[24] are used for Non-linear evolution equa- 
tions (NLEEs). 

In this paper, we study a Galerkin finite element Scheme for the 1D nonlinear 
Schrédinger -Korteweg-De -Vries (Sch-KdV) equation by using linear finite el- 
ements in space and extrapolation to remove the nonlinear term. We discuss 
the properties of this method and compare its accuracy with previous studies. 
The interaction of two solitons is also studied. Moreover, the propagation of 
the Maxwellian initial condition is simulated. 

The outline of this paper is as follows, In the next section the model equation is 
discretized to form a numerical scheme. In section 3 a numerical scheme is de- 
veloped and results are explained graphically. Finally, we give a brief conclusion 
in Section 4 


2 Model Equation and Discretization 


Non-linear waves propagation and interactions in plasma for this purpose we 
consider the 1D nonlinear Schrédinger -Korteweg-De -Vries (Sch-KdV) equation 
[13]-[15] as model equation as - 


Ut = —600z — Vere + (\O|7)« (2.2) 


Here 6(x,t)is complex function and v(x,t)is real-valued function. This system 
appeared as model equation for describing various types of wave propagation 
such as Langmuir wave, dust-acoustic wave and electromagnetic waves in plasma 
physics. with initial conditions 


6(a,0) = f(x) =9V2e' k?sech? (ka) (2.3) 
16k? 
v(x, 0) = g(a) = ae — 6k? tanh? (kx) (2.4) 
and boundary conditions 
O(t,a) = 0, v(t,b) =0, 2x € [a, bland t € [0,T] (2.5) 


Here 0 = 0(x,t) and v = u(x,t) are going to be considered as sufficiently differ- 
entiable functions. 

We multiplied weight function to the equations (2.1)-(2.2) and integrated over 
the x domain for finite element method [16]-[20], so we get 


b 
/ (iwO, — WOen — wOv)dx = 0 (2.6) 





b 
/ (wu, + 6wOVe + WUr2e — w(|O|?)2)dx = 0 (2.7) 


The domain [a, b] of x is separated into N finite subdivision as 
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a=% <%<%<...<¢N-1< tN =) 


Here nodal point is {2 }V_, ie. m = 0,1,2,...,N and length of subdivision will 
be h = &m41 - Lm . We construct the approximate solutions for the system 
with cubic B-spline base functions 


N+1 

On (x,t) = De W;(x)u;(t) (2.8) 
N+1 

un (z,t) = 2 Wj (x)v;(t) (2.9) 


where u,;(t) and v,;(t) are function of time t and ~,;(x) are function of x, called 
element size functions. A local coordinate € = 2-2, for 0< € < h introduced 
for cubic B-spline base functions with typical element [@m,@%m4+41] , which has 











the form; 
h—€) 
WUm-1 — ( he ) 
in 2 (h? + 3h?(h — €) + 3h(h — €)? — 3(h — €)3) 
‘i _ (AP +. 8h7E + 3hé? — 36%) 
m+1— hp 
3 
Um+2 = _ (2.10) 


The approximate solutions of Eqs.((2.8)-(2.9)) with element size function eq.(2.10) 
may be define as with typical element [am,%m4+1]; 


m+2 


On(E,t)= SY) us(t)bs() (2.11) 


j=m-1 


m+2 


un(é,t)= S> vg(t)o5(€) (2.12) 


j=m— 


The point-wise values of @y and vy in terms u and v will be 


On (2m, t) = Um—-1 + 4Um + Um4+1 (2.13) 











UN (Lm, t) = Um—-1 + 40m + Um41 (2.14) 
So Eqs. ((2.6)-(2.7)) with [@m,2%m41] will be 





Lm+1 
/ (iw — WOnn — wOv)dx (2.15) 
Lm+1 
i: (wu, + 6BwOvz + WeeVe — 2WI0,)da + [wee — WeVe] (2.16) 
3 
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here weight function w; with size functions ~; are takenfor the Galerkin finite 
element method, Substituting Eqs. ((2.11)-(2.12)) into Eqs. ((2.15)-(2.16)),we 


get 
m+2 7 m+2 
oe ia (inbinby tig — (ih Jug — S> (dijeJuy)ugldz} = 0 (2.17) 
j=m-1 k=m-1 


m+2 m+2 


a ft (wiry) Ui+ (wb; Wh) Ug+ se 6 (ith; Wy) Uj )Uk— 2((wiw; 


j=m-1 k=m-1 


py )Uz ux) |da + [((hi;) — (Wia4))og]o} = 0 
(2.18) 


where i, j, k = m-1, m, m+1, m+2, u® = (Um—1, Um, Um+1; Um+2) and v® = 
(Um—1, UmsUm+1; Um+2) are element parameters where 


h h 
Aij - | (ibis; dg, Bis -[ (bith; dé, Chr -{ (wb; Wid 
h h 
Des [ (bits)db, Fue = i CRI at ger i Ct 


h 
Fg | divide, Teg = (HE, Jy = [OBIE 


The element matrices in ((2.17)-(2.18)) are computed as follows: 


[2 129 I |! ae 2 4 
Biota 129 1188 i _ 3 (33 -44 -11 22 
I~ 740 | 60 933 1188 re Bi = To, lo2 11 —44 33 
1 60 129 1 2 —7 +#A 
—3 —5 20 129 60 1 
C,= 2 5 3 ss i Dye 129 1188 933 60 
I" 9h2 |}-1 9 = ~-3 -5 I~" 140 | 60 933 1188 129 
-1 —7 5 3 1 60 129 20 
-1 2 -1 0 —-l1 0 1 0 
farce -4 9 -6 1 eee 0 1 0 -1 
I" h2 1-1 6 -9 4 J Az] 1 0 -1 O 
0 1-2 1 0 -1 O 1 
Gii(u) Gj2(u) Gi3(u) Gya(u) 
Gi;(u) = h |Goi(u) Go2(u) Go3(u) Gea(u) 
“s 840 G31 (u) G32(u) G33(u) G3a(u) 
Gai (u) Gao(u) Ga3(u) Ga(u) 
4 
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Ss 


See 


w 
eG Sa Ge 








Here Ajj, Bij, Cyn, Diz, Fi 


I 


I 


I 


=e 
= 
=: 
se 
= 
= 
= 
ma 


Te 
= 
= 
= 
=(: 
ass 
=( 
=| 


1,17,17,1)(u), 





5,-21,21,5)(v) 


5,-21,21,5)(u) 


ajo aj 


84,463,172,1)(u), 
172,1275,696,17)(u), 
463,2889,1275,17)(u), 
1275,15519,15519,1275)(u), 
172,1275,696,17)(u), 
696,15519,23664,2889)(u), 


280,-150,420,10)(v) 
630,-792,1314,108)(v) 
1605,-1305,2781,129)(v) 
5349,-17541,17541,5349) (v) 
630,-792,1314,108) (v) 
3468,-25002,17640,10830)(v) 


280,-150,420,10)(u) 
630,-792,1314,108)(u) 
1605,-1305,2781,129) (u) 
5349,-17541,17541,5349) (u) 
630,-792,1314,108)(u) 
3468,-25002,17640,10830) (u) 


17,1275,2889,463)(u), 


129,-2781,1305,1605)(v) 


129,2781,1305,1605)(u) 


Fu(v) Fio(v) Fis(v) Fia(v) 
Foi(v) Foa(v) Fas(v) Faa(v)] 
F3(v) 2(v) 3(v) F3a(v)]} ’ 
Fyi(v)  Fa2(v) (v) F4a(v) 


2(u)=(463,2889,1275,17)(u), 
Gia(u)=(1,17,17,1) (0) 
2(u)=(2889,23664,15519,696) (u) 
Goal) (07 696,1275,172)(u), 
Gg2(u)=(1275,15519,15519,1275)(u), 


o 
a 


G42(u)=(17,696,1275,172)(u), 
Gaa(u)=(1,172,463,84) (u) 


F\2(v)=(-1605,-1305,2781,129) (v) 
Fya(v)=(-5,-21,21,5)(v) 
F2(v)=(-10830,-17640,25002,3468) (v) 
Fy4(v)=(-108,-1314,792,630) (v) 
F32(v)=(-5349,-17541,17541,5349) (v) 
F34(v)=(-129,-2781,1305,1605) (v) 
Fya(v)=(-108,-1314, 792,630) (v) 
Fy4(v)=(-10,-420,150,280) (v) 


Hy2(u)=(-1605,-1305,2781,129)(u) 
Hy4(u)=(-5,-21,21,5)(u) 
H2(u)=(-10830,-17640,25002,3468)(u) 
u)= (-108,- 1314,792,630) (u) 
H32(u)=(-5349,-17541,17541,5349) (u) 
H34(u)=(-129,-2781,1305,1605) (u) 
H42(u)=(-108,-1314,792,630) (u) 
H44(u)=(-10,-420,150,280) (u) 


ijk Gijk, Hijx, Ii; and J;; are element matrices. 


so, the new abisined system in matrix form 


¢ =D "|[H(ujut 


u=A 


~'[{B- Gu) fu] (2.19) 
(J —I)vu — Cu — F(u)v} (2.20) 
5 
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Here u = (u_1, Uo, W1,-.-, UN, UN41) and Vv = (U_1, U0, U1, -.-, UN, UN41) are time 
dependent constraints, The generalized rows of the combined matrices are: 


= #(1,120,1191,2416,1191,120,1) 
B= rg (ls 24,15,-80,15,24,1) 

= 525 (-1,-8,19,0,- 19,8,1) 
D = 74,(1,120,1191,2416,1191,120,1) 
I = F2(030:0.00.0.0) 


J = 2 (0,0,0,0,0,0,0) 

G(u) = = - (1.17.17, 1,0,0,0)u,(17,868,2550,868,17,0,0)u,(17,2550,18871,18871,2550,17,0)u, 
(1,868,18871,47496,18871,868,1)u,(0,17,2550,18871,18871,2550,17)u,(0,0,17,868,2550,868, 
17)u,(0,0,0,1,17,17,1)u} 


F(v) = £% {(-5,-21,21,5,0,0,0)v, (-108,-1944,0,1944,108,0,0)v,(-129,-8130,-17841,17841,8130, 
129,0)v,  (-10,-3888,-35682,0,35682,3888,10)v,(0,-129,-8130,-17841,17841,8130,129)v,(0,0,- 
108,-1944,0,1944,108)v, 

(0,0,0,-5,-21,21,5)v} 


H(u) = 2% {(-5,-21,21,5,0,0,0)u, (-108,-1944,0,1944,108,0,0)u, (-129,-8130,-17841,17841,8130, 
129,0)u,  (-10,-3888,-35682,0,35682,3888,10)u,(0,-129,-8130,-17841,17841,8130,129)u,(0,0,- 
108,-1944,0,1944,108)u, (0,0,0,-5,-21,21,5)u } 


The system equations (2.19) and (2.20) has (N + 3) x (N + 1) ordered un- 
known equations. if we use time dependent boundary condition in Eqs.(2.13) 
and (2.14) with m = 0, then so parameters can be written as other parameters; 


U1, V-1 — Uo, Uy and vp,v1 ; when we take m = 0 
Similarly 
UN+1 ; UN+1 > UN-1,UNn and UN_-1,UN we take m = N 


Then, the system of Eqs. (2.19) and( 2.20) will be two matrix systems of 
(N + 1) x (N +1) orders.These equations of systems will be solved by RK* 
(Runge-Kutta fourth order method) to known initial condition uf and vu! with 
nodal points x, for m=0(1)N as follows: 


ulm, 0) = On (am; 0) 


U(Lm, 0) = UN (Lm, 0) 


If we write the system explicitly as 
On (xo, 0) = u_1 + 4up + u1 = u(Zo, 0), 


On (1,0) = up + 4uy + ug = u(x, 0), 











On (@2,0) = ui + 4u2 + uz = u(£2, 0), 
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and 


On (an, 0) =un—-1+4un + UN4+1 = u(ayn,0), 


Un(X0,0) = v_1 + 4u9 + v1 = (2X0, 0), 


Un (21,0) = v9 + 401 + vg = v(21,0), 








Un (X2,0) = v1 + 42 + vg = v(22,0), 


Un (yn, 0) = vn-11 + 4UN + UN 41 = v(eN, 0), 


if we write u_, , UN41 — Uo , UN, and V_; , UN41—> Uo and vy respectively. 
then we get a new system (N + 1) x (N +1) order in matrix form as : 


4 
1 


and 


ee Db 


eas 


1 
4 1 
1 4 
2 
1 
4 1 
1 4 
2 


Uo u(ao, 0) 
uy u(a1, 0) 
U2 u(x, 0) 
7 (2.21) 
1} jun-i u(#n—1, 0) 
4 UN u(an,0) 
Vo 
a v(xo, 0) 
‘ v(21, 0) 
=| v(x2,0) (2.22) 
v(“@n—1,0) 
1 Pnpeg v(x, 0) 
4 UN 


By Matleb solving the algebraic Equations (2.21) and (2.22) with initial param- 
eters ul and v? are gained for j=0(1)N. 


3 Numerical Scheme 


Non-Linear waves propagations and interaction are investigated to the system 
of equations (2.1)-(2.2) numerically for numerous values of x and t. Ly , Lo. and 

's , L's are error norms and used to investigate consistency with numerical 
solutions(Soliton) for 0(#,t) and u(a, t) respectively for initial conditions for the 
Sch-KdV equation. 


6(2,0) = f(a) = 9V2e'°* k?sech? (kx), 


(3.1) 
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a + 16k? 
























































v(x, 0) = g(a) = = 6k? tanh? (ka) (3.2) 
N41 2 
Ly = || — Alla = | D> |8; — (@n),| (3.3) 
j=-1 
Loo = 0 — On|. = Maa la; — (x | 3.4 
co = [18 — Ovo = Max, [8s — On), (34) 
And 
N41 2 
/ 
Ly = lv only = ,|h D> |v — (en),| (3.5) 
j=-1 
L'., =|lu-—v = Maz |v; —(v | 3.6 
co = [lu — enll.. = Mas, [os - (ow), (3.6) 
Numerical error L, and L,, For @(x,t) with k = V2, a=1/20 
At = 0.001 At = 0.002 At = 0.003 At =0.01 
h L L. iB ; XL, L L, L, L, 
0.2 15.82x107 ; 51.24x1077 | 30.71x107 ; 95.17x107] 4139x107 ; 9741x107] 5556x107 = 9956x107 
0.4 5421x107 ; 5588x107 | 6356x107 ; 6867x107] 7139x107 ; 7070x107] 9666x107 - 85.01x10~ 
0.625 | 57.24x107 ; 59.82x107| 6821x107 ; 6123x107) 7829x107 ; 6821x107 | g7.21x107 : 82.01x107 
0.8 68.19x10~ : 64.21x107 | 7221x107 ; 59.52x107) 80.19x107 ; 6311x107] g9.21x107 = 7821x107 
0.1 7521x107 ; 72.24x107 | 7511x107 ; 5211x107] $3.12x107 ; 59.29x107] 9111x107 = 72.31x107~ 
Numerical error L, and L, For v(x.t) 
At =0.001 At = 0.002 At = 0.003 At =0.01 
h |Z ; L ;  |L ; |Z ; 
0.25 07.85x10°° : 05.68x10°] 08.75x107 ; 07.05x107 | 15.16x107 ; 06.65x107 | 1956x107 : 08.75x107 
0.5 09.95x10° : 06.95x10™} 10.72x107 ; 0875x107 | 2061x107 ; 0885x107 | 2511x107 : 09.85x107 
0.625 | 10.01x10™° ; 07.02x10°} 1356x107 ; 09.11x107 | 2256x107 ; 09.21x107 | 2692x107 = 10.96x10~ 
0.8 12.21x10% ; 08.11x10°%| 15-11x107 ; 10.21x107 | 24.11x107 ; 1009x107 | 2811x107 = 1211x107 
0.1 14.02x10% ; 09.75x10%} 19.21x107 ; 11.25x107 | 27.72x107 ; 1221x107 | 3127x107 = 14.25x107 




















In figure 1 and 2 nonlinear wave propagation and its travelling wave solution is 
presented. The coupled equations (2.1) and (2.2) are plotted for some fix values 
of k, a,h and t (-5 < t < 5). the space step is taken as 0.001. It is shown in the 
figure that the solution of said equation exhibit a soliton for the small values 
of x (0 < a < 0.1). If we extend the range of x (—15 < a < 15) the solution 
converted from soliton to a wave natured system. A solitary wave interaction 
is presented in the figure 3 for the same values of k, a, h and step lengths with 
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Solitary wave propagation for model equations 





Figure 1. Modulus in 3D, 2D plot the solitary wave Figure 2. Modulus in 3D, 2D plot the solitary wave 
propagation of @ when k =J2, a=1/20,h=04 propagation of vwhen k =J2, «=1/20,A=04 
At =0.001, Ax=0.001.-5 £14 $5,0 Sx 501 At = 0.001, Ax =0.001,-5 < ¢ $5, -15<x<15, 





,0 10 0 


Fig.-3 Solitary wave interaction 
k =~2, a=1/20, At=0.02, Ax =0.02, —20 < (x,t) <20, 


large values of x and t (—20 < (a,t) < 20). It clearly exhibit that solitons are 
developed when the values of x and t coincides. For different values of x and t 
the system represent the travelling wave solution. 


4 Conclusions 


In the present paper, we have investigated numerically a physical model for 
wave propagation in a nonlinear, dispersive medium i.e a relativistic plasma. 
A Galerkin finite element Scheme is exhibited to locate Solitary wave(Solitons) 
propagation and interactions in plasma for Schrédinger - KortewegDe Vries (Sch- 
KdV) equations. The new obtained systems (finite element formulation) solved 
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by RK* (Runge-Kutta fourth order method). The different values of x, t and 
error norms Lz , Lo. are used for numerical solutions of Sch-KdV equations.The 
numerical results obtained by this method are in good agreement with the ex- 
act solutions available in the literature. The errors obtained by the proposed 
method are less when compared with those of available in the literature. The 
solitary wave solution in fig.-1,2 and its interaction in fig.-3 of this system are 
presented which are new. here, we learn that this method will emulates devel- 
opment of many exact travelling wave solutions with new solitons.This scheme 
is a significant instrument for Non-linear evolution equations (NLEEs). 

The advantages of the present scheme for oscillatory problems are discussed in 
detail. It can be expected that the main ideas will also be useful for other phys- 
ical problems being highly oscillatory in nature, e.g., the nonlinearized model. 
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MULTIPLE SUMMATION FORMULAE FOR THE MODIFIED 
MULTIVARIABLE I-FUNCTION 


D.K.PAVAN KUMAR!*, FREDRIC AYANT?, Y. PRAGATHI KUMAR?, N.SRIMANNARAYANA‘*, 
AND B.SATYANARAYANA® 


ABSTRACT. The importance of I-function, H-function and many more special 
functions has a wide range of applications in applied mathematics and applied 
physics. Some of the multiple summations for the modified multivariable I- 
function(MMIF) has been discussed in the present article. Some of the sum- 
mation formulae are concluded at the end of the paper as special cases of our 
primary results. Also these summation formulae leads to develop the solution 
of a boundary value problem. 


1. INTRODUCTION 


Recent advancements of special functions and their applications in mathe- 
matical modelling attracting researchers. The motivation of this work is by 
the applications of special functions like G, H and I-functions by several au- 
thors( [1], [2], [3]). The generalization of H-function, namely I-function has 
great importance in Physics and Applied Mathematics. Prasad [15] generalized 
the I-function and studied many results. In the literature of the special func- 
tions like H, G, Meijer etc., many authors established integral results and solved 
boundary value problems also( [7], [11], [5]). Recently, I-function has found 
its applications in wireless communication. 

Srivastava and Panda [8,9] studied multivariable H-function. The extension 
of the same as two functions H and I studied by Prasad and Singh [14, 15]. 
Here we establish four different summation formulae for the MMIF defined by 
Prasad [15] and a number of summation formulae derived as particular cases. 


1). K.Pavan Kumar 
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Multiple Summation Formulae. 
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Assume C,R and N as set of complex, real and positive integers respectively 
and No = NU {0}. We define MMIF as 
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We note 


(1.4) A= (a;; a9, 95) 1 oo} eee’ (4(r19  (r—1)j3 sees ays) Gd 
= . BR! ue . ; Lp r—1 
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(1.9) YS pg ek (p™, q”) CNet i ae 58 (mn) 


2. MAIN RESULTS 
In this section, we establish the summation formulae for the MMIF as follows: 
Theorem 2.1. 


(2.1) 
zy A; 





$ il ((w;))u; 7V;0,ne-+1:|R/:X 
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(l+g-—h+ Dh, wy5 b1 —1,...,0,—a,), A: BE: 3 


(L— A+ DUE, wii bi, -) br), (L+ 9 — hj bi — 04,507 —ayr): DR 


Following the lines of Braaksma( [4], p.278), we may establish the asymptotic 
expansion in the following convenient way : 


ai, bi, bj — a; > Oi = 1,...,r), Re(h — g — ) w;) > Oand |arg(z)| < $(Q; — 2b;)m 
j=l 
Proof. To establish the Theorem (2.1), expressing the MMIF by Prasad [15] in 
the Mellin-Barnes multiple integrals contour using (1.1) and interchanging the 


order of summation and integration, we obtain 


D(gtdoFh1 Si) 
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Ly 
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u.! m 
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Now applying result of Panda( [12], p.108, Eq.2) and Gauss’s theorem ( [10], 
p.28, Eq.1.7.6) in the above equation and interpreting the resulting expression 
with the help of (1.1), we arrive at Theorem (2.1). 
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provided 


m 
Qj, @;,a;— a; — 2a; > Oi = 1,...,7), Re(g’-§— D0 w;) < 5 and |arg(z)| < $(Qi—3ai)r 
J= 


a 


To prove Theorems (2.2, 2.3 and 2.4), we follow the similar lines with the 
help of ( [10], p.52, Eq.(2.3.3.5)), ( [10], p.56, Eq.(2.3.4.5)) and ( [10], p.245, 
Eq.(III.22)) respectively, instead of Gauss’s theorem. 


3. PARTICULAR CASES 


In this section, we observe several particular cases. If we take a, = 0(i = 
1,...,r)and assume g’ — oo in Theorem (2.2) and Theorem (2.4), also using the 
following properties of confluence, 





on 1 [or] = 
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(3.2) lim vom ie dae ¢ oe nee 
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After algebraic simplification, we obtain the following corollaries : 
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Corollary 3.2. 
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j=l 
Taking a; = O(i = 1,...,r) and assume g” — oo in Theorem (2.3). Also 
using the equations (2.4),(3.1) and after algebraic manipulations, we obtain 
the following corollary. 


Corollary 3.3. 
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Zz A;(1—g';a4,..,@,), A: E:3 


— V30,nr+1:| RX 
~~ *U;pr +1 gr+1:|RiY 


Be B;B, (9! — 9 + Dojnr W731 — G4, Or — ,) DR 
m 
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j= 
and |arg(zi)| < $(Q: — 3a;)z. 


any 
Nile 


We can give a number of corollaries by specializing the parameters. The mul- 
tiple summation formulae involved in this article are general in nature in their 
manifold. 


4. CONCLUDING REMARKS 


If I-function defined by Prasad [15] reduces in generalized form of H-function 
defined by Prasad and Singh [14], we obtain the similar relations using analogue 
techniques. Also by modifying the functions defined by Srivastava and Panda( 
[8], [9]) and Goyal and Garg [13], we can obtain similar type of relations. 


The importance of all these results are common in nature. We can obtain 
single, double or multiple summation formulae by making use of general mul- 
tiple summation formulae used here. By specializing various parameters and 
variables in the MMIF, we get several useful product of such functions like E, 
F, G, H and I of one and several variables. These formulae are useful in many 
interesting cases of Applied Mathematics and Mathematical Physics. In the next 
extension of this work, we are going to apply these summation formulae to 
obtain the solutions of Boundary value problems. 


ACKNOWLEDGMENT 


Corresponding author is thankful to all co-authors for their valuable contribu- 
tion towards the preparation of this article. 


173 PAVAN KUMAR 165-175 


J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 30, NO.1, 2022, COPYRIGHT 2022 EUDOXUS PRESS, LLC 


D.K.PAVAN KUMAR, FREDRIC AYANT, Y. PRAGATHI KUMAR, N.SRIMANNARAYANA, AND B.SATYANARAYANA 


REFERENCES 


[1] Manish Kumar Bansal, Shiv Lal, Devendra Kumar, Sunil Kumar, Jagdev Singh. Fractional 
Differential Equation Pertaining to an Integral operator Involving Incomplete H-Function 
in the Kernel, Math Meth Appl Sci., 1-12(2020). 


[2] Sanjay Bhatter, Amit Mathur, Devendra Kumar, Jagdev Singh. New Extension of Fractional- 
Calculus Results Associated with Product of Certain Special Functions, Int. J. Appl. Comput. 
Math, 7:97(2021). 


[3 


paar 


Jagdev Singh, Devendra Kumar, Manish Kumar, Bansal. Solution of nonlinear differential 
equation and special functions, Math Meth Appl Sci., 43, 2106-2116(2020). 


[4] B. L. J. Braaksma. Asymptotic expansions and analytic continuations for a class of Barnes- 
Integrals, Compositio Mathematica, 15, 239-341(1962-1964). 


[5] B. Satyanarayana, Y. Pragathi Kumar, N. Srimannarayana, B. V. Purnima. Solution of 
a Boundary Value Problem Involving I-Function and Struve’s Function, Int. j. recent 
technol,8,411-415(2019). 


[6] Fredric Ayant, Pragathi Kumar Y, Srimannarayana N, Satyanarayana B. Transformation 
formulae for modified multivariable I-function of Prasad , Adv. Math.: Sci. J.,9,3663- 
3674(2020). 


[7] Fredric Ayant, Pragathi Kumar Y, Srimannarayana N, Satyanarayana B. Certain integrals 
and series expansions involving modified generalized I-function of Prasad, Adv. Math.: Sci. 
J., 9, 5835-5847 (2020). 


[8] H. M. Srivastava, R. Panda. Some expansion theorems and generating relations for the H- 
function of several complex variables, Comment. Math. Univ. St. Paul,24,119-137(1975). 


[9] H. M. Srivastava, R. Panda. Some expansion theorems and generating relations for the H- 
function of several complex variables II , Comment. Math. Univ. St. Paul,25,167-197(1976). 


[10] L. J. Slater. Generalized Hypergeometric functions, Cambridge Univ. Press,1976. 


[11] Pragathi Kumar Y, Alem Mebrahtu, Satyanarayana B, Srimannarayana N. Boundary value 
problem solution with general class of polynomial, M-series and I-function, Int. J. Adv. 
Sci.,29, 915-923(2020). 


[12] R. Panda. Some Multiple Series Transformations , Jnanabha Sect. A,4,165-168(1976). 


[13] S. P. Goyal and R. S. Garg. On Multiple Summation formulas for the multivariable H- 
function, Indian J. Math,26,135-144(1984). 


[14] Y. N. Prasad and A. K. Singh. Basic properties of the transform involving H-function of 
r-variables as Kernal, Indian Acad. Math. ,2,109-115(1982). 


174 PAVAN KUMAR 165-175 


J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 30, NO.1, 2022, COPYRIGHT 2022 EUDOXUS PRESS, LLC 


MULTIPLE SUMMATION FORMULAE FOR THE MODIFIED MULTIVARIABLE I-FUNCTION 


[15] Y. N. Prasad. Multivariable I-function, Vijnana Parishad Anusandhan Patrika,29,231- 
237(1986). 


(D.K.PAVAN KUMAR) DEPARTMENT OF MATHEMATICS, GUDLAVALLERU ENGINEERING COLLEGE, 
GUDLAVALLERU, A.P., INDIA. 
Email address: krish.pav@gmail.com 


(FREDRIC AYANT) PROFESSOR(RETD.,), SIX-FOURS LES PLAGES 83140, VAR, FRANCE. 
Email address: fredericayant@gmail.com 


(Y. PRAGATHI KUMAR) DEPARTMENT OF MATHEMATICS, CHALAPATHI INSTITUTE OF ENGINEER- 
ING AND TECHNOLOGY, LAM, GUNTUR, A.P, INDIA. 
Email address: pragathi.ys@gmail.com 


(N.SRIMANNARAYANA) DEPARTMENT OF MATHEMATICS, KONERU LAKSHMAIAH EDUCATION 
FOUNDATION, VADDESWARAM, A.P., INDIA. 
Email address: sriman72@gmail.com 


(B.SATYANARAYANA) DEPARTMENT OF MATHEMATICS, ACHARYA NAGARJUNA UNIVERSITY, 
NAGARJUNA NAGAR, A.P, INDIA. 
Email address: drbsn63@yahoo.co.in 


175 PAVAN KUMAR 165-175 


J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 30, NO.1, 2022, COPYRIGHT 2022 EUDOXUS PRESS, LLC 


Analysis of unsteady MHD Williamson nanofluid 
flow past a stretching sheet with nonlinear mixed 
convection, thermal radiation and velocity slips 
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Abstract 


This article examines the transient MHD convective flow with heat 
and mass transport of Williamson nanofluid over a stretching sheet in the 
presence of a chemical reaction. Velocity slips, convective heating and 
vanishing mass flux conditions at the surface are imposed. As a novelty, 
the effects of nonlinear thermal radiation, mixed convection, velocity slips 
and activation energy are incorporated. Such problems find significant 
applications in aircraft, missiles, gas turbines, etc. Similarity transforma- 
tions are employed to convert controlling PDEs into a system of ODEs 
and the resulting nonlinear BVP is solved numerically using bup/c. The 
effects of various parameters on velocity, temperature and concentration 
distributions are demonstrated and depicted graphically. However, the 
numerical values of local skin friction coefficients, Nusselt and Sherwood 
numbers are tabulated and discussed. The graphs show that the nonlinear 
convection parameters, for both temperature and concentration, boost the 
primary flow. Higher values of the velocity slip parameters result in dimin- 
ishing the flow. The fluid temperature rises as a result of both radiation 
and convective heating. The activation energy improves the concentration 
profile within the boundary layer. The current findings would appeal to 
a broad audience in mechanical engineering, medical sciences, industrial 
engineering, etc. 
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Nomenclature 
u,v,w Velocity components 
x,y,z Space coordinate 
T,. Ambient temperature 
Cz, Ambient concentration 
S Unsteadiness parameter 
n Fitted rate constant 
kr Chemical reaction coefficient 
Uw,Uw Stretching velocities along 
x and y directions 
Bo Constant magnetic field 
k Thermal conductivity 
Dg Mass diffusivity 
Rd ‘Thermal radiation parameter 
Pr Prandtl number 
g Gravitational acceleration 
Cp Specific heat 
T Fluid Temperature 
C Species concentration 
Nt Thermophoresis parameter 
Ty Wall temperature 
Ge Wall concentration 
Nb Brownian motion parameter 
1,d5 Velocity slip coefficients 
We, We2 Weissenberg numbers 
along x and y directions 
E, Activation energy 
M Magnetic parameter 
k* Mean absorption coefficient 
E Dimensionless activation energy 


L Dimensionless quantity 
N_ Buoyancy ratio parameter 
Le Lewis number 
Dr Thermal diffusion coefficient 
Bi Biot number 
GreekSymbols 
vy Kinetic viscosity 
pu Dynamic viscosity 
T, Chemical reaction parameter 
o Electrical conductivity 
& Boltzmann constant 
o* Stefan-Boltzmann constant 
@ Dimensionless temperature 
T. Material parameter 
a Thermal diffusivity 
@ Dimensionless concentration 


Q1,Q2 Velocity slip parameters 


A1, A2 Nonlinear thermal and solutal 


p 
Ow 


By 


T 


convection parameters 

Fluid density 

Temperature ratio parameter 
Velocity ratio parameter 
Heat capacity ratio 


8c, PG Linear and non-linear solutal 


Br, Bp Linear and non-linear thermal 


expansion coefficients 


expansion coefficients 
Mixed convection parameter 








1 Introduction 


For the past few decades, nanotechnology-based techniques have been used to 
create nanoscale particles with a size of less than 100 nm. Stable suspensions 
can be made using nanoparticles to increase the thermal characteristics of the 
base fluid. It has been demonstrated that adding tiny quantities of metal or 
metal oxide nanoparticles to liquid improves thermal conductivity. Nanoflu- 
ids, like current working fluids, have high heat absorption and heat transmis- 
sion characteristics. Recent years have seen a significant increase in interest in 
nanofluids research owing to its numerous usages in communication, electronics 
and computer systems, as well as optical devices. Hayat et al. discussed the 
movement of a non-Newtonian fluid across a wedge as a mixed convection flow. 
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Nourazar et al. [2] used the HPM to solve an MHD nanofluid flow on a horizon- 
tal flat plate with a changing magnetic field and viscous dissipation. A study on 
the effect of natural convection in viscoelastic fluid past a cone taking viscous 
dissipation was done by Makanda et al. [3]. In a rotating device, Sheikholeslami 
et al. [4] examined the nanofluid flow and heat transmission properties between 
two parallel horizontal plates. Using a fixed wedge with changing wall temper- 
ature and concentration, Srinivasacharya et al. [5] investigated the influence of 
a varied magnetic field on nanofluid flow. 

Understanding the boundary layer flow with heat transfer along a stretched 
sheet has become more significant because of several engineering activities. Ex- 
trusion of polymers, paper manufacturing, and other similar processes are ex- 
amples of chemical engineering and metallurgy applications. The rate of heat 
transfer between the fluid and stretching surface considering heating and/or 
cooling has a significant impact on the quality of the final product. As a result, 
the choice of heating or cooling fluid is critical to the heat transfer rate. In light 
of the physical relevance of heat transmission across moving surfaces, several 
researchers have been obliged to publish their discoveries in this area. Crane 
[6] examined the flow past a stretched plate that is subject to the relation be- 
tween the velocity and the distance from a slit. This yielded an accurate result. 
Following Crane’s work, MHD viscous flow across a stretched sheet was given 
by Azimi et al. [7], who discussed the analysis of momentum features in the 
flow. Dessie and Kishan [8] investigated the effect of viscous dissipation and 
heat source/sink over a stretching sheet. Mishra et al. [9] studied numerically 
MHD power-law fluid flow over a stretching sheet taking a non-uniform heat 
source. 

Regarding the MHD heat transfer fluxes, thermal radiation is a crucial fac- 
tor in controlling heat transfer rate. It may impact many industrial processes 
such as glass manufacture, gas turbine production, furnace design, and re-entry 
vehicle engine design. As a result, this generated extensive studies on the influ- 
ence of heat radiation in hydromagnetic fluxes. Daniel and Daniel explored 
the impact of thermal radiation and buoyancy force on MHD flow through a 
stretchable sheet with the help of the homotopy analysis method. Kumbhakar 
and Rao [II] discussed MHD stagnation point flow of an electrically conducting 
fluid over a nonlinearly stretching surface considering thermal radiation and vis- 
cous dissipation. Kho et al. studied thermal radiation effect in the flow of 
Williamson nanofluid passing through a stretching sheet. With heat and mass 
transfer through an unstable stretched surface in a uniform magnetic field, Ishaq 
et al. [13] explored entropy production and thermal radiation. Alharbi et al. 
[14] conducted experiments on MHD Eyring-Powell flow in an unstable oscilla- 
tory stretching sheet to evaluate the influence of thermal radiation and a heat 
source/sink. Kumar et al. examined the transient natural/free convective 
nanofluid flow past a vertical plate with effects of radiation and magnetic field. 

According to current trends in chemical reaction analysis, it is essential to 
create a mathematical model of a system to forecast its performance. Espe- 
cially in the chemical and hydro-metallurgical sectors, heat and mass transport 
research during chemical reactions is of great significance. Some examples of 
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combined heat and mass transfer applications with chemical reaction effects are 
chemical processing equipment design, fog formation and dispersion, temper- 
ature and moisture distribution over agricultural fields and fruit tree groves, 
crop damage due to freezing, cooling towers, and food processing. An excel- 
lent example of a first-order homogeneous chemical reaction is the production 
of smog. Das [I6] examined the effects of thermal radiation and chemical reac- 
tion on MHD micropolar fluid flow near an inclined porous plate. Sheikh and 
Abbas studied chemical reaction impact on MHD viscous fluid flow over an 
oscillating stretching sheet under the influence of heat generation/absorption. 
Tarakaramu and Narayan [18] explored the effect of chemical reactions on un- 
steady MHD nanofluid flow towards a stretchable sheet. Kumar et al. 
investigated the influence of binary chemical reaction with Arrhenius activation 
energy on the MHD Carreau fluid flow over a stretched surface. They found 
that the chemical reaction has a significant impact on the flow. Khan et al. 
[20] studied the aspects of activation energy and thermal radiation on MHD 
flow containing TigAl4V nanoparticle past a stretching sheet. Chu et al. [21] 
discussed the action of a chemical reaction and activation energy on MHD third 
grade nanofluid flow past a stretching sheet. 

The assumption that the flow field obeys the standard no-slip condition 
at the sheet is quite common in the preceding research and all relevant refer- 
ences. However, the no-slip criterion is inadequate when the fluid is made up 
of particle emulsions and polymers. Furthermore, boundary-slipping fluids have 
crucial technological uses, such as cleaning prosthetic heart valves and interior 
cavities. In such circumstances, the partial slip is an appropriate boundary 
condition. Additionally, when micro-scale dimensions are included in the flow 
field, such a slip is necessary. Slip at the wall boundary significantly alters the 
fluid’s flow behavior and shear stress than no-slip circumstances. Using a low- 
magnetic Reynolds number assumption, Zheng et al. [22] investigated the slip 
consequences of Oldroyd-B fluid flow across a plate. Hayat et al. explored 
velocity slip condition on MHD nanofluid flow past a rotating disk. Amanulla 
et al. [24] discussed the slip effects on MHD Prandtl flow past an isothermal 
sphere in a non-Darcy porous medium. Ellahi et al. [25] analyzed the combined 
impact of slip and entropy generation on MHD flow through a moving plate. 
Khan et al. [26] explored the significance of slip conditions for a magnetite 
Jeffrey nanofluid flow over a porous stretching sheet in the existence of ther- 
mal radiation and the Soret effect. Das et al. [27] studied mutiple slip effects 
on tangent hyperbolic fluid flow along a stretching sheet considering Soret and 
Dufour effects, thermal radiation and heat source. 

In processes in which high temperatures are involved, convective heat trans- 
fer is essential. Consider the following examples: gas turbines, nuclear power 
plants, thermal energy storage, and so forth. It is more feasible to use convec- 
tive boundary conditions in industrial and technical processes, such as material 
drying and transpiration cooling operations [28]. Because of the practical signif- 
icance of convective boundary conditions in viscous fluids, Many scholars have 
investigated and presented their findings on this issue. Ramzan et al. inves- 
tigated the impact of convective heating conditions and Cattaneo-Christov heat 
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flux with heat production/absorption on MHD 3D Maxwell fluid flow across 
a bidirectional stretching surface. Nayak et al. [30] studied MHD nanofluid 
flow over a linearly stretching sheet considering the convective heating bound- 
ary constraint along with viscous dissipation, velocity slip, nonlinear thermal 
radiation and Joule heating. Shah et al. [81] observed simultaneous effects of 
convective boundary condition and thermal radiation on MHD Carbon nan- 
otubes nanofluid flow across a stretching sheet. Aspects of convective boundary 
condition, Joule heating, thermal radiation, and a changing heat source/sink 
were studied in detail by Kumar et al. concerning the flow and heat trans- 
fer properties of an electrically conducting Casson fluid due to an exponentially 
expanding curved surface. Loganathan et al. [33] examined the impact of con- 
vective heating, Cattaneo-Christov double diffusion and thermal radiation on 
MHD Maxwell fluid flow along an extended surface. Recently, Jamshed and 
Nisar studied convective heating, thermal radiation and heat source effects 
on Williamson nanofluid flow over a stretching sheet. 

Based on the above literature survey, the authors have found that no attempt 
has been made yet to study the impacts of nonlinear thermal radiation and 
Arrhenius activation energy on unsteady mixed convective flow of Williamson 
nanofluid over a stretching surface. Therefore, this research aims to fill such gap 
by exploring the novel circumstances of nonlinear thermal radiation and acti- 
vation energy on unsteady MHD convective flow with heat and mass transport 
of Williamson nanofluid over a stretching sheet in the presence of a chemical 
reaction. The outcomes of this study may have significant bearings on several 
practical applications such as in aircraft, missiles, gas turbines, food process- 
ing, etc. Numerical solutions are obtained for the velocity, temperature and 
concentration distributions with the help of bup4c routine of MATLAB soft- 
ware. The impacts of significant flow parameters on velocity, temperature and 
concentration profiles are illustrated and presented graphically. However, the 
variations in surface drag-coefficients, Nusselt and Sherwood numbers are dis- 
cussed using numerical data. Moreover, for a limiting case of the present study, 
a data comparison is made just to ensure that the obtained results are correct 
and reliable. 


2 Mathematical formulation 


Consider a three-dimensional, unsteady and incompressible MHD Williamson 
nanofluid flow along a stretching surface with velocity slip. Further, the in- 
fluences of nonlinear thermal radiation and chemical reaction with activation 
energy are also considered. A physical configuration of the flow problem is 
demonstrated in Fig. The figure shows that the sheet is positioned in the 
Cartesian coordinate system (x,y,z) such that the z-axis is along the surface 
in the direction of flow, y-axis is along the width of the surface, and z-axis is 
normal to zy plane. A constant magnetic field of magnitude Bo is applied along 
the z-direction. The surface is stretched along x and y-directions with velocities 


At and Uy = ce (a,b being positive constants and 6 is a parameter 








Uw = 
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having dimension time!) respectively. The nanofluid temperature and species 
concentration at the surface are kept at constant values of Ty, and Cy respec- 
tively. In contrast, the ambient fluid temperature and species concentration are 
maintained at constant values of T,, and C,., respectively. 





Figure 1: Physical configuration of the problem 


Based on the aforementioned assumptions, the governing equations of the 
current fluid flow (continuity, momentum, energy and species concentration) 


may be modeled as ([35], [36]): 
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The physical boundary conditions for the current problem are given as follows: 





OU Ov oT 


— Uw az, — Uw d. ’ =v, —kz=—=h Ty —T), 
U = Uw + 1B, v=v + doa w=0 Ae r( ) 
OC Dr OT _ (6) 
Pea Th. on at z= 0, 
u>0, v0, ToOT., C3OCyo as zm. 


In order to approximate the radiative heat flux q,, the following Rosseland’s 
approximation for an optically thick fluid is employed (Fatunmbi and Adeniyan 
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The energy equation has the form after applying expression to equation 
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The variable aspects of wall temperature, wall concentration and magnetic field 
are given by the following form [38] 
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To obtain similar solutions of equations 2}, (3), and subject to the 
boundary conditions (6), the following similarity variables are introduced: 


B 
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Substitution of the above similarity variables in equations (2), (3), and 
yields the following ordinary differential equations: 


Pl (l+Wef”| + “a Lge Wy rae eke Gee) f'’-S (s+ 50") (10) 
—Mf' +A(1+A10)O + AN (1 + And) 6 = 0 
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o" + Prle(f+g)¢' Pie (36 + nd’) — 2PrLedf' + Nt gn 
2 Nb (13) 
— PrLeD; {1+ (Ow — 1)0}" ef Few=1) ¢ = 0. 
The dimensionless boundary conditions are stated as 
f'(0)=1+af"(0), g/(0)=Ai+ aaa. f(0) =0, 9(0) =0, 
#'(0) =—Bi(1—4(0)), (0) =- Nea), (14) 
f'(co) 40, g'(co) 40, (00) 40, 4(00) + 0. 
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3 Skin-friction coefficients, Nusselt number and 
Sherwood number 


The physical quantities of engineering interest for the present fluid flow problem 
are the local skin-friction coefficients, Nusselt number and Sherwood number. 
The skin-friction coefficient measures the shear stress, whereas the Nusselt num- 
ber and Sherwood number describe the rate of heat and mass transfer at the 
surface. A low Nusselt number signifies that conductive heat transport is more 
than the convective heat transfer, whereas a high Nusselt number indicates that 
convective heat transfer dominates the conductive heat transfer. Thermal engi- 
neering devices may be designed more effectively with this in mind. Convective 
mass transfer is divided by diffusive mass transport, and this ratio is known 
as the Sherwood number. It is used to conduct mass transfer analyses on sys- 
tems such as liquid-liquid extraction. Mathematically, the local skin-friction 
coefficients (C2, Cyy), Nusselt number (Nu,) and Sherwood number (Sh,) are 
expressed as 
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The aforementioned physical values can be expressed in non-dimensional form 
using the dimensionless variables specified in (9p 
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where Re, = ow and Rey = wt are the local Reynolds numbers. 
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4 Numerical solution 


4.1 Methodology 


The coupled and highly nonlinear ordinary differential equations (10)-(13) sub- 
ject to the boundary conditions are solved numerically by employing the 
bup4c solver in MATLAB. The higher-order equations (10)-(13) are converted 
into a set of first-order equations. Furthermore, while implementing the numer- 
ical technique, the boundary value problem is metamorphosed into an initial 
value problem by assuming some suitable guess values to those missing initial 
conditions. 


Table 1: Comparison of values of — f”(0) for altered values of M when () = 0.5 











=f 0) 
M Present  Oyelakin et al. Nadeem et al. 
0 1.093096 1.09310 1.0932 
10 3.342030 3.34204 3.3420 
100 10.058166 10.05818 10.058 





Table 2: Comparison of values of —g’’(0) for altered values of M when (3) = 0.5 











—g' (0) 
M Present Ovyelakin et al. Nadeem et al. 
0 0.465206 0.46520 0.4653 
10 1.645891 1.64590 1.6459 
100 5.020785 5.02080 5.0208 





4.2 Validation 


The numerical values of —f”(0) and —g’’(0) displayed in Tables [1] and |2| have 
been computed for different values of magnetic parameter M for a specific sit- 
uation of the current problem, i.e., when We, = Weg = A= Ay = AQ = Qy 

ag = N = 0, 6, = 0.5 and n = 1 to test the correctness of the obtained results 
and the reliability of the employed numerical approach. From the tables, it is 
clearly observed that our results have a firm agreement with the results reported 


by Oyelakin et al. [89] and Nadeem et al. [40]. 








5 Results and discussion 


This section presents the analysis of the obtained results for the current heat 
and mass transport phenomenon. The behavior of the flow profiles as well as 
the physical quantities of practical importance, is investigated in depth with 
respect to the changes of the emergent parameters. For the computational 
purpose, we have assumed the parameters’ values as We, = Weg = S = 0.2, 
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N=n=Nt=0.5, Pr=6, = 1.2, D= Nb=X=a, = a2 = 0.4, Rd = 0.1, 
Le = M = 1.0, 6; = 0.7, Bi = Ay = Ao = Ky, = 0.3, E = 0.6. Throughout the 
study, the same values for parameters are adopted, while the altered values of 
the parameters are shown separately in the respective figures. 
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Figure 6: Changes in f’(7) vs S$ Figure 7: Changes in g'(7) vs S 
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Figure 10: Changes in f’(7) vs ay Figure 11: Changes in g’(7) vs ae 


Figures [2{1]] illustrate the influence of A, M, S, A1, A2, a, and az on the 
velocity field. Growth in f’(7) and reduction in g’(7) are observed in Figures [2| 
and [3 The higher mixed convection parameter contributes to a larger buoyancy 
force. This powerful force accelerates the primary flow by suppressing the flow 
in the secondary direction. A significant increase in the magnetic parameter has 
caused a significant drop in the nanofluid velocity profile. Increased M leads to 
a corresponding rise in the resistive Lorentz force, which causes the fluid flow to 
decrease as depicted in Figures[4]and Decreasing nature of f’(7) and g’(7) for 
improvement in S' is noted in Figures|6]and [7] In Figures [8] and [9] it is noticed 
that larger values of A; and A indicate an upsurge in f’(7). Temperature and 
concentration differences arise from nonlinear convection parameters A, and 
Ag that are greater than the equivalent linear convection values. Velocity is 
therefore emphasized. Figures[10] and [11] express diminishing character of f’(7) 
and g'(n) w.r.t. a, and ag. An increase in velocity slip parameters lead to 
increase the slip between the fluid and surface of the sheet. So a partial slip 
velocity moved to the flow field that has the tendency to decelerate the flow. 

Figure [12] shows that 0(7) heightens on rising values of 14. When the mag- 
netic parameter increases, a stronger Lorentz force is generated. This force 
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Figure 16: Changes in 4(7) vs Nb Figure 17: Changes in 0(7) vs Nt 


provides resistance against the flow and thereby, the fluid temperature is inten- 
sified. Figure [13] elucidates a rising trend for 6(7) on enhanced values of Rd. 
Improved radiation parameter reduces the mean heat absorption coefficient. As 
a result, the fluid temperature gets hiked. From Figure [14| an increase in 6(7) 
is noticed for enlarged values of Bi. An increase in the Biot number leads to 
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Figure 20: Changes in $(7) vs Le Figure 21: Changes in ¢(7) vs E 


enhance the heat transfer due to convective heating with hot fluid. So, temper- 
ature of the fluid is augmented. Figure|15|shows that when Nb increases, 0(7) 
decreases near the sheet and takes on an inverse nature far away from it. In 
reality, a larger Nb causes more Brownian diffusion with lesser viscous forces, 
and therefore, a hike in the temperature profile is observed. ¢(7) is enhanced 
near the sheet for uplifting Nb values, while a reverse influence is seen away 
from the sheet, as shown in F igure [16] According to Figure[17| with upsurging 
values of Nt, 6(7) is increased. Physically, an increase in Nt causes a stronger 
thermophoretic force, which enriches the fluid’s temperature. Figure [18] shows 
that ¢(7) decreases towards the sheet, while the opposite trend is seen further 
away from the sheet in terms of Nt. 

Figure shows that an improvement in K, leads to a significant fall in 
(yn). A devastating chemical reaction corresponds to a positive K,. As a 
result, an improvement in Ky causes a decrease in species concentration. In 
Figure it is seen that for growing values of Le, (7) is reduced. Lewis 
number is basically the relation between thermal diffusivity to mass diffusivity. 
So, higher Lewis number implies less mass diffusion in the fluid flow. Hence, 
species concentration is lessened. Figure reveals that there is an upward 
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Table 3: Numerical values of the skin friction coefficients when ¢g = Cr = 0.4, 
L=X\=N=n=0.5, We, = We2 = 1.6 and (; = 0.6 








Xr M S AL AQ QA a2 —vV RezC fa —/ReyC ry 
04 1 02 03 038 O04 04 0.953465 1.833773 





1 0.921040 1.766040 
2 0.871657 1.663539 
0.4 2 1.095809 2.137023 
3 1.204741 2.373294 
1 0.6 1.006186 1.945268 
1.0 1.052698 2.044400 

0.2 0.6 0.952571 = 

0.9 0.951679 = 

0.3 0.6 0.953415 = 

0.9 0.953364 = 

0.3 0.7 0.725064 - 

1.0 0.586788 = 
0.4 0.7 7 1.812118 
1.0 — 1.799073 





trend in $(7) with the progress of the parameter E. Boosted E values aid in 
the speeding up of chemical reactions and hence the species concentration is 
escalated. 

The numerical values of the local skin-friction coefficients for various values 
of the controlling parameters 4, M, S, A1, 2, a1 and ag are set forth in Table 
For higher values of M and S, both /Re,Cy, and ,/ReyCyy are increased 
whereas reverse trend is detected w.r.t. A, A1, A2, a1 and ag. Local Nusselt and 
Sherwood numbers calculated for flow parameters M, Rd, Bi, Nb, Nt, K,, Le 
and EF are described in Table |4| Increasing trend of Te is found for Rd and 
Bi but opposite nature is noticed for M, Nb and Nt. Growing values of Nt and 
FE imply increasing tendency of He whereas converse behavior is found w.r.t. 


Nb, Le and Kk. 





6 Conclusions 


The present analysis explores the aspects of nonlinear thermal radiation and 
activation energy on unsteady convective heat and mass transport phenomena 
of Williamson nanofluid over a stretching sheet in the existence of Lorentz force 
and chemical reaction. Moreover, Navier’s velocity slip and convective heating 
conditions are imposed at the surface boundary. The following are some of the 
significant outcomes from the simulation of the problem: 


e A diminishing nature is observed for the velocity profiles with the im- 
provement in unsteadiness and the intensity of the Lorentz force. 
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Table 4: Numerical values of the local Nusselt and Sherwood numbers when 
Pr = 1.4, 064 =1.1 and Le = 1.5 











M Rd Bi Nb Nt Kk, Le E Tee pe 

1 O01 03 04 05 03 1.0 0.6 0.267377 0.300448 
2 0.262851 = 
3 0.259108 = 
1 0.5 0.361351 = 
1.0 0.474500 = 
0.1 0.5 0.395575 = 
0.7 0.497861 = 

0.3 0.6 0.267364 0.200288 

0.8 0.267357 0.150212 

0.4 1.0 0.267028 0.600074 

1.5 0.266675 0.898864 

0.5 0.6 = 0.300408 

0.8 a 0.300385 

0.3 0.5 = 0.300598 

1.5 = 0.300337 

1.0 2.0 z. 0.300487 

5.0 a 0.300502 





e The temperature distribution is enhanced as the thermal radiation and 
the convective heating at the bottom of the surface is boosted. 


e The thermophoretic force and the activation energy are found to have 
strong influence on rising the species concentration far away from the 
sheet. However, the impact is getting reversed near the sheet. 


e The skin friction coefficients are uplifted with the increase of unsteadiness 
and the magnetic impact. 


e There is an enhancement in heat transfer rate at the surface for growing 
value of Biot number and thermal radiation parameter. 


e Rate of mass transfer at the wall is improved as the values of thermophore- 
sis and the activation energy parameters increase. 
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In this article, we investigate a Markovian queuing model with server break- 
down and Single working vacation. Arrival follows Poisson process with param- 
eter A. Service while the single working vacation epoch, normal working epoch 
together with vacation epoch are all exponentially assigned with rate py, by 
and respectively. After taking first vacation the server wait idle in the system 
to serve. This type of vacation is called Single Working Vacation (SWV). If 
the queue length increases, service rate changes from slow rate to normal rate. 
When the server may subject to sudden breakdown with rate a and after it 
should be repaired and goes to normal service with rate 3. This queue model 
has been analysed with the help of Matrix Geometric Method (MGM) to find 
steady state probability vectors. Using it some performance measure is also 
determined. 

AMS subject classification number— 60K25,60K30 and 90B22 
Key Words —- Working Vacation (WV), Single Working Vacation (SWV) , Stability 
condition, Server breakdown, Matrix Geometric Method (MGM); 


1 Introduction 


Queueing systems with SWV and absolute service have acquired importance 
over the most recent twenty years because of large extent uses mainly man- 
ufacturing system, service system, telecommunications, and computer system. 
Its discoveries might be utilized to give quicker client support, increment traffic 
stream, further develop request shipments from a stockroom, or plan infor- 
mation organizations and call focuses. Numerous significant utilization of the 
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queueing theory are traffic flow vehicles, airplane, individuals, correspondences, 
booking patients in medical clinics, occupations on machines, programs on PC, 
and office configuration banks, mail depots, stores. In numerous genuine queue- 
ing circumstances, after assistance fulfillment, if no customer in the queue, a 
server goes on a vacation epoch. This type is known as vacation queue. Using 
survey paper by Doshi (1986) many researchers introduced queueing model with 
vacations. 

Servi and Finn (2002) developed an M/M/1 queueing model upon WV. Wu 
and Takagi (2003) analysed an M/G/1 queueing model upon MWV. Analysis of 
GI/M/1 queueing model upon MWV studied by Baba (2005). Server will only 
take one WV if the queue become null. So, if the queue has no customers when 
the server come back from SWV, he will idle on the system and wait for the 
customers to arrive instead of picking up another WV. A multi-server system 
with an SWV were proposed by Lin and Ke (2009). The use of inactive epoch 
a M/G/1 model were studied by Levy and Yechiali (1975). 

The vacation models and the model in which the server may goes to break- 
downs and repairs, is well ascertained in survey papers B.T. Doshi. William 
J. Gray et al (2000) overworked on multiple types of server breakdowns in 
queueing theory. A queueing model with server breakdowns, repairs, vacations, 
and backup server is studied by Srinivas R.Chakravarthy (2020).Agelenbe et al 
(1991) analyzed the queues with negative arrivals. A matrix-Geometric method 
approach is a useful tool for solving the more complex queueing problems. Neuts 
(1978) deliberate Markov c hains with applications queueing theory, which have 
a matrix geometric invariant probability vector. Neuts (1981) derived Matrix 
Geometric solution in stochastic models. 

Transient solution for the queue-size distribution in a finite-buffer model 

with general independent input stream and single working vacation was ex- 
plained by Wojciech M Kempa et al (2018). Rachita Sethi et al (2019) studied 
performance analysis of machine repair problem with working vacation and ser- 
vice interruptions. Seenivasan et al (2021) studied performance examination of 
two heterogeneous servers queuing model with an irregularly reachable server 
utilizing MGM. Seenivasan et al (2021) investigated a retrial queueing model 
with two heterogeneous servers using the MGM. Praveen Deora et al (2021) an- 
alyzed the cost analysis and optimization of machine repair model with working 
vacation and feedback policy. M/M/1 queueing model with working vacation 
and two type of server breakdown was discussed by Praveen Kumar Agrawal et 
al (2021). 
1 Our study, deals with an SWV and server breakdown in M/M/1 queueing 
model. In accordance with FCFS principle customers are served. This model 
has been analysed using MGM. The excess of this study designated as follows. 
We providing construction of model in section 2. Performance measures for- 
malized in section 3. Mathematical illustrations solved in section 4. And brief 
conclusion in final section. 





1 Corresponding Author: M.Seenivasan, Mathematics Wings - DDE, Annamalai University, 
Annamalainagar-608002, India. 
Email: emseeni@yahoo.com 
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2 Construction of the Model 


We consider a Single Working Vacation (SWV) and Server breakdown in M/M/1 
model. The customers show up in line as per Poisson process with parameter 
A. They create a queue dependent on her/his request for appearance. At a 
normal working period, influx customers served at a service rate pj, following an 
exponential distribution. The server starts a single vacation of arbitrary length 
if there is no customer in the system with parameter 7 follows an exponential 
distribution. During a SWV period, influx customers get service with rate 
Ly, following an exponential distribution. If the queue forms, then the server 
chop and shift its rate from sj, to jj, the normal working interval starts. For 
next vacation server waits idle to serve influx customers. This type of vacation 
is called Single Working Vacation (SWV). If not, the server starts a normal 
working period when a customer arrival occurs. 

When the server may subject to sudden breakdown with rate a and after it 
should be repaired and goes to normal service with rate 6. The transition rate 
diagram is shown in Figure 1. 


Figure 1: The transition rate diagram 


Let {k(t),n(t) : t > 0}; limi p{k(t) = i, n(t) = 7} be a Markov process, 
where k(t) and n(t) represent state of process at time t respectively. 
k(t) = 0, when server is on SWV, 
k(t) = 1, when server is on normal working epoch 
k(t) = 2, when server is on breakdown 
n(t) denotes total customer in the system. 
The Quasi-birth and death Process along with the state space 2 as follow 
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Q = {(0,0)U(1, 0)U (2, 0)U (i, 7); = 0,1, 2,7 =1,2,....,.n > 1} 


Consider a QBD process with Infinitesimal generator matrix Q is presented 


below 
Ag Gy cox 
Co C2 C3 -:- 
0 C3 Cy Cs 
Q= 0 +» C3 C2 
0 C3 
Where 
-—(A+7) n 0 A 0 0 
4o=( 0 —(A+ a) a jia=(6 nN 0) 
0 B =(8 A) 00 A 
fy O O (A+ py +a+7) n a 
c= (i 0 0) c= ( 0 —(A + po + a) a ) 
0 0 0 B B —(28 +) 
My O O 
a= (0 Lb ) 
0 0 0 


We define pj; = {k = i,n = j}; where j denote number of customers in the 
system & i denote the server state. 

Probability vector are defined as P = (Po, Pi, P2,...) where, P; = (po;, P1;,P2;); 
g= 0,1, 253) .4 


The static probability row matrix is represented by using PQ = O. (1) 
P; = PoR where j > 1 (2) 
The normalizing equation is defined by 

Po[f- Rl e=1 (3) 


Where ‘e’ is the column unit vector with all its element equal to one. 

The static condition of such a QBD, (See Neuts (1981)) can be obtained by the 
drift condition 

PCye < PC3e (4) 
Where the row vector P = (Po, P;, P2) is obtained from the Infinitesimal gen- 
erator 

S=C,+C2,+C3. § is given by 


-(a+n) n a 
S= 0 —a a (5) 
B 26 
S is irreducible and the row vector P can be shown to be unique such that 
PS =O and Pe =1 (6) 


From Equation(6), we have 
P, = (*5*)Po 
Py = (™5*)Po 


Po = [1+ (75%) + (759 ))7 (7) 
The static condition takes format 
A[Po + Py + Pa] < bePo + by Pi (8) 


Equation(5) gives the static probability of S. 
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Once the rate matrix R obtained, the probability vectors P;’s (j > 1) are ob- 
tained from Eq.(2) and Eq.(3). 


3 Performance Measures 


Performance measure have been found using steady-state probabilities as given 


aed the server is idle mean no. of customers presented E(I) = Po (9) 
When the server is SWV mean no. of customers presented 

E(SWV) = 3° jpo; 10) 
When the oe is normal busy period mean no. of customers presented 
E(BP) = 3 jp; 11) 
When the ee is on breakdown mean no. of customers presented 

E(BD) = > jpxj 12) 
Mean no. pian one in the system is 

E(N) = E(\I)+ E(WV) + E(BP) + E(BD) 13) 





4 Mathematical Study 


Here, we make mathematical calculation for model given by the segment above. 
Our goals are to show effect of a parameter on system features. By modifying 
X, four illustrations are presented in these sections. 

The parameter \ value varies and all other argument values are fixed. Illustra- 
tion 1 to Illustration 4 is presented below. 


Illustration 1 


We take A = 0.1,u, = 0.6,u, = 0.5,a = 0.2,7 = 0.5,6 = 0.7 and the rate 


matrix is 


0.0942 0.0781 0.0193 
R= | 0.0126 0.1347 0.0167 


0.0534 0.1106 0.0834 
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Table 1.Probability vectors 

Poj Pj p2j Total 
Po 0.1215 | 0.5476 | 0.1479 | 0.8170 
Pi 0.0262 | 0.0996 | 0.0232 | 0.1496 
P2 0.0050 | 0.0181 | 0.0042 | 0.0273 
Ps 0.0009 | 0.0033 | 0.0007 | 0.0049 
P 0.0002 | 0.0006 | 0.0001 | 0.0009 
Ps 0.0000 | 0.0001 | 0.0000 | 0.0001 

Total 0.9998 
































By substituting R matrix in equation (1) vector Py are obtained and normal- 
ization equation Po {I — R|~'e = 1 for the mathematical argument selected 
previously, row vector P; is granted by Py = (0.1215, 0.05476, 0.1479). More, 
the balance vector P;’s gained from P; = PoR’,j = 1,2,3,... and are shown in 
Table 1. Column 2, 3 and 4 contains the three elements of P;,7 = 0,1,2,.... 
Final column constitutes the total of two elements. Total probability was con- 
firmed to be 0.9998 = 1. 


Illustration 2 
We take A = 0.2,uy = 0.6,45 = 0.5,a = 0.2,n = 0.5,8 = 0.7 and the rate matrix 


1S 
0.1807 0.1644 0.0313 
R= | 0.0250 0.2694 0.0274 


0.1024 0.2328 0.1507 














Table 2.Probability vectors 

oj Pij P25 Total 
Po 0.1655 | 0.3782 | 0.0979 | 0.6416 
Pi 0.0494 | 0.1519 | 0.0303 | 0.2316 
P2 0.0158 | 0.0561 | 0.0103 | 0.0822 
Ps 0.0053 | 0.0201 | 0.0036 | 0.0290 
P4 0.0018 | 0.0070 | 0.0013 | 0.0101 
Ps 0.0006 | 0.0025 | 0.0004 | 0.0035 
Po 0.0002 | 0.0009 | 0.0002 | 0.0013 
P; 0.0001 | 0.0003 | 0.0001 | 0.0005 
Pg 0.0000 | 0.0001 | 0.0000 | 0.0001 

Total 0.9999 
































By substituting R matrix in equation (1) vector Pp are obtained and normal- 
ization equation Pp [I — Ry e = 1 for the mathematical argument selected 
previously, row vector P; is granted by Py = (0.1655, 0.3782, 0.0979). More, the 
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balance vector P;’s gained from P; = P)R!,j = 1,2,3,... and are shown in Ta- 
ble 1. Column 2, 3 and 4 contains the three elements of P;,7 = 0,1,2,.... Final 
column constitutes the total of two elements. Total probability was confirmed 
to be 0.9999 = 1. 


Illustration 3 
We take A = 0.3,uy = 0.6,p45 = 0.5, = 0.2,7 = 0.5,8 = 0.7 and the rate matrix 
is 
0.2587 0.2552 0.0391 
R= | 0.0363 0.4018 0.0345 


0.1452 0.3612 0.2067 














Table 3.Probability vectors 

Pos Prj 225 Total 
Po 0.1615 | 0.2511 | 0.0640 | 0.4766 
Pi 0.0602 | 0.1612 | 0.0282 | 0.2536 
P2 0.0257 | 0.0919 | 0.0139 | 0.1315 
Ps 0.0120 | 0.0485 | 0.0070 | 0.0675 
P, 0.0059 | 0.0251 | 0.0036 | 0.0346 
Ps 0.0030 | 0.0129 | 0.0018 | 0.0177 
Ps 0.0015 | 0.0066 | 0.0009 | 0.0090 
P; 0.0008 | 0.0034 | 0.0005 | 0.0047 
Ps 0.0004 | 0.0017 | 0.0002 | 0.0023 
Po 0.0002 | 0.0009 | 0.0001 | 0.0012 
Pro 0.0001 | 0.0005 | 0.0001 | 0.0007 
Pur 0.0001 | 0.0002 | 0.0000 | 0.0003 
Pr2 0.0000 | 0.0001 | 0.0000 | 0.0001 

Total 0.9997 
































By substituting R matrix in equation (1) vector Py are obtained and normal- 
ization equation Po [I — R]~'e = 1 for the mathematical argument selected 
previously, row vector P; is granted by Py = (0.1615, 0.2511, 0.0640). More, the 
balance vector P;’s gained from P; = P)R!,j = 1,2,3,... and are shown in Ta- 
ble 1. Column 2, 3 and 4 contains the three elements of P;,7 = 0,1,2,.... Final 
column constitutes the total of two elements. Total probability was confirmed 
to be 0.9997 = 1. 


Illustration 4 
We take A = 0.4,uy = 0.6,p45 = 0.5,a = 0.2,n = 0.5,8 = 0.7 and the rate matrix 


1S 
0.3275 0.3420 0.0441 
R= | 0.0453 0.5253 0.0392 


0.1802 0.4836 0.2546 
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Table 4.Probability vectors 





























Poj Pj Pp2j Total 

Po 0.1304 | 0.1578 | 0.0421 | 0.3303 
Pi 0.0574 | 0.1478 | 0.0227 | 0.2279 
P, 0.0296 | 0.1083 | 0.0141 | 0.1520 
Ps 0.0171 | 0.0738 | 0.0091 | 0.1000 
P 0.0106 | 0.0491 | 0.0060 | 0.0657 
Ps 0.0068 | 0.0323 | 0.0039 | 0.0430 
Ps 0.0044 | 0.0212 | 0.0026 | 0.0282 
P; 0.0029 | 0.0139 | 0.0017 | 0.0185 
Pg 0.0019 | 0.0091 | 0.0011 | 0.0121 
Po 0.0012 | 0.0059 | 0.0007 | 0.0078 
Pro 0.0008 | 0.0039 | 0.0005 | 0.0052 
Pu 0.0005 | 0.0025 | 0.0003 | 0.0033 
Pie 0.0003 | 0.0017 | 0.0002 | 0.0022 
Pig 0.0003 | 0.0011 | 0.0001 | 0.0014 
Pra 0.0001 | 0.0007 | 0.0001 | 0.0009 
P1s 0.0001 | 0.0004 | 0.0001 | 0.0006 
Pr 0.0001 | 0.0003 | 0.0000 | 0.0004 
Piz 0.0000 | 0.0002 | 0.0000 | 0.0002 
Pig 0.0000 | 0.0001 | 0.0000 | 0.0001 
Total 0.9998 








By substituting R matrix in equation (1) vector Pp are obtained and normal- 


ization equation Py [I — R]"'e = 


1 for the mathematical argument selected 


previously, row vector P; is granted by Py = (0.1304, 0.1578, 0.0421). More, the 
balance vector P;’s gained from P; = P)R),j = 1,2,3,... and are shown in Ta- 
ble 1. Column 2, 3 and 4 contains the three elements of P;,7 = 0,1,2,.... Final 
column constitutes the total of two elements. Total probability was confirmed 


to be 0.9998 = 1. 


Table 4.Performance Measures 
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X | EQ) | E(SWV) | E(BP) | E(BD) | EW) 
0.1 | 0.8170 | 0.0397 | 0.1486 | 0.0347 | 1.0400 
0.2 | 0.6416 | 0.1090 | 0.3736 | 0.0708 | 1.1950 
0.3 | 0.4766 | 0.2079 | 0.7529 | 0.1128 | 1.5502 
0.4 | 0.3303 | 0.3412 | 1.4211 | 0.1792 | 2.2718 





























Arrival versus E(I) 


0.8 > 
ae ° 
= ° 
wg ° 
0:1 
0.1 0.15 0.2 0.25 03 0.35 0.4 
Arrival rate } 
Figure 2 
Arrival versus E(SWV) 
35 © 
= 025 
= 02 ° 
= 
0.15 
0.1 ° 
0.05 
rae 
0.1 0.15 0.2 0.25 0 0.35 0.4 
Arrival rate }. 
Figure 3 
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Arrival versus E(BP) 


E(BP) 


0.1 0.15 0.2 0.25 0.3 0.35 o4 
Arrival rate 3. 


Figure 4 


Arrival versus E(BP) 


E(BP) 


0.1 0.15 0.2 0.25 0.3 0.35 o4 
Arrival rate /. 


Figure 5 


Arrival versus E(N) 


E(N) 


0.1 0.15 0.2 0.25 0.3 0.35 o4 
Arrival rate 3. 
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Figure 6 


Out of the above figures, we derived few performance measurements with the 
effect of \ such as mean no., of customer if server is idle, mean no., of customer 
if server is on SWV, mean no., of customer if server is on busy period, mean no., 
of customer if server is on breakdown and mean no., of customers throughout 
system respectively. From Figure 2 shows that arrival rate increases, mean no., 
of customer if server is idle decreases, Figure 3, Figure 4, Figure 5 and Figure 
6 shows arrival rate increases, mean no., of customer if server is SWV, busy 
period, breakdown and mean no., of customers throughout system increases. 


5 CONCLUSION 


In this article, we have studied a single-server queueing model along with SWV 
and server breakdown. We derived the static probability row vector by MGM 
and also we derived some performance measures for mean no., of customers 
in the system during server is idle, SWV, normal busy period, breakdown and 
mean no., of customers throughout system respectively with the effect of X. 
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Abstract 


Numerous image formulae for a diversity of polynomials and functions 
subjected to a variety of fractional integrals and derivatives have been 
given. In this paper, we aimto construct image formulae for the product 
of incomplete H-functions and a general class of polynomials under the 
Katugampola fractional integral and derivative operators . We also pro- 


vide some particular instances of our main findings in corollaries, among 
many others. 


Keywords: Fractional Integral operators, Incomplete H-functions, Fox’s 
H-function, Mellin-Barnes type contour integral. 


Mathematics Subject Classification 2010: 26A33; 33C60; 44A10; 34A08; 
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1 Introduction and preliminaries 


We begin by recalling the well-known Gamma function I defined by (see, e.g., 


Section 1.1}) 


Jove? ot td (H(u) > 0) 
My) = (1.1) 


Ore (we C\ Zo; k E No), 
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where the Pochhammer symbol (1)y (tt, v € C) is defined, in terms of Gamma 
function T (see, e.g., p. 2 and p. 5]), by 


(Wy = (H+VEC\Zeo, VEC\ {0}; HEC \ Ze, v= 0) 
ae (v=0, pe C\ {0}), ue 
| wutt)---(utn-1) W=neN, pec), 


it being assumed that (0)) = 1. Here and throughout, let C, R, Rt, Z, and 
N denote the sets of complex numbers, real numbers, positive real numbers, 
integers, and positive integers, respectively. Also let No := NU {0} and Ze, 
be the set of integers which are less than or equal to some integer @ € Z. The 
incomplete Gamma function y(p, u) and its complement I'(u, u) defined by 


view) = [erode (w > 0; Rw) > 0), (1.3) 
0 
and 
T(p, uw) = ; e °vttdp (u > 0; R(t) > 0 when u=0), (1.4) 


respectively, satisfy the following relation: 


vu wu) +P(u,u)=T(m) — (R(u) > 0). (1.5) 


Srivastava et al. used the incomplete Gamma functions to introduce the 
following incomplete H-functions (see also [5)): 


(e1, Ey, y); (&;, Es )op 


(fi, Fi)i.q 
(eq, Eiay)s (eo, E>), eis (ep, Ey) 


Ypa (2) = Yea | # 





=Yaa | 2 
(fi, Fi), (fo, Fo), +++ , (fa, Fa) 
1 
= ge f Gey) eae, (1.6) 





where 
y(1—e: — Exé,y) T] (fe + Fie) FL (1 — e — Bie) 
G(éy) = 4 ‘=! = (1.7) 
i=m4+1 ji=nt+l 
2 
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(e1,E1,y); (e:, E;)2.p 


| (fi, Fi)i.q 
| (ei, Ei ys (Gy, Ba )*++'5 (eps Es) 
! 








=Tpa' | ? 
(tig Pi (fo, Fo), coe 3 (fq, Fy) 
= 5 [ Fey) ae, (1.8) 
where 
r(1 — er — Exé,y) [I (fi + Fit) TEP — es - B46) 
F(é,y) = : = = (1.9) 
I Ml Fe) TT. Ve Es) 
i=m4+1 i=n+1 


For convergence conditions of these incomplete H-functions as well as the de- 
scription of the contour €, one may refer to (21]. They explored a variety 
of intriguing properties of these incomplete H-functions, such as decomposi- 
tion and reduction formulas, derivative formulas, various integral transforms, 
and computational representations, as well as applied some significantly general 
RiemannLiouville and Weyl type fractional integral operators to each of these 
incomplete H-functions. 
Srivastava introduced the following general class of polynomials: 


[n/m] 
Sm [a] = S- ( Mm An, k ak (m EN, ne No), (1.10) 
k=0 : 





where the coefficients Aj, (n, & € No) are arbitrary real or complex constants. 
By properly specializing A,,,, the general class of polynomials may generate 
many existing polynomials as special instances, including Jacobi and Laguerre 
polynomials (see, e.g., (15). In particular, setting Apo = 1 and x = 0 reduces 
S™{a] to unity. 

There have been many introductions and investigations of fractional integrals 
and derivatives. Two of them are recalled here. The left-sided and right-sided 
Riemann-Liouville fractional integrals [%, f and I; f of order a € C are defined 


as (see, €.g., [10)f1.2} 41.4] ) 


(18.f) (@) = a 


col (c—7)* f(r) dr (x >a, R(a) > 0), (1.11) 


and 


1 b 
(Ip_f) (x) = way f (r—a2)*"f(r)dr (b> ax, R(a) > 0), (1.12) 
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respectively. The Riemann-Liouville fractional derivatives DZ, f and Def of 
order a € C (R(a) > 0) are defined by 


(De, f)(2) = (=) (1"f) (2) (@ >a) (1.13) 
and 
(DeNle)=(-£) (RN) @ |<) (1.14) 


where n = [R(a)] + 1. 

For p € R \ {0}, the left-sided and right-sided Katugampola fractional inte- 
grals, respectively, denoted by ?JA, and ?I}) of order A € C (R(X) > 0), are 
defined as (see (7]) 








1-2 8 7P-1d(7 
(°12.0) (8) = TO ‘| Cz Soar (s >a), (1.15) 
and 
1-d b pPlg(7 
(?Ip_4) (s) = oo we (b> s). (1.16) 


It is noted that 


(i) when p = 1, (1.15) and (1.16), respectively, reduce to Riemann-Liouville 


fractional integrals and (1.12); 


(ii) taking p — OT, (1.15) and (1.16), respectively, reduce to the famous 
Hadamard fractional integrals (see (6); see also (7]): 





(Ha, ¢) (s) = af (iog2) $7) ae (3 >a, R(X) > 0), (1.17) 


T 


and 





b A pies 
(#8) (9) = Foy | (iog7)” 9) a (s <b, R(A) > 0). (1.18) 


The matching Katugampola fractional derivatives on the left and right sides, 
designated respectively by ?D2, and ?D;\ , are defined as (see [s}) 


(D383) = (tL) (19) (6) 


grant _ d n s Tol b(r) 
P(n— 2) ( c [ (5? = 7eyemn (1.19) 
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and 


(°Dj_ 4) (s) 


lI 
“7 
H 

7 
as) 
=| & 

ees 

a 
=~ 
> 
a 
= § 
» 
ass 
— 
eee | 

w 

~~" 





aoe i d nb Tol b(r) 
=e (-° =) i (re = gpyaann (1.20) 
where n = [R(A)] + 1. 


The identities in Lemmas and provide the image formulae for the 
power function t® when the fractional integral and derivative operators of Katugam- 
pola are used. In this case, we make major use of the well-known beta function 


(see, €.g., p. 8}): 


[ t°-1(1— 4) "dt (R(a) > 0, R(B) > 0) 
0 








Ba, 8) = (1.21) 
Ma) M8) (a, BEC\ Zep). 
l(a + B) a 
Proofs have been omitted. 
Lemma 1.1 Let p > 0, R(a) > 0, and R(A) > 0. Then 
pyA a _— AA (< * 1) at+pr 29 
(?Io,.t*) (s) =p 7 rc (1.22) 
r (: eo es ) 
and 
pyr a es y (+ 4) gotpr 1.23 
(°1h.1°) (5) = - , (1.28) 
TG 7 
Lemma 1.2 Let p > 0, R(a) > 0, R(A) > 0, and n = [R(A)] + 1. Then 
r (2 4 1) 
(?D3,22) (2) = p® SP 4 go (1.24) 
r (2 a ) 
and 
PDA Qa _ Xr c ( + 1) a—pr ) 
(?DA_t”) (8) = (-p) goer, (1.25) 
r (2 ee d) 


Numerous image formulae for a diversity of polynomials and functions sub- 
jected to a variety of fractional integrals and derivatives have been given (see, 
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e.8., fi], I, (3), (4), [9], (18), (22], [23], [24], (25). The purpose of this article 
isto establish image formulae for the product of incomplete H-functions and 
a general class of polynomials under the Katugampola fractional integral and 
derivative operators. Among many others, we also present some specific exam- 
ples of our major results. 


2 Katugampola fractional integral operators in- 
volving incomplete H-functions and general 
class of polynomials 


In this part, we state the following theorems that establish the image formulae 
for product of the incomplete H-functions and the general class of polynomials 
under the left- and right-sided Katugampola fractional integral operators. 


Theorem 2.1 Let R(A) > 0, a, DER, p, a, 8 ER*, y>0, ands >0. Then 
(e1, Er, y), (ej, Ez day ln] (=n) k 
PTA, Sat |Te" | be? (s) = ps” mk 4, (as%)* 
(te Faia k=0 





xp! | | ba? 





p+l,q+1 
(fj, Fi ia =a a S) 
(2.1) 
and 
(e1,E1,y), (e7, Ej)2q ae ee 
PT, Sat }yne | ot (3) =p Aer 5° Tne a, (as%)F 
(fF 5)1w k=0 
er, ' (e1,E1,y), (ej, E;)2 oe) 
X Vodiqtl bs 
(fj F5)1,¢> (=a _ a °) 
(2.2) 


Proof. Let A be the left-handed member of (2.1). Using (1.15), (1.10) and 


(1.8), and changing the order of integrals, which may be readily verified under 
the constraints, we have 


si (=n) mk k X k 
A= Anka [Fem (PA, [e**-P8)) (3) dé. (2.3) 


k=0 


Employing (1.22) to evaluate the right-handed Katugampola fractional integral 
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in (2.3), we obtain 
6 E + ab - ae| 


1+A+%8 — 2¢ 








Ang Sco [n/m] (=")mk 4 ak Ll F bs8)-§ d 
= 9A YET Analogs [ EVO) i 1% 


which, upon expressing the integral in terms of (1.8), yields the desired right- 
handed member of (2.1). 


The proof of (2.2) would run in parallel with that of (2.1). We omit the 
specific. 














Theorem 2.2 Let R(A) > 0, a, DER, p, a, 8 ER*, y>0, ands <0. Then 
(41) Ens), (Sys Ey ae [3] 

OTe oe aa ee | be? (s) = (—p)-*8 
(fF), Fai k=0 





eprint! | be 


p+1,q+1 na 
(f),F5)a.q, (—A i a) 
(2.4) 
and 
(er, Ey), (4); Es)e,p [mn] = 
Pr smatpyien | be (3) = (—p)-*5 5 > nt 4, (as)! 





(fj, Fi )1¢ k=0 


m,n+1 B 
X Vptiati | Os 


Proof. The proof would proceed in the same manner as the proof of Theorem 
We omit specifics. 














3 Katugampola fractional derivative operators 
with incomplete H-functions and general class 
of polynomials 


The following two theorems provide the image formulae for product of the in- 
complete H-functions and the general class of polynomials under the left- and 
right-sided Katugampola fractional derivative operators. Since the proofs here 
would be identical to those used in Theorems [2.1] and [2.2] we omit the required 
proofs. 
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Theorem 3.1 Let R(A) > 0, a, bE R, p, a, 8B ER*, y>0, ands >0. Then 


(e1,E1,y), (e;, E;)a,p 





PDN ce ™ lat ea oe i (s) 
jot 7/1,q 
[n/m] (=n) i (e1, E1,y); (€;, Ej)2,9,(—%, 8) 
=ipts* S- Ane (as?) Te gt bs? 
k=0 ; (fj, F3)1q,(A— , 8) 





and 


(e1,E1,y), (e;, Ej)2,p 





PDA, Sat py | be? (s) 
(f),Fi)1.q 
: pal (=n) i i ni (er, Ex,y), (ej, Ej)2,p, (— 2, 8) 
= ps? S> a7 Ane (as*) Ypehat bs” i 
k=0 (f),F5)1q, (A — %, 3) 





Theorem 3.2 Let R(A) > 0, a, bE R, p, a, 8 ER*, y>0, ands <0. Then 


(er Busy lei Eas 








PDo_Smlat |e" | bt? es (s) 
fF 5)1.q 
m gee (—n) " ‘ fa (e1,E1,y), (ej, Ej)2 ps ( kB) 
= (<p)9* DF ar Ann as?) Tpetaes [68° 
k=0 , (fF )aqs (A ae) 
(3.3) 


and 











AD: Sy lat*lyna bt? (s) 
(f), Fy )1.4 
‘ Pa eeul (=n) - ‘ ee (e1, E1,y), (ej, E;)2,p, (— 2, §) 
= (—p)*s° > kl Ank(a8")"Ypirgar | 08" 
mo” (Fina (0-28, 8) 


(a4)’ 


4 Particular cases and remarks 


Due to the generality of both incomplete H-functions and the general class 
polynomials, the main identities established in the preceding sections may result 
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in a variety of simpler formulae as special instances. For example, the case y = 0 
of (1.8) reduces to the Fox’s H-function (see, e.g., p. 10]; see also [13], (16]): 


(e1,E1), (e:, Es)a,p (e1, Ex), (e:, Es)2,p 
Ina | 2 =o. | 
(ayaa (f;. Fada 
(e1, Eis (eo, E>), ee (ep, E,) 
= Fea | 2 





(f1, Pils (fo, Fo), eg (fas Fy) 

(4.1) 
For another example, putting m = 1, n = p, q being replaced by q+1 and taking 
appropriate parameters, the functions and (1.8) reduce, respectively, to 
the incomplete Fox-Wright U-functions wy” and _W, ) (see Egs. (6.3) and 
(6.4)]; see also |2} Eqs. (14) and (15))): 


(1 —€1, Ei,y), (1 — &, E;)2,p (e1, Ei,y), (e;, Ej )2,p3 
1,p ay = yp Zz 
Yp,q+1 Pq 
(0, 1); (iby Bela a (bi, Ba )ica3 
(4.2 
and 
(167, Ei,¥), (1 — 6), Ey ois (e1, E1,y), (ej, Ej )2,p3 
ree —Zz = ww!) z 
p.qtl p“q 
(0,1), (1 — bj, By)1,q (b;, By )1,93 
(4.3) 


The following corollaries cover some of them. 
Corollary 4.1 Let R(A) > 0, a, bE R, and p, a, 8 € R*. Then 
(e),Ej)ip n/m 
m a m,n ; = —N) mk a 
Fis ST lat ae ae (s)=p “3” 5" yp An,e(as y 
k=0 


(e;;Ey)ap(—, 2) 








p+l1,q+1 
(fj, Fi ia, (-A= a S) 
(4.4) 
(s > 0) 
and 
e;,E;)1, [n/m] 
PTA S™at Hm? | ot8 ies (8) = (—p)-*8™ 5° nm An,k(as*)* 
(fj, Fi)1.4 k=0 0 


m,n+1 B 
xX Hot igti | os 


(fj, Fj)1q,(—A — 2, 2) 
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(s < 0). 
Proof. Taking y = 0 in (2.1) and (2.4), we get the required results. 














Corollary 4.2 Let R(A) > 0, a, bE R, and p, a, 8 € R*. Then 


(e;,Ej)1 lin) 
(s) = ps5 Mm 4. (ase) 


Xr m a m,n 
PD Shae ae her a 
(f3,F 5) 1.4 k=0 

















. Hees ire) " 
p?p 
(4.6) 
(s > 0) 
and 
(ej, Ej )1.p [n/m] 
se ec ls a (s) = p's So Mk 4, (as) 
(f), Fi )1.4 k=000 
Pe (@3, Ex )a.54( xt 8) 
x Hy gt bs® a 
(fs Pp age (A aig 
(4.7) 


(s < 0). 
Proof. Taking y = 0 in (3.1) and (3.3), we get the required results. 














Corollary 4.3 Let R(A) > 0, a, bE R, p, a, BERT, y>0, ands >0. Then 





(e1, E,, y); (ey, Fe lay [n/m] 
PI. SMlat™]pW |b? (5) = pst > Cnt 4, (assy 
(fj, Fi)i.¢ k=O 
(e1, Fixy)s (e;, E;)op(1 va a f) 


x oetteey bs? 





(fj,F Jig (+A+ %, 2) 
(4.8) 


and 


(e1,E1,y), (e;, E;)2,p 


(f5,F53)1.q 


PI}, S™[at™] UO | be? 





[n/m] 
—n)mk ak 
(s) = p-*s? by ( m) ® Ann (as ik 
k=0 : 


(ex, Ei,y), (Sy; Eajoatl + ok B) 
x ae ae bs® 





(Fj, Fy Jig (l+A+ %, 2) 
(4.9) 


10 


231 Bansal 222-235 


J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 30, NO.2, 2022, COPYRIGHT 2022 EUDOXUS PRESS, LLC 





Proof. Using and in and (2.2) gives the required identities. 











Corollary 4.4 Let R(A) > 0, a, bE R, p, a, BE Rt, y>0, ands <0. Then 


(e1, Ex, y), (e7, Eg)ayp 
PIX S™at@],UO | bt? 





(s) 
(f),F5)1,4 
[n/m] (e1,E1,y), (e;,Ej)op(1 + 2, 9) 
ee (—p)7*s? S- (ok 4, (as) p18, bs? p’p 
k=00 (fy, Fy)1q.(L+A+ 2, 2) 
(4.10) 
and 


(ei, Ein) (ey Epa 
PI} S™[at™],0™ | ot? 








(s) 
(f7,F5)1.4 
[a] (e1, E1,y), (e;, E;)2 p(1 {ok 2) 
—N)mk & e Pp’ Pp 
= (py rs > Mm 4, (as) pa WO, | ns! . 
oe (fgsF aig (L+A+ ak. 8) 
(4.11) 
Proof. Employing (4.2) and (4.3) in (2.4) and (2.5) provides the desired identi- 
ties. 














Corollary 4.5 Let R(A) > 0, a, bE R, p,a, BE Rt, y>0, ands >0. Then 


(e1,E1,y), (e;, Ej)2,p 
Dee [at], bt? 





(s) 
(fF 5)1.4 
[n/m] (=n) aii (r) (er, Fis), (67, Ey jae, (14 ak, 8) 
= p*s?* > xl A, <(as")* pia W 4 bs? : 
k=0 (f),Fs)1q,(1-A+ 2, 2) 
(4.12) 
and 


(6ig En ¥) (6;,Es ag 
> on [at] bu ot? (s) 
(f;,F5)1.4 


(e1, Ei,¥) (e;, E;)2p, (1 4 ak By 





mk a\k r 
rl Ann (as ere na bs? 





(fj, Fs)1q.(1— A+ 2, 8) 





Proof. Applying and to and offers the desired results. 
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Corollary 4.6 Let R(\) > 0,6€C\Z<-1, a,bER, p,a,8e€Rt, y>0, 
ands >0. Then 




















(61, Ex, ¥), (e7, Epa [n} ( 
a n ; = —n)x (1 is 5)n a 
a (at i bt? (s) = ages Se k! n! (1 ai 5)k (as ‘a 
(f,Fi 1.4 k=0 
(e1, Bay): (e;, E;)o p(-%, f) 
x Perth | lbs? 
ee ak B 
(f3, Fy )1,.q3 (—A ea 
(4.14) 
and 
(e1, Ei, y), (e;, Ej)2,q [n] = 1 4 
PTR, LS) (at®)ybn | bt? gape aa . On (as®)* 
(5 Fi )1w a 





where L) (x) are Laguerre polynomials. 


Proof. Setting m = 1 and choosing A,,, = (1+ 45)n/{(1+ 6), n!} in the results 


in Theorem [2.1] with the aid of Laguerre polynomials L®) (x) (see, e.g., p. 
201, Eq. (3)]), we obtain the desired identities here. 














Likewise, as with Corollary [4.6] substituting m = 1 and selecting A,, = 
(1+6),/{(1 +6), n!} in the identities in Theorems and Corollaries 4.1} 


[4.5] results in the corresponding formulae involving the Laguerre polynomials. 
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Abstract 


Fractal like Julia set is regarded as one of the striking and significant mathemat- 
ical fractals in the field of science and technology. There are different numerical 
iterative techniques which generate these fractals and in fact these numerical it- 
erative techniques are the strength of fractal geometry. In recent past, Julia sets 
have been studied through numerical techniques like Picard, Mann, and Ishikawa 
etc. which are the examples of one-step, two-step, and three-step iterative tech- 
niques respectively. In this article, we have concentrated our research work on the 
computation as well as the different features of cubic Julia sets for the complex 
polynomial Py ,(z) = z>+mz-+n. This generation process has been carried-over 
through a new numerical four-step iterative technique. We have generated new and 
ever seen cubic Julia sets for the above complex polynomial. The cubic Julia sets 
generated through above polynomial have important mathematical properties. It is 
also fascinating that some of the generated cubic Julia sets are analogous to frac- 
tal shaped antennas, butterfly and some categories of ants. Some of the generated 
cubic Julia sets can also be categorized as wall-decorated pictures. 

Key words: Cubic Julia sets; Four-Step Iterative Technique; Escape Criterion; 
Complex Cubic Equation 
Mathematics Subject Classification(2010): 37C25; 28A80; 54E35; 54E50 


1 Introduction 


Fractals have many applications in various fields of science and technology. The pro- 
duction of cell phone has become possible only due to fractal shaped antennas. This 
was not possible before the introduction of this notion. The Chaos theory is what frac- 
tals are all about, and that is at the core of most Cosmological Models which describe 
our entire Universe on both the scales of very small and large. Fractal geometry is very 
practical for all sorts of things from biology to physics to cosmology to even the stock 
market. For instance veins and arteries form fractal trees, some mineral deposits are 
distributed under the fractal laws through the soil, and the stock market, perhaps not 
quite a natural phenomenon, behaves according to fractal laws. 

If we look back into the history of fractal geometry, we find that the interest in 
fractal geometry with respect to Julia sets began in the 19th century. Named after 
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the esteemed French mathematician Gaston Julia, the Julia set expresses a complex 
and rich set of dynamics, giving rise to a large range of breathtaking visuals. Gaston 
was first who invented Julia sets and examined their features [27] (p — 122). In 1918, 
a masterpiece of him on Julia sets was published which was the major event in the 
history of fractal geometry. In this masterpiece, Gaston Julia first proposed the latest 
idea on a Julia set and that made him famous in the world of mathematics. Julia sets 
live in complex plane and this is the place where all chaotic behavior of complex plane 
occurs [9] (p— 221). When all the computational experiments were far ahead of its 
time, Herald Cramer gave the first approximate graphical representation to Julia sets. 
Mathematical items like Julia sets were recognized when computer graphics became 
user friendly [28]. 

What makes Julia sets interesting to analysis is that, despite being borne out of ap- 
parently easy iterative techniques, they can be very tangled and often fractal in nature. 
Due to fascination of computer experiments and incredulity of their graphical represen- 
tation, Mandelbrot and Julia asets remain a topic of modern research with much interest 
being in evoking the tangled structure of Julia sets and in calculating their properties 
such as ’fractal dimension’ [14]. For detailed investigation on Mandelbrot and Julia 
sets, one can follow the related work and complex dynamics system in references like 
[4, 5, 6, 8, 9, 12, 16, 18, 25, 26, 39].These sets (Julia sets) have been computed and 
examined for cubic [2, 3, 7, 9, 12, 13], quadratic [9, 19, 27], and also for higher degree 
polynomials using Picard iteration,which is an example of one-step numerical proce- 
dure. 

Julia sets may be generated for any order complex polynomial. In this research 
Paper, we have emphasized our research work on cubic Julia sets with reference to 
complex polynomial of order 3. In 1988, Branner and Hubbard, by a series of papers, 
paid concerned with the way in which the space of polynomial of degree d > 3 is de- 
composed when the polynomial are classified according to their active behavior using 
iterative procedure. However their results are satisfied only for d = 3. They also dis- 
pense with the good framework of the locus connectedness for cubic polynomials [2]. 
In 1992, their second paper of this series was also dedicated to the account of dynami- 
cal system complex cubic polynomial. They also raised the query when the Julia set of 
a cubic polynomial became a Cantor set [3]. 

In 1998, Liaw found the regularities for the parameter space of the cubic polynomi- 
als in the two dimensional projections. The projection of the parameter points that have 
non-totally disconnected Julia sets can be observe as a combination of Mandelbrot-like 
sets [20]. In the same year Cheng and Liaw established asymptotic similarity between 
the parameter spaces (the Mandelbrot set) and the dynamic space (the Julia sets) of 
cubic mappings. The dynamic spaces and the parametric spaces of cubic polynomials 
consist many small copies of the Julia sets and Mandelbrot sets respectively of the stan- 
dard quadratic mapping [7]. In 2001, Liaw studied the orientations, sizes, and positions 
of above small copies to understand the formation of the cubic polynomials [21]. 

In 1999, Yan, Liu, and Zhu worked on a general complex cubic iteration and pro- 
duced results on the range of Mandelbrot and Julia sets generated from above cubic 
iteration[41]. These results are helpful in plotting the above generated sets. In 2003, 
Tomova produced results about the limits of cubic Julia and Mandelbrot sets for com- 
plex polynomial z* + pz+q and also for Julia and Mandelbrot sets of higher orders 
polynomial of the form z” +c, [40]. 

In 2006, Fu et.al. generated higher order Julia set and Mandelbrot sets by applying 
fast computing algorithm [15]. Mamta et.al. studied and computed superior Julia sets 
for nth degree complex polynomial [32, 33], for cubic [6] and for quadratic complex 
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polynomials [17, 30, 31] using superior iterates (a two-step feedback procedure). Su- 
perior Julia sets have also been analysed under the effect of noises [34, 35]. In 2018, 
Narayanet.al. computed and analysed new collection of antifractals for the complex 
polynomial Z” + c in the GK-orbit [23]. 

In our previous article, we have computed and examined new collection of frac- 
tals using faster iteration with s-convexity [24].Recently, Rahman, Nisar and Gola- 
mankaneh, also studied the generalized Riemann—Liouville fractional integral for the 
functions with fractal support. They explored reverse Minkowski’s inequalities and cer- 
tain other related inequalities by employing generalized Riemann—Liouville fractional 
integral for the functions with fractal support [29]. 

Fractals have also vital role in various domains ranging from mathematical to en- 
gineering applications, nano technology to bio medical domain. However, for a deep 
understanding of fractals and to review the relevant areas, one must go through some 
recent implementations of non-linear concepts in various areas of machine learning, 
microprocessors and computer science related to data analysis [10, 37]. For more ap- 
plications of numerical computing techniques one may see [11, 38]. 

In this research paper, we have explored new and ever seen cubic fractal sets for 
the complex cubic polynomial z > z3-+mz-+n, using new different numerical iterative 
technique (a four-step feedback system) with improved escape criterion. We have also 
analysed the characteristics of the above generated cubic Julia sets. 


2 Material and Method 


In past years, researchers focused mainly on three types of feedback procedures like 
Picard iterates, a one-step feedback system [27], Mann iterates, a two-step feedback 
system [17, 36], Ishikawa iterates, a three-step feedback system [6] etc. In 2014, Mu- 
jahid et. al. introduced a new four-step iterative procedure and proved that it is faster 
than all of Mann, Picard and Agarwal et. al. processes. They supported analytic proof 
by a numerical example and mentioned that this process is independent of all above 
processes. They also demonstrated some strong and weak convergence results for two 
non-expansive functions [1]. 

In this research paper, we have computed Julia sets for the cubic complex poly- 
nomial using this faster four-step feedback procedure with improved escape criterion 
which provides the different results than the previous results. 


Definition 2.1. Let S be a non-empty set and p be a self-map from S to S. For a point 
so in S, the Picard orbit (generally called orbit of p) is the set of all iterates of a point 
go, that is: P(p, 89) = {5 2 Sn = p(Sn_1), n=1,2,---}, where P(p, sq) of p at the initial 
point so is the sequence (p"so) 


Definition 2.2. The filled in Julia set of the function F(z) =z"+c_ is defined as 
K(F) ={z€ C: F*(z) does not tend to «} 


where F*(z) is the k’” iterate of function F, K(F) denotes the filled in Julia set and C is 
the complex space. The boundary of K(F) is known as Julia set of the function F. Julia 
set is the set of those points whose orbits are bounded under F(z) = z" +c. 


Definition 2.3. (New Iterative Procedure-NIP) Let X be a non-empty set such that 
T :X —X and {x,} be a sequence of iterates of initial point x9 € X such that 
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{Xn41 > Xnt1 = (1 —Un)TYn + UnT Zn 3 
Yn = (1 —Vn)TXn +VnT Zn 5 
<n = (1 —Wr)Xp + WT Xni n =0,1,2,--- i}, 


where Un, Vn, Wn € [1,0] and {un}, {vp}, {wn} are sequences of positive numbers. For 
the sake of simplicity, we take uy, = u, Vy = V, Wn = W. 


2.1 Escape Criterion for Cubic Complex Polynomial 


In computation of fractals like Julia and Mandelbrot sets, there is always need to es- 
tablish a criterion called ‘Escape criterion’ which enacts a chief role in the graphical 
representation of Mandelbrot as well as Julia sets and these criteria are different for 
different order complex polynomials. 

Here, in this part, we demonstrate the new escape criterion using NIP for the complex 
cubic polynomials: 


Pmn(Z) = 2 +mz+n 


where m and n are complex numbers. 
The following theorem and results provide the escape criterion using NIP for the above 
mentioned complex polynomial. 


Theorem 2.1. Consider that |z| > |n| > (|m|+2/|u|)'/2, |z| > |n| > (jm| +2/|v|)!/, 
and |z| > \n| > (\m|+2/|w|)!/?, whereO <u<1,0<v<1,0<w<l,andc is in the 
complex plane. 
Define 

Z1= (1 =a u)Pinn(Z) + UP nn (Z) ; 


2 = (1-4) Pinn(Z1) +uPmn(Z1) ) 


w=(1 —U)Pmn(Zn-1) + uP inn (Zn-1) 1 =2,3,4,--- 


where Py »(z) is the fuction of z. 
Then |z| + c as n —> 0 


Proof. Consider 


[Pra(Z)| = |(1—w)z+wPan(z)| whereP,, ,(Z) =z +mz+n 
=|(1—w)z+w(z? +mz+n)| 


= |z—wz+wz? +mwz+ wn)| 








> |we3 + mwz+z—we| — |wn| 
> |z|(\w2? +mw+1—w|)—wzl, (. |z| =n) 


> |z|(\we? + mw| — |1 — I) — wel 








= |z|(w|z? +m| — 1) 


i.e. 
[Prn(Z)| = |z|(wlz? +m| — 1) (2.1) 
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Also 
|Pma(2)| = (1 =v) Pn (2) + YP nn (2) 
> |(L—v)(22 +mz+n-+yv|z|(wlz? + ml — 1])) [By using Eq.(2.1)] 
= |(1—v)2 +m(1 —v)z+n(1—v) + vwlz|(|z? +m] — v|z]|) 
> |(1—v)z? +:m(1 —v)z|— (1 —v)|z| + v|z|([z? + m| — vIzI) 
= [z|[(1 —v)|z? +m] — 1] + vw g| [22 + m| 
> lel[(vw —v + 1)([z"| —|m| — 1)] 
Since, 


Li (1 = u)Prn (Zn—1) + UP nn (Zn—1) 


























We have 
ker] = [1 = 4) Pan (2) + WP nn(2)| 
> |(1—w)[|z|(vw —v + 1)[z? +m] = 1] +ullz|(wlz? +m] — 1)] 
> |e |(uv + vw — ww —u—v+1)|c? +m — |(1 —u)|g]| 
+uw|z||2? +m| —ulz| 
= |z|[(uv + vw + uw —uww—u—vt1)|22+m|— 1] 
> |z|[(uv + vw + uw — uvw—u—v+1)(\z"|—|m|) — 1] 
= |z|R[|z*| — (\m| +1/R)] 
where 





R=uv+vwt+uw—uvw—u—v+t+l 


Since, |z| > |n| > (lm| +2/lul)"/?, |z| > |n| > (|en| +2/lv])'/?, and |z| > |r| > (\rm| + 
2/|w)!/2, so that we have |z| > (|m| +2/R)'/?, this mean |z?| — (|m| +1/R) > (1/R) 
so that R(|z”| — (|m|+1/R)) > 1. Therefore there exists a A > 0 such that 


Izi] > (1 +A)|z| 


Repeating the same argument, we get 


zn] > (+ A)"lz| 
Thus, orbit of z tends to infinity as n —> oo. This completes the proof. EJ 


Corollary 2.1.1. Consider the complex cubic polynomial Py »(z) = 2 +mz-+n where 
m, n are complex numbers and assume 

[| (jm| +2/|ul)"/2, ( "2, (In| +2,/vol) 2] ther [zy] > (1-+A)"le 
and |zn| > °° as n — ©. This provides the ‘escape criterion’ for the above complex cu- 
bic polynomial. 
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Corollary 2.1.2. Assume 

|ze| > max |n|, (|m| +2/|u|)!/, (\m| +2/|v|)!/, (|m| +2/|w])!/2] for some k > 0 then 
ze] > (L +A)" |zx-1| and |zp| + 20 as n > 9. 

This result provides an algorithm to generate cubic Julia sets for the above mentioned 
complex polynomial. 


3 Result And Discussion 


3.1 Fractals as Cubic Julia sets 


Cubic Julia sets, applying new different fixed point technique, are generated through 
complex polynomial Pn n(z) = 23 +mz-+n, using cubic escape criterion with the soft- 
ware Mathematica 10.0, See Figures 1-20. 























As 10 ns oo os 40 44 








Figure 1: Ants Cubic Julia set for u= v=.48, w=.28, m=- Figure 2: Ants Cubic Julia set for u= v=.477, w=.283, 
3.2, n=.561 m=-3.13, n=.591 


3.2 Graphical Execution of Cubic Julia Sets Employed NIP 


For the graphical execution of cubic Julia sets we iterate complex cubic polynomial 
Pra(Z) = 2 +mz-+n, and define the prisoner set using escape criterion under the above 
new different iterative procedure. We have also generated some interested and ever 
seemed cubic Julia sets. 
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Figure 3: Cubic Julia set for u= v=.42, w=.05, m=-1.6, Figure 4: Cubic Julia set for u= v=.45, w=.09, m=-2.3, 
n=.451 n=.521 




















40 04 on 0s 40 








Figure 5: Cubic Julia set for u= v=.44 w=.07 m=.6-.011 Figure 6: Cubic Julia set for u= v=.44 w=.03 m=.62-.011 
n=1.2I n=11 


In this paper we have used two sets of parameters, u,v, wand m,n, and by changing 
parametric cost of these set of pairs, we have also noticed many important observations 
as follow: 
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Figure 7: Cubic Julia set for u= v=.44 w=.07 m=.62-.011 
n=11 
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Figure 9: Antenna Cubic Julia set for u= v=.15 w=.83 
m=2.5 n=-.801 

















Figure 11: Antenna Cubic Julia set for u= v=.46 w=.366 
m=-29.1 n=.751 
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Figure 8: Cubic Julia set for u= v=.57 w=.05 m=.6+.011 
n=1.21 


2 u 

















Figure 10: Antenna Cubic Julia set for u= v=.15 w=.83 
m=2.62 n=-.801 
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Figure 12: Antenna Cubic Julia set for u= v=.46 w=.366 
m=-3.1 n=.591 
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Figure 13: Cubic Julia set for u= v=.48,w=.32 m=-3.13, Figure 14: Cubic Julia set for u= v=.48, w=.32 m=-3.03, 
n=-.59l n=-.891 























1D os oo os 40 40 os oo os 10 








Figure 15: Cubic Julia set for u= v=.5, w=.03, m=1.2I Figure 16: Cubic Julia set for u= v=.5, w=.05,m=-1.171 
n=0 n=0 


e It has been observed that the Figures 1 - 14 and Figures 17 - 20 show the perfect 
mathematical reflexive symmetry about imaginary axes only whereas the Figures 
15 - 16 show the perfect mathematical reflexive symmetry about both the axes 
(real as well as imaginary axes). 


e It is noticed that the prisoner sets of the cubic Julia sets in the Figures | - 5, Figure 
17 and Figures 11 - 16 are mathematically disconnected whereas the prisoner 
sets of the remaining cubic Julia sets are mathematically connected. 
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Figure 17: Cubic Julia set for u= v=.03 w=.95 m=1.0 ae 18: Cubic Julia set for u= v=.5 w=.01 m=1.3 n=- 
n=1.0011 : 
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Figure 19: Cubic Julia set for u= v=.19 w=.376 m=2.2 Figure 20: Butterfly Cubic Julia set for u= v=.5 w=.3 m=- 
n=.40I 2.03 n=-.61 


e Itis also noticed that the cubic Julia sets in Figure | and Figure 2 capture the shape 
of ants, Figures 4 - 8, look like as meditating posture, the cubic Julia in Figures 
9-12 and Figure 19 take the shape of antennas, the cubic Julia set in Figure 20 
take the shape of a butterfly and the Julia sets in Figure 3-4 and Figures 13-14 
are wall-decorated pictures. 


Conclusion 

In this research paper, a new different four-step iterative procedure has been applied to 
the complex cubic polynomial P,, »(z) = 2 +mz-+n, and significant as well as exciting 
results have been obtained.We have obtained new and ever seen cubic Julia sets as 


output for the above complex cubic polynomial. Some of the generated cubic Julia sets 
have perfect mathematical reflexive symmetry about the axes. From above generated 


10 


245 Narayan partap 236-248 


J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 30, NO.2, 2022, COPYRIGHT 2022 EUDOXUS PRESS, LLC 


cubic Julia sets, some Julia sets are connected and some are disconnected which is 
also an important mathematical property of fractals.It is also fascinating to see that 
some of the generated cubic Julia sets take the shape of antennas which is an important 
application of fractals, some cubic Julia sets capture the shape of ants and the butterfly, 
some cubic Julia sets look like as meditating posture, and some other look like as wall- 
decorated pictures. 
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The complement on the existence of fixed points 
that belong to the zero set of a certain function 
due to Karapinar et al. 


Pathaithep Kumrod, Wutiphol Sintunavarat! 
December 26, 2021 


Abstract 


Recently, the idea of y-fixed point and the elementary results on y- 
fixed points were first investigated by Jleli et al. [Jleli M, Samet B, Vetro C 
(2014) Fixed point theory in partial metric spaces via y-fixed point’s con- 
cept in metric spaces. Journal of Inequalities and Applications, 2014(1):1- 
9.]. Based on this work, Karapinar et al. [Karapinar E, O’Regan D, Samet 
B (2015) On the existence of fixed points that belong to the zero set of 
a certain function. Fixed Point Theory and Applications, 2015(1):1-14.] 
established the new y-fixed point results, which can be reduced to the 
famous fixed point result of Boyd and Wong in 1969. However, the main 
result of Karapinar et al. does not cover the y-fixed point results of Jleli 
et al. This paper aims to fulfill this gap by proving y-fixed point results 
covering several y-fixed point results and fixed point results. Key words: 
y-fixed point; y-Picard mapping; Control function 
Mathematics Subject Classification(2010): 46T99; 47H10; 54H25 


1 Introduction and preliminaries 


In 2014, Jleli et al. [1] had initiated the concept of (F,y)-contraction with the 
help of some control function, which is one of the interesting generalizations of 
the classical Banach contraction principle and first introduced the concepts of 
y-fixed point and y-Picard mapping. Moreover, they also proved some y-fixed 
point theorems for contractive mappings expanded some fixed point results in 
metric spaces. Consistent with Jleli et al. [1], we will be needed the following 
notations, definitions, and results in this research. 
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Faculty of Science and Technology, Thammasat University Rangsit Center, 
Pathum Thani 12120, Thailand 


249 Pathaithep Kumrod 249-259 


J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 30, NO.2, 2022, COPYRIGHT 2022 EUDOXUS PRESS, LLC 


Let X be a nonempty set, p : X — [0,0o) bea given function and T : X > X 
be a mapping. By Fr and Z, the set of all fixed points of J’ and the set of 
all zeros of the function vy, respectively, ie, Fr := {a € X : Tx = x} and 
Zgi= {ze X 2 ole) =O}. 


Definition 1.1 ({1]). Let X be a nonempty set and y : X — [0,0o0) bea 
given function. An element z € X is said to be a y-fixed point of the mapping 
T:X — X if and only if z is a fixed point of T and y(z) = 0 (ie., z € FrNZ,). 


Definition 1.2 ([1]). Let (X,d) be a metric space and y: X — [0,co) bea 
given function. A mapping T : X > X is said to be a y-Picard mapping if and 
only if, for each x, z € X, the following conditions are satisfied: 


(i) Fr 1 Zp = {z} for some z € X; 
(ii) T’x > zasn— o for each x € X. 


To describe the control function, which is an important class of this work, 
let F be the family of all functions F : [0, 00)? > [0, 00) satisfying the following 
conditions: 


(F1) max{a,b} < F(a,b,c) for all a,b,c € [0, 00); 
(F2) F(0,0,0) =0; 
(F3) F is continuous. 
As examples, the following functions F,, F2, F3 : [0, 00)? > [0,00) belong to F: 
(i) Fi(a, b,c) =a+ 6+ ¢ for all a,b,c € [0, 00); 
(ii) F(a, b,c) = max{a, b} + ¢ for all a,b,c € [0, 0); 
(iii) F3(a,b,c) =a+a*+b+c for all a,b,c € [0, 00). 


Definition 1.3 ((1]). Let (X,d) be a metric space, py : X — [0,00) be a given 
function, and F € F. A mapping T : X > X is said to be an (F, y)-contraction 
mapping if there exists k € [0,1) such that 


F(d(Tx, Ty), p(Tx), o(Ty)) < kF(d(x,y), (x), (y))) Vay) €X*. (1-1) 


Theorem 1.4 ([1]). Let (X,d) be a complete metric space, yp: X — [0,0o) be a 
lower semi-continuous function, F € F andT : X > X be an (F,y)-contraction 
mapping. Then Fr € Zy and T is a p-Picard mapping. 


Remark 1.5. Note that if we set F(a,b,c) = a+6+c for all a,b,c € [0,co) 
and v(x) = 0 for all x € X in (1.1), then the contractive condition (1.1) reduces 
to the Banach contractive condition. 
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In recent years, Jleli et al.’s fixed point theorem has been generalized and 
extended in several directions. One such generalization was introduced by Kara- 
pinar et al. [2] by replacing the constant k of the contractive condition (1.1) 
with the control function, which was first introduced by Boyd and Wong [3]. 
They also proved the existence and uniqueness results of a y-fixed point for new 
nonlinear mappings. Nevertheless, this result expands all conditions of results 
of [1], except that the condition (F'2) is replaced by 


(F2*) F(a,0,0) =a for alla > 0. 
Here, we recall the definition of the following class as given by Boyd and 


Wong [3]. Denote © the set of functions w : [0,00) — [0,00) satisfying the 
following conditions: 


(w1) w is upper semi-continuous from the right; 


(2) w(t) < t for each t > 0. 


Combining this definition with Jleli et al.’s theorem, Karapinar et al. [2] 
proved the following theorem: 


Theorem 1.6 ([2]). Let (X,d) be a complete metric space. Suppose that the 
mapping T: X + X satisfies the following condition: 


F(d(Tx,Ty), p(T), p(Ty)) < v(F(d(x,y), p(x), p(y))) V(x, y) € X?, (1.2) 


where y : X — (0,00) is lower semi-continuous,  € WV, and F : [0,00)3 > 
[(0, co) is a function satisfying the following conditions: 


(F1) max{a,b} < F(a,b,c) for all a,b,c € [0,00); 
(F2*) F(a,0,0) =a for all a> 0; 

(F3) F is continuous. 

Then Fr C Zy and T is a y-Picard mapping. 


In the case of w defined by W(t) = kt for some k € [0,1), Theorem 1.6 
seem almost similar to a generalization of Theorem 1.4 except that Theorem 
1.6 use the control function F' satisfying conditions (F'1), (F'2*), (F'3) rather 
than Theorem 1.4 use the control function F’ satisfying conditions (F'1), (F2), 
(F3). It is easy to see that the condition (F'2*) is stronger than the condition 
(F 2) since there are many functions satisfying the condition (£2) but it does not 
satisfy the condition (F'2*). For example, functions F,, Fo, F3 : [0, 00) > [0, 00) 
defined by Fi (a,b,c) = a+a?+b+c, Fo(a, b,c) = In(a+1)+(at+b)e°+max{a, b}, 
and F3(a, b,c) = max{2a,b} + ¢ for all a,b,c > 0. From the above observation, 
we can conclude that the main theorem of [2] is not a proper extension of 
Theorem 1.4. 

The main goal of this work is to fulfill the mentioned gap by using the new 
technique for improving Theorem 1.6 via the original control function, which 
was introduced by Jleli et al. in [1]. For simplicity, the following diagram shows 
the relation of Karapinar et al.’s results and our results, which describes the 
objectives of this research. 
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Figure 1: The conceptual research framework 


2 Main results 


In section, we will prove the generalized y-fixed point results by using the new 
technique, which is the improved version of the y-fixed point theorem of Kara- 
pinar et al. [2], but it replaces the condition (£2*) by the condition (F2). 


Theorem 2.1. Let (X,d) be a complete metric space and T be a self mapping 
on X such that 


F(d(Tx,Ty), p(T), e(Ty)) < o(F(d(2,y), (2), p(y))) V(a,y) € X*, (2.1) 


where py : X — [0,00) is lower semi-continuous, F € F and wy € VW. Then 
Fr © Zy and T is a y-Picard mapping. 


Proof. The first step is to prove that Fp C Z,. Let x € Fp. Letting y = x in 
(2.1), we have 
F(0, o(z), 9(x)) < v(FO, (2), (2))). (2.2) 


Assume that y(x) > 0. It follows from (F'1) that F'(0, g(x), p(x)) > 0. By (2.2) 
and (71), we get 


FO, p(x), p(x) < V(F(0, o(2), 9(a))) < FO, e(x), ela), 
which is a contradiction. Therefore, y(a) = 0, which implies that 
PROD, (2.3) 


Next, we will show that T is a y-Picard mapping. Let x9 be an arbitrary 
point in X. Define the sequence {x,} C X by ty = Txn_1 for alln EN. If 
In* = Lyn«_1 for some n* EN, then 2,» is a fixed point of T. Hence, for the 
rest of the proof, we assume that 2, = Ly_-1 for all n EN, that is, 


A(n,%n—1) > 0 (2.4) 
for each n € N. Now, we will claim that 


lim d(@n41,2n) = lim vp(an) = 0. (2.5) 


noo n—->oco 
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From (F'1) and (2.4), we obtain 


F(d(Xn,n—1), P(En); P(En-1)) > O 


for all n € N. This allows to use the condition (~2) and so by using the 
contractive condition (2.1), we obtain 


F(d(2n+41;2n), P(En41); P(En)) < VF (d(en, Zn-1), (En), P(En-1))) 
< F(d(&n,n-1), 9(In), Y(En-1)) (2.6) 


for alln € N. This shows that {F'(d(tn41, Un), P(Ln41); P(Gn))} is a decreasing 
sequence. Furthermore, it is easy to see that it is also bounded below by 0 and 
hence it converges to some point r > 0, that is, 


lim F(d(@n41,2n), P(n41), P(&n)) = 7. (2.7) 


n—->oco 


From (2.6), (2.7) and the squeeze theorem, we get 


lim YF (d(an,n—-1); Plan), P(@n-1))) = (2.8) 


n—->co 


Assume that r > 0. So we have 


r ee lim sup p(F(d(an,%n-1), 9(4n), P(@n-1))) 


Nn Co 


(2) 
<P 


which provides a contradiction. Therefore, r = 0, that is, 


lim F(d(%n+41,%n); P(@n41), Y(4n)) = 0, 


n—->oco 


and thus, by (F'1), we get 


Lim d(an+1,%n) = lim p(an) = 0, 


that is, Equation (2.5) holds. 

Now, we shall prove that {z,,} is a Cauchy sequence. Assume on the contrary 
that {a,} is not a Cauchy sequence. Then there exists « > 0 for which we can 
find subsequences {2 (x) } and {2n(x)} of {an} with n(k) > m(k) > k and 


d (Xm(k);€n(ky) 2 € (2.9) 


for all k € N. Corresponding to m(k), we may choose n(k) such that it is the 
smallest integer satisfying (2.9). Then we have 


d (mk), €n(k)—1) < €- 
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By the triangular inequality, we have 


IA 


d (Xm(k);Xn(k)) 
<  d(@m(k),Pn(e)—1) + 4 (@nce)—1, Enc) 
e+ d (2n(4)-15En(k)) - 


€ 


A IA 


Letting k + oo in the above inequality and using (2.5), we have 


lim d (Gates Ln(k)) =€E. (2.10) 


k—-o0o 


By a similar way, we can show that 


limd (Gatos fae) =e (2.11) 
Using (73), (2.5), (2.10) and (2.11), it follows that 
fim F (d (@m(a)»Bn(ay) +P (mca) + (naw) = F(E 0,0) (2.12) 
and 
Tira F (d (®m(h)-+1sBn(ay41) +P (Gm(R)+1) + (@n(H)41)) = F(E,0,0). (2.18) 


Now, we choose = %m(p) and y = %p(q) in (2.1), we infer 


F (d Conver xGi4) YP (@m(k)+1) YP (@n(e)+1)) < yp (F (d(x); Ln(K))s P(Lm(k))) ~(2n(K)))) : 


Taking the limit superior as k > co on both sides of the above inequality and 
using (2.13), we deduce 


oo 
Using the condition (w1) and (2.12), we obtain 


ie sup (F (d(@m(k); ene) Js p(@m(x)), ~(Xn(k)))) < W(Fle, 0, 0)) < Fie; 0, 0). 


(2.15) 
From (2.14) and (2.15) together with (W2), we obtain 


F(e,0,0) < w(F(e,0,0)) < F(e,0,0), 


which is a contradiction. Therefore, {x,,} is a Cauchy sequence. By the com- 
pleteness of X, there exists a point z € X such that 


lim dn, z)=0. (2.16) 
Using (2.5), (2.16) and the lower semi-continuity of y, we get 


0< y(z) < liminfp(an) = 0, 


n—- co 
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which implies that 
p(z) = 0. (2.17) 


Next, we will prove that z is a fixed point of T. From (F'2), (F'3), (2.5) and 
(2.16), we get 


Note that from (w2), it follows that lim a(t) = 0. Then 
t0 


Lim VE (Aen, 2)>(0n)+0)) = lim V(t) =. (2.18) 
Hence, from (F'l), (2.1), (2.17) and (2.18), we conclude that 
A(n41,T2) < w(F(d(an, z), e(an),0)) > 0 as n > ov. 


Therefore, by the uniqueness of the limit, we obtain z = Tz, ie., z is a fixed 
point of T. 

Finally, we will show that T has a unique fixed point. Suppose that u and 
v are fixed points of T such that u# v. Then d(u,v) > 0. Therefore, 


F(d(u, v),0,0) = F(d(Tu, Tv), 0,0) 


which is a contradiction. Thus, the fixed point of T is unique. This completes 
the proof. 














The following example shows that Theorem 2.1 is more applicable than many 
other results in the literature. 


Example 2.2. Let X = [0,00) and d: X x X — R be defined by d(z,y) = 
|x — y| for all x,y € X. Then (X,d) is a complete metric space. Assume that 
T:X > X and w: [0, 00) — [0, 00) are defined by 


we ieee f, 0<t<1, 
Tr = and w(t) = 


Clearly, by the graph in Figure 2, we have w € W. 
Now, we will show that the fixed point result of Boyd and Wong [3] can not 
be applied in this example. For any x € (0, 3) and y = s we obtain 


Coot 
= 
2 #4 
Hence, T' does not satisfy the Boyd and Wong’s contractive condition. Also, the 
Banach contraction principle is not applicable, since T is not continuous at $. 





d(Tx,Ty) = 





x? 1} 1 a 
2 4| 4 2 4 2 








v-5]) =walew)), 
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Figure 2: The graph of ~ in blue line 


Next, we will show that Theorem 2.1 can be applied in this example. Let 
y: X + (0,00) and F': [0, 00)? — [0, 00) be defined by 


pia) =a, wEXx and F(a,b,c)=at+a?+bt+c, a,b,c>0. 


It is easy to see that F € F and ¢ is lower semi-continuous. Now, we claim that 
the mapping T satisfies the contractive condition (2.1). Suppose that x,y € X. 
We have to consider the following cases: 


Case 1. If (x,y) € [0, ag then we get 


F(d(Tx,Ty), (Tz), p(Ty)) = d(Tx, Ty) + (d(T2,Ty)) + op(Tx) + p(y) 
= |Tz —Ty|+|Tx —Ty|?+T2+Ty 














ee. eae ae ee 
— 2 4 9" 3 
_ l(e@+y@-y)l (z@+ye-y)P wy? 
2 4 2 2 
lje—y|  |e-yl? 2, y 
< Ea a4 
a 9° 9 (2.19) 


< (|x — y|+|2— y|?+2 4+ y) 
= ¥(d(z,y) + (d(x, y))? + v(x) + o(y)) 
= V(F(d(z, y), p(x), p(y). 
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Case 2. If (x,y) € [3,00)*, then we get 


F(d(Lx, Ty), p(Lx), p(y) = d(x, Ty) + (d(T2,Ty))’ + y(T2) + 9(Ty) 
= |Tx — Ty|+|Tx —Ty|?+T2+Ty 
i wee aes ee 
(8a = 8y 8x By 




















e 1 : ( 1 ) 9 
mM T 
2 2(|a — y|+la — y/?t+aet+y)+1 16 








(|e — yltle — y?P+a + y) 
(d(x, y) + (d(z,y))? + v(x) + v(y)) 
v(F(d(z, y), p(x), y(y)))- 


Case 3. Let (x,y) € [0,4) x [$,00) U [$,00) x [0,$). Without loss of 
generality, we may assume that x € [0,5) and y € [5,00) and so |x — y|+|x — 
y|?+a2+y > 1, then 


l 


F(d(Tx,Ty), (Tz), o(Ty)) = (Tx, Ty) + (d(T2,Ty))? + o(Px) + p(y) 
= |Txe —Ty|4|T2r —Ty\?4+T2+Ty 


x? =| x? 1 








2  8y 2  8y 














IA 





ae ( 1 ) 9 
in 
2 2(|a — y|+la — yl/?t+aet+y)+1 16 





= o(|e — yl+|e—y/?+e+y) 
= W(d(a,y) + (d(x, y))? + v(x) + vy) 
= V(F(d(z, y), p(x), p(y))). 


The validity of the conditions (2.19), (2.20) and (2.21) can be checked by plotting 
3D surface in MATLAB, shown as Figure 3. Without loss of generality and for 
the sake of simplicity, we restrict the domain in Figure 3 to [0,3]. Therefore, 
all the required hypotheses of Theorem 2.1 are fulfilled, and so T’ has a unique 
y-fixed point. In this case, the point 0 is a unique y-fixed point of T. 


Remark 2.3. If we take y(x) = 0 for all x € X in Theorem 2.1, then we 
get the real proper generalization of the Boyd and Wong fixed point theorem. 
However, if we take the same function y in Theorem 1.6 and use (F'2*), we can 
see that the obtained result is equivalent to the Boyd and Wong fixed point 
theorem. This yields the advantage of our main result with the several results 
in the literature as shown in Figure 4. 
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Figure 3: The value of the comparison of the L.H.S. and the R.H.S. of (2.19) 
and (2.21) 









p(x) =0 F(a,b,c) =at+bt+e 








Karapinar et al’s ‘Boyd-Wong’s theorem) 
Our theorem 
theorem 





























Figure 4: The difference of consequence between our theorem and Karapinar et 
al.’s theorem 


3 Conclusions 


Inspired by the problem of the relaxing of the hypothesis of the control function 
F in Theorem 1.6, we proposed a new technique for solving this problem. By 
the help of this suggested technique, our main theorem has the new proof, which 
seems to be simpler than the proof in [2]. The obtained result of this paper is a 
real proper generalization of the result in [1], and it also covers several famous 
fixed point results and y-fixed point results in the literature. For the part of 
an application, we can use the main result in this work for applying in the 
homotopy result, and the fixed point results in partial metric spaces like the 
application in [2] since the class F is weaker than the class defined in [2]. 
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Abstract 


The Covid-19 outbreak hit us as a serious health crisis with vacci- 
nation to be seen as the only way out of it. And media can play the 
role of an advocate to fight against this epidemic by spreading important 
awareness regarding various protocols and vaccination strategies. Since 
breakthrough infections are becoming highly common, a two dose vaccine 
regime may be the need of the hour even for individuals with a pre-existing 
illness to build better immunity. Thus in this paper, our aim is to analyse 
a mathematical model with two dose vaccination strategy in the presence 
of media and breakthrough infections. An SITV,V2R model is formulated 
and the dynamical analysis is done. The basic reproduction number is ob- 
tained and the local stability analysis of both the disease-free and endemic 
equilibrium point is discussed based on reproduction number. The global 
stability of the endemic equilibrium point is done by graph theoretic ap- 
proach. Finally, the numerical validation of the analytic solution is done 
using MATLAB using the real data of India for some important parame- 
ters to address a few vital questions which involves the role of media on 
the vaccination strategy. And sensitive model parameters effecting the 
basic reproduction number and endemic equilibrium points are identified 
using sensitivity analysis techniques like PRCC(partial rank correlation 
coefficient). Thus, the outcomes demonstrated the trend a two-dose vac- 
cine model can follow and how the effect of media can help bring down 
the infections. This model provides support that two dose vaccination 
against COVID-19 with media presence for awareness is highly effective 
in controlling this epidemic. 


Keywords: Vaccine; Covid-19; Global Stability; Parameter Sensitiv- 


ity 


1 


Introduction 


Since the advancements in medication and technology particularly with the 
initiation of vaccination, there has been an improvement in the quality of life 


260 


Payal Rana 260-280 


J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 30, NO.2, 2022, COPYRIGHT 2022 EUDOXUS PRESS, LLC 


in the age of infectious diseases. After the primary creation of vaccine by a 
doctor for pox from a live pox virus in 1796, in order to produce vaccines 
for alternative diseases several scientists and doctors followed his path as well. 
Many diseases are currently preventable like contagious disease, mumps, rubella, 
serum hepatitis, and respiratory illness due to the use of such vaccines|1, 2]. 
Due to the spread of SARS-CoV-2 virus, the COVID-19 outbreak was declared 
a pandemic and since then the development of COVID-19 vaccines has been 
the top priority of responsible stakeholders to control the outbreak. Afterwards 
with the availability of various types of vaccines to the world, the focus shifted to 
process of vaccination. There is an urgent need for the disbursement of vaccines 
to the general public so that the vaccines are effective to suppress the infection 
and in a very timely manner. Therefore, coming up with concerned strategies 
is crucial to the success of vaccination and control of epidemic as several of the 
vaccines need over one dose over a lifespan. Specially since the talk has now 
been shifted on the number of doses(one or two) [3], decisions regarding single 
or multi dose vaccines is a matter of great importance to avoid confusion among 
the general public. 


1.1 Two-Dose Vaccine 


For the ongoing Covid-19 epidemic, the often suggested vaccine strategy may 
be a two-dose program and even a booster dose in future[4, 5]. The second 
dose isn’t thought of to be a booster vaccine but rather the use of this par- 
ticular dose is with the aim to produce immunity to those that don’t answer 
the primary dose. For example, more or less two to five of individuals don’t 
develop immunity once the primary dose of the MMR(Measles, Mumps and 
Rubella) vaccine is given emphasising on the need of multi dose regime. Re- 
cently Covid-19 Vaccines have received emergency use authorization developed 
by Oxford-AstraZeneca, Pfizer-BioNTech and Moderna in different countries. 
Mass vaccination campaigns and clinical trials can provide high levels of pro- 
tection against severe and symptomatic disease using 2 dose vaccines [6]. Due 
to a weak one-dose vaccine immunity in some vaccines, there could be short- 
term benefits where the virus may still continue to replicate [7]. This could 
eventually lead to immune escape mutations by the virus and thus a two-dose 
strategy may be able to mitigate this effect. Even for individuals who already 
have some existing illness, when co-infected with Covid may show better im- 
munity when administered by two dose of vaccines than one dose vaccine as 
seen in the case of cancer patients in [8]. Multidose vaccines when compared 
to single-dose injection may offer a stronger protection against infection of the 
same vaccines and communication initiatives are needed to spread information 
about such regimes[9]. The ongoing discussions related to vaccination regimes 
are often led by media and influences the decision making of individuals. 
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1.2 Effect of media 


The behavior of public with respect to vaccination may be altered due to in- 
volvement of media. People who may be infected may not come in contact with 
others because of the weakening effects due to their illness or due to the sug- 
gestions by public health organizations to quarantine to avoid infecting others. 
Hygienic measures may be taken up by general public to reduce the chance of 
getting infected and take steps to avoid large public gatherings. An example 
is of the 1994 outbreak of plague which presented with complex dynamics in a 
state in India [10]. After the outbreak of the disease many people in order to es- 
cape the disease fled the state of Surat and led to the transmission of the disease 
to other parts of the country. Thus, there is a need of proper discourse of infor- 
mation to the public. The media in particular greatly influences an individual’s 
behavior toward a diseases and may also lead to interventions to control disease 
spread by governmental health care institutions. Awareness programs by media 
can make people comprehensive about a disease towards taking precautionary 
measures like wearing protective masks, social distancing and more importantly 
vaccination to suppress the chances of infection. 


1.38. Empirical Literature and Structure of study 


The most recent development in mathematical modelling in the field of biology 
or epidemic can be seen in [11, 12, 13, 14, 15). There has been innumerable devel- 
opments in mathematical modeling and numerical methods and its applications 
which is able to provide a better understanding and prediction for various types 
of systems like models depicting the relationship between computer viruses and 
epidemiology [16, 17, 18, 19, 20]. Mathematical models are able to provide a 
compatible understanding with the real-world dynamics of infection diseases. In 
order to exhibit the dynamics of Covid-19, there are many models available in 
the literatures for systems of nonlinear differential equations, making the mod- 
els more realistic [21]. We have seen good researches in epidemic or infectious 
disease models[22, 23]. In [24], a deterministic model for Varicella Zoster Virus 
dynamics with vaccination is studied. Mathematical model on the outbreaks of 
influenza and to manage it by vaccination is discussed in [25]. A Dengue Epi- 
demic model is considered amid vaccination in [26] and in [27] dynamic models 
is discussed with the importance of vaccination. And as of the recent Covid-19 
outbreak some models with respect to vaccinations are discussed are discussed 
in [28, 29]. In [7] one dose regime is recommend if it produces a strong im- 
mune response. However, if a single vaccine dose is poor then the manufacturer 
recommended two-dose regime is suggested for a potential positive long term 
outcomes. Thus, a two dose vaccine Covid-19 model needs to be studies to 
understand its impact on the transmission of infection. 

There may be some countries like the developing nations that may not be 
able to sustain a two-dose vaccination program for respiratory illness, and def- 
initely would not be able to get funding for the multi-dose respiratory illness 
inoculation process. Thus, one needs to address the following questions: is it 
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doable to form one dose respiratory illness vaccination program that would re- 
place a two-dose respiratory illness vaccination strategy? Is the involvement of 
media important in increasing vaccination process and reducing infection?. We 
shall aim to address these questions by developing a multi-dose vaccine model 
consisting of the susceptible, infected, vaccinated(First and second dose) and 
recovered (SIV, V2R) individuals in Section 2 and investigating the impact of 
media involvement to dispense information to the public. In section 3 the model 
dynamics are analyzed for the equilibrium point. We shall establish the local 
and global(graph theoretic method) for the endemic equilibrium. In Section 5 
we will proceed with the numerical simulation where in we shall valid our results 
and understand the behaviour of our system. Under numerical discuss, we aim 
to find the sensitivity Indices of endemic equilibrium point to find the relevant 
parameters and their impact on the populations, followed by uncertainty anal- 
ysis for the basic reproduction number to find important parameters related to 
transmission of infection in a two dose regime system. As part of our study, 
numerical discussion will help quantify the sensitivity index of the various pa- 
rameters and give an insight to understand the effectiveness of the two dose 
regime and media to our variables and transmission of infection. 

The novelty of our study is to encapsulate a two dose vaccination 
regime and the role of the media for a Covid-19 system and dynami- 
cally analysing thoroughly along with real data numerical validation. 


2 The Model 


The Model developed in this paper is motivated by the model by Kermack 
and McKendrick [30] which consists of the Susceptible, Infected and Removed 
(SIR) epidemiological class. SIR, model was one of the revolutionary in its time 
but in present life with full of advanced technology, SIR model is one of the 
cornerstones of Mathematical Epidemiology. While assuming constant birth 
and death rate, SIR model divided the population into three different classes; 
Susceptible(S') ,Infected(IZ) and Recovered (R). The working of the SIR model 


can bee seen in Fig 1 for better understanding. 
ai I 
a 


pus | pol | uR 


puN BSI 


—<$—_—_-- Ye —~ 





Figure 1: Flowchart of Model 
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The differential Equations for the basic SIR model is ans follows: 





dS 
THN ~ BSI — 1S 
dl 

dR 


A two-dose regime may be able to provide better immunity to the general public 
and even to those who have some pre-existing illness [8]. Thus with this as 
motivation, we have extended the paper by incorporating two new vaccinated 
classes Vi and V2 in reference to the current scenario of covid. The model 
assumptions are considered as follows: 


e Only a fraction of susceptible population get vaccinated due to the ru- 
mours regarding vaccinations. 


e The interaction between susceptible and infected classes follow Holling 
type-II functional response. 


e The population can still join the susceptible class and be prone to getting 
infected after two doses. These kind of infections are termed as ’Break- 
through’ infections [31, 32] and exist for all types of vaccines prescribed 
against SARS-COVID-2. Breakthrough infections can be attributed to 
occurrence of severe variants (such as the delta variant), low immune re- 
sponse to vaccination and traveling to places that are seeing significant 
surge in cases. But the infections are mild in nature and may not lead to 
hospitalisation. 


e The natural recovery is also not permanent and they can still get reinfected 
as defined by Indian Council Of Medical Research (ICMR). ICMR defines 
this reinfection as occurrence of two positive tests at a gap of at least 102 
days with one interim negative test [31] . 


Therefore, in reference to the assumptions, the extended model SIV, V2R is 








given by, 
iE = Teas feo ie 
oO = pwN — pV, — piVi 
o = piVi — pV2 — poVe 
aie 91 + poV2 — wR— oR. 


dt 
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The system is bounded in the region {$,1,Vi,V2,R;S+124+V,+V2+R=N}. 


Table 1: Table for Variables and Parameters 





Variables and Parameters Interpretation 





S Susceptible Individual Density 

I Infected Individual Density 

R Recovered Individual Density 

Vi Vaccinated Individual Density After 1st Dose 

Vo Vaccinated Individual Density After 2nd Dose 

N Total Population Density 

Lb Birth and Death rate 

p Rate of First Dose of Vaccine 

pi Rate of Second Dose of Vaccine 

p2 Rate at which Vaccinated Individuals get Recovered 

by Rate of Infection 

7 Rate at which Infected Individuals Recover/ Natural Recovery Rate 
w Rate at which Recovered Individuals get Susceptible Again 
a Effect of Media 





The description of the parameters and variables can be seen in Table 1 for our 
system. We can see the mechanism graphically in the schematic diagram in Fig 
2 for the proposed model. 
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Figure 2: Schematic diagram of the SIV, V2R model. Susceptible individuals S$ 
can either move to the infected I or the vaccinated class V;. At the rate of p, 
the susceptible who get vaccinated with the first dose will join vaccinated class 
VY, . After recovering naturally the infected individuals join the recovered class 
R at the rate of y. At the rate of p; individuals who receive the second dose of 
vaccination after getting the first dose will move towards the vaccinated class 
V2. Individuals move towards the recovered class R at the rate of p2 after 
receiving both the doses. Individuals from the recovered class R join back to 
the class of susceptible S$ at the rate of W owing to breakthrough 
infections/reinfections even after after getting vaccinated with both the doses 
or recovering from the infection naturally. 


2.0.1 Questions Addressed by the Research Work 


Our research takes a dig at the following unaddressed issues: 


e Exploring the calibre of infected class response to complete vaccination. 
Can vaccination act as a lodestar to reduce infection ? 


e The relation of media and pandemic. What is the role of media in infected 
and susceptible classes ? 


e What is the degree of correlation, if there exist any, between the paramet- 
ric values and the endemic equilibrium?. 


3 Model Dynamics 


3.1 Basic Reproduction Number 


The basic reproduction number particularly for the study infectious diseased is 
considered a central concept and is the spectral radius of the next generation 
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method. For the dynamic analysis of any general disease transmission model, 
the basic reproduction number Ro [33, 34] is a crucial element. The trend or 
behaviour of Ro can give significant implications for upcoming outbreaks. It 
gives the number of secondary infections arising due to a single infection. In 
the system, if Ro > 1 then the disease will continue and if Ro < 1 then the 
disease will die out. To explore the impact of vaccination we will be dealing 
with Ro > 1 when the infection is present in the system. Rog can be written as, 


b1N 


om (uty). 





3.2. Existence of equilibrium points 


Equilibrium points are the steady state solutions where the system may ap- 
proach in the long run. Our analysis will be around the equilibrium points and 
its stability as it can help to study the system behaviour in long run in reference 
to multi-dose vaccination. Thus, we shall first obtain the equilibrium points and 
the conditions for their existence. Our main focus will be on disease-free equilib- 
rium point and endemic equilibrium point [35]. The system (1) posses a disease 
free or boundary equilibrium point E°($°,0,V?, V2, R°) given by, 


(1—p)N(w+)(ut+ pi)(u + po) + ppipoyN 0 puN 








0 =~ 
a (w+ v)(u+ pi)(u + po) eee (u+ pi) 
o_ _ PpipN ie. ppipa.N 
(u + pr)(u + pr)’ (u+v)(u+ pi)( + pa) | 


Endemic or interior equilibrium point E*(S*,I*, V;*, Vs, R*) for the system 
(1) is given by 
(uty)(lt+al*)  (1+al*)N 


S* = = 
by Ro ; 





puN , ppipN 


ae 
1 = 7—— = 


(utp)? 7 (w+ pi)(u + pa)’ 





«_ But v)(ut+pi)(H + pa) [1 — p)Nbi — (ut 7)] + Poippip2uN 
[ut vb) (M+ y)(ap + b1) — vbr y|(u + P1)(H + pa) 
« H+ Y)(u + pi) + p2)[A — p)Nbi — (w+ 7)] + VoippiponNy + ppipenN[(u + 7)(H + ¥) (ap + b1 — 17) 
(U+¥)(u+ Pi)(et+ pa) + ¥) (E+ y) (au + 61) — vbr] 
where the equilibria exists if Ro > is and (ap + 61) > wbry. 
We will now be analysing the stability of boundary and interior equilibrium 
points for the system (1). 


I 





’ 











R 
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3.3. Local Stability analysis 


We shall prove the local stability for the model about the disease free and en- 
demic equilibrium point to visualize the conditions under which the epidemic 
system can be stabilized [36]. General Jacobian matrix for our system is given 























by, 
(—u . y4ar) ater 0 0 ~ 
(tal) (apa ~ #7) 0 0 0 
y=) 0 0 (-u-pi) 0 0 
0 0 Pr (—H — pa) 0 
0 a 0 p2 (=p 4p). 
General characteristic equation pertaining to the jacobian matrix above is 
given by, 
byl b1S 
r 
(e+ eat im Bey A) (+P +9) (uta +) et 8+ a) 
byt 61S bylyw 
+ + + Xr = 0. 
( a) (qa) pit) (m+ p2+A)(uty ) (2 (H+ pi +A) (u+ pa t+A)| =0 


Characteristic equation pertaining to the boundary equilibrium point E° is 
given by, 


(uw + A)(b1 8° — p—y—-A)(Utpi +A)(M+p2 +AM(W+Y +A) =0. 


Eigen values corresponding to boundary equilibrium point E° are \, = 
[2 = b,8° — (w+) < 0 if b)S° < (w+) or Ro < BA3 = —(u + 
p1),A4q = —(u + p2),As = —(u +). Consequently, E° is stable if Ry < 
a. Next, the characteristic equation pertaining to interior equilibrium point 
E*(S*,I*, Vi*, Vs‘, R*) is given as follows: 





»° + a,A* + ad? + agr2 + ag + a5 = 0, 

















where 

a =5etotptmtyt+ ee - Gap 

jee jp 8! 4+ Gr ten +p) Oe+4+ 
‘ BY That) ater — H— VY) + tans + WHO Pi + p2)(Qu+ 7 
aS - aa) + (w+ w)(2u + pi + p2) + (w+ pr)(u + pa), 











~ (3 bi SI bil bis LI (2 ze 
a3 = (3u+p+pi+pe){ qtans — (e+ car) (ape HV) E+ [2+ +2) (ue 


b) + (w+ pi)(u+ pe) ety t+ BAG — Gopal + (Ht ve) (ut pi) (H+ 2) — FE, 
2 
Ss 
ag = {(Qpe+ pr + P2)(H+B) + (H+ pi) (H+ De) H qe — (n+ BE) (qh 
wht (H+ d) (H+) (H+ pe) uty t+ BR — oh] — 2u+ pi +2) SF, 


2 
ds = (ut ¥)(u + Pi)(u + Po) Gans — (H+ BS) aba — eH - M- (e+ 


byI 
pi) (w+ po) 2, 


Thus, the endemic equiliria is locally stable according to Routh- Hurwitz criteria 
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if as > 0,i = 1, 2,3, 4,5 under the following conditions: I*(1+al*) > S*, Ro > 

N(1i+al*)? _b7 S*I* * * * + 
3 r, Crearys > (H4 thar (apap i="), azar = eo ate lt pe) 

(u + b)(H + pr)(H + pe) Qe ty + te — Ghee] > Qu + 1 + mo) Fe 


b?9*I* * * * : 
and (u + W)lqtors — (H+ thar) (Gee u—y)| > we along with 
2 


a1a203 > a3 +aza4 and (a1a4—a5)(a1a2a3 — a3 — aza4) > a5(a1a2— a3)” +4241. 


























4 Global stability 


To establish global stability we shall use the graph-theoretic method as in [37, 
38, 39]. We shall construct the lyapunov function through a directed graph with 
the help of the terminologies from [37]. To construct the lyapunov function we 
shall use a directed graph . A directed graph has a set of ordered pair say 
(i,j) and vertices where (i, 7) is known as arc to terminal vertex j from initial 
vertex i. For the terminal vertex j, d~ (j) is the in-degree of 7 which denotes the 
number of arcs in the digraph. And for initial vertex is 7, dt (i) is the out-degree 
of vertex 7 which denotes the number of arcs in the digraph. Let us consider 
a weighted directed graph say y(J) over a q x q weighted matrix J where the 
weights(a;;) of each arc if they exist are a;; > 0, and if otherwise then a;; = 0. 
we consider c; as the co-factor of 1;; of the Laplacian of x(J) which is given by: 


— ai; t#j 

lig = ey 

Dingi tig t= J. 
If there is a strongly connected path i.e directed to and fro path for the arcs in 
x(J) then c; > OVi = 1,2...,g. We shall also use Theorem 3.3 and Theorem 3.4 


from [37, 39], which will help us in the construction of lyapunov function. The 
theorems states: 


e Theorem3.3 of [37]: if a;; > 0 and d- (2) = 1, for some i,j, then 


q 


Cia = ; Cjajk- 


k=1 


e Theorem 3.4 of [37]: if aj; > 0 and d*(j) = 1, for some i, j, then 


q 
Ciaij = y CKaQki. 
k=1 


We shall also use Theorem 3.5 of [37] as below: 


Theorem 4.1. Let us consider an open set L C R™ and a function f : LD R™ 
for a system 

z= f(z) (2) 
and assuming: 
a)4iM,:L>R, Hy: Ll R and a; > 0 such that 
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Figure 3: Directed graph for a = 1 for the associated weights 


b) For J = [ai;], of (H, J) each directed cycle B. satisfies: 
Da jec(B.) Hij(z) $0, 2E L 


where €(B.) is set of arcs in B.. 
Then for c, > 0,1 =1,...,q the function is: 
q 
M(z) = >) &@M;,(z) 
i=1 
satisfies M'|> <0, that is, M(z) is a Lyapunov function for 2. 


4.1 Lyapunov Function Construction 











a *\2 
Construction: M, = S=5"" | wy = 1-1 —1*int, Mg = “YM, = 


Waray and Ms; = Ge. Now by differentiation; 
M; = (S — S*)S" < ((1— p)eN + wS*)(S + V2) + ws + WRS = ay4Hy2 + 
a49H\2 + a15H15 where ay4 = (1 —p)pN + ps*, a42 = 6,S*, a5 = w. 


MS = (GE < pS + (et yl + Ve $1) = Gai Har + a24Ho4 where 


ag, = by, @24 = (uu + y)I*. 

M3 = (Vi- Vi)Vi < (DEN + pV + piVi)(Vi + S) = a31G31 where a31 = 
(DEN + pVi + pi Vy). 

My = (V2 — Vs')V3 < piViVe + (u + po)(V2 + S') = a4gGa3 + a41G41 where 
43 = Pi, 441 = (4 + po). 
Ms = (R—R*)R! < yIR+peV2R+ (ut y)(R+I) = a25Go5 + G45Ga5 + A52G52 
where d25 = 7, @45 = P2, 452 = (u+w). We get an associated weighted directed 
graph as shown in Fig 3. Then by Theorem3.5[37] dcis,1 <i < 5 such that 
M = S>1_, cM; is a lyapunov function. Using Theorem 3.3 and 3.4 we get the 
relation between c;. 
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For a3; > 0 and d7(3) = 1, we get c3a31 = c4a43 and for as > 0 and d7 (5) = 
1 we get C5d52 = €1@15 + Ced25 + caa4g5. Hence, cy = c4 = C2 = 1,63 = 
43 and cy = eee rege Thus, the lyapunov function is M = M, + Mz) + 


a31 
Pr potyty fs 
(aN Fue 4pive) Ms + M4+ Cie) Ms. And for M’: 


M' = (S— S*)8'+ (SP) + Ganev piv (Va — Vit)Vi + (V2 — Va)Va + 
Para) (RRR. 

If we consider the set U = {x € R5. : M’ = 0} then we see that S = S*, Vj = V¥*, 
Vv, = Vy, 1 = I* and R = R*. Hence, we get the unique equilibrium point 
(S*,1*, Vi, Vo, R*). Therefore we say that the equilibrium point is globally 
stable using LaSalle’s Invariance principle . 




















5 Numerical Simulation 


In this section, we will discuss a numerical example in support of the analytic 
results of our system. We would try to encapsulate the sensitivity analysis of 
endemic equilibrium, global sensitivity analysis of basic reproduction number 
along with validation of our analytic solution for media effect. So, on computing 
































Parameters | Values/Units Source 

[sb 0.0035342 Assumed 

D 0.004545 https: //www.mygov.in/covid-19 
Pi 0.0001 https://www.mygov.in/covid-19 
p2 0.00909 https: //www.mygov.in/covid-19 
by 0.62 Assumed 

Y 0.0476 Assumed 

y 0.0011 https://www.mygov.in/covid-19 
a 0.5 Assumed 

N 140 Assumed 











Table 2: Parameters and Values for SIV; V2R model 


the values using the parameters (mentioned in Table 2 where some values taken 
from the mygov.in site on 15 june,2021.) in the system of equations and we’ll get 
unique positive equilibrium at (SIV, V2R) resting at (0.3348, 6.0267, 16.8756, 
1.5341 ,25.3862) as seen in Fig 4, giving a glimpse about the behaviour or the 
condition of epidemic in future. Now, if we focus on the effect of vaccination on 
other classes like Susceptible and Infected, then we get to know by graph that: 


e From Fig 5a, graph to analyse the relation between susceptible and Vac- 
cinated class(First dose). Here we can see that the susceptible individu- 
als are constant with increase in the vaccination process but on further 
increasing the vaccination, the susceptible individuals are exponentially 
increasing. As more and more people get vaccinated then through word 
of mouth and more confidence build on the idea of vaccination, more sus- 
ceptible people will be willing to get vaccinated. 
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Population 





Figure 4: SIV; V2R Dynamic Graph 


e Now by analysing the effect of complete(two dose) vaccination over in- 
fection rate (from Fig 5b), we get to know that the infectants goes on 
declining as individuals are getting vaccinated. This implies that two 
dose vaccination regime will help suppress transmission of infection and 
suppress the outbreak. 


5.1 Sensitivity Indices of endemic equilibrium point 


We shall now discuss the sensitivity analysis of equilibrium point with respect 
to the estimated parameters of our system. We aim to investigate the degree 
to which a parameter may affect the concerned variable through an affirmative 
relationship or a negative relationship through this process of parameter sen- 
sitivity analysis. We get the proportion that a relative change in a parameter 
brings to the relative change in a variable through the sensitivity index obtained. 
Definition|40, 41]: For the variable v that depends differentiably on a parameter 
h, we define the normalised forward sensitivity index Q of a variable as: 
» Oveh 

OF = Dh * ov’ (3) 
Thus, using the above method we get the sensitivity indices for each variable 
with respect to the parameters for endemic equilibrium as given in Table 3 and 
shown in Fig 6. For interpretation, if the index is positive it means that an 
increase in parameter will lead to the increase in the variable with the index 
value/magnitude. And a negative index implies that a increase in the parameter 
will lead to decrease in variable by the index value. 
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(a) Relation between Susceptible and 
Vaccinated classes 
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(b) Relation between Vaccinated and 
Infected classes 


Figure 5: Relations with respect to Vaccinated class 


























_ S* I* Vy VS R* 

D —0.039 —.0046 1.1240 | 1.0837 —0.0096 

a —0.8494 0.0036 0 0 0.0042 

p, | 1.0794 * 107+ | 1.2664 10-4 | —0.2222 | 0.7498 | 6.6345 * 1074 

pz | 3.9757 * 10-5 | 4.7074 « 10-5 0 —0.7214 | 2.4647 « 10-4 

y 0.1506 —0.9124 0 0 0.1019 

m 0.7197 0.7636 —0.7854 | —1.0332 0.1196 

w 0.1591 0.1867 0 0 —0.0219 

N 0.8817 1.0461 1.1336 | 1.1475 1.2107 

by —0.9964 0.0042 0 0 0.0049 
Ovi. hy 


Table 3: Sensitivity indices, 0), = Oh 





J 
Vi 


*x —L, of the state variables at the 


endemic equilibrium, v;, to the parameters, h; 


5.2 Uncertainty analysis of Ro 


For our model we shall also determine uncertainty analysis for Ro by LHS 
method to get more validation for the relation between Ro and its parameters. 
PRCC (partial rank correlation coefficient) [42] is one technique which will help 
us quantify the uncertainty for any model. We consider the four parameters 
from Ro and have chosen normal distribution for them as in Fig 7. We find the 
PRCC values using Matlab with the following pdfs and shown in: 


by ~ 
Nw 
ea 
u~ 


Normal(0.62, 0.01), 
Normal(140, 0.2), 
Normal(0.0476, 0.01), 
Normal(0.0035342, 0.01). 


We get the PRCC values for our input parameters which can be seen in Fig8. 
We get the following indexes for the parameters: b; = 0.21, N = 0.26, w = —0.96 
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SENSITIVITY INDEX 
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Figure 6: Bar graph for Sensitivity Index of S*, /*, V)', Vz, R* with respect to 
the parameters 


', Mean=0 620, td=0.010 4 NiMean-0.620, Std=0.010 1 Mean=0.004, Sid=0.010, 
































Figure 7: Distribution of parameters for Ro 


and y = —0.96. The graphs shows that Ro is positively correlated to b; and N. 
The effect of the parameter ys and y will bring about an opposite change in the 
transmission of infection as it is negatively correlated. Since the value uw and 
7 parameters are close to 1, it indicates a strong correlation to change in Ro. 
Thus, these two parameters are strongly negatively correlated to Ro. 

We shall now check the contour plot for Rp with respect to some combination of 
important parameters as in Fig 9. In Fig 9a we can see that the b; has a direct 
response to Ro, as the value of b; increases the gradation of color approaches to 
the highest color which is yellow. In a similar manner in Fig 9b we see that N 
too has direct response as we can see the color gradation approach yellow as N 
increases. And yz has a high indirect response to Ro, as the value of ju increases 
the gradation of color approaches to the lowest color which is dark blue and Ro 
decreases. 
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Sensitivity Indexes of R, 
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Figure 8: 


oO 0.01 0.02 0.03 004 0.05 006 0.07 008 0.09 01 
b N 


(a) (b) 
Figure 9: Contour plots of p®. 


5.3 Media Effect (a) on Susceptible and Infected class 


Media Effect helps in spreading awareness among people to stay safe from epi- 
demic and has an ideal impact on the epidemic dynamics which can be seen 
through graph line when a is either at 0.5 or at 0 in the following: 


e In Fig 10a, both values of a effect on susceptible population are shown. As 
the value of a increases, S' also increases as now they will be less vulnerable 
to catching infection and avoiding decrease in S population. Thus, media 
will have a positive impact on S individuals as they get awareness of the 
implications of catching infections, advantages of vaccinations or protocols 
to follow to avoid risk of getting infected. 


e We see in Fig 10b, that media causes a decreasing effect in infected class. 
Its shows that media effect plays an effective role in decreasing infection 
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and spreading awareness among population about the epidemic outbreak. 








——az05 



































o 10 #2 30 40 50 60 70 80 90 100 2 
Time(t) 


0 10 20 30 40 50 60 70 80 90 100 
Time(t) 


(a) Media effect on Susceptible class (b) Media effect on Infected class 


Figure 10: Media Effect 


6 Conclusion 


In this paper our aim is to completely analyze the model and be able to become 
answerable to all those question we aimed to address at the start of our study. 
As novelty we have studied a two dose vaccination regime and the role of the 
media for a Covid-19 system and dynamically analysed our system thoroughly 
along with real data numerical validation. We have looked up on the analysis of 
model and studied their steady states like Disease Free Equilibrium(DFE) and 
Endemic Equilibrium(EE). We also found their local stability by finding their 
eigen values and using Routh-Hurwitz Stability Criteria. In context to the en- 
demic equilibria, global stability analysis of the system has been performed using 
the graph-theoretic method. For numerical analysis we have taken some real 
data from Government site of India as an example of Covid-19 to make graph 
on them thus to analyse the situation created. The incorporation of two dose 
vaccination regime in the system brings about a desirable outcome for reduc- 
ing infection. Later we used sensitivity analysis technique to identify sensitive 
model parameters effecting the Rp and endemic equilibrium point. It was able 
to provide us with the degree of positive or negative correlation with which each 
variable is bound to the parameters present in the model. We have performed 
Latin hypercube sampling method for our model to determine uncertainty anal- 
ysis for Ro to understand the role certain parameters play in the transmission 
of infection. We also showed the effective role media plays in spreading aware- 
ness among population and help reduce infection. Also it is understood that @ 
(the effect of media) will bring down the infections and increase the susceptible 
population by offering subsequent protection by awareness. 
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Therefore, on analysing we have seen that without media effect there is no such 
great awareness among people because media is one of the important ways that 
makes a country united or be aware of the various protocols and regimes related 
to an outbreak. Also, a two dose vaccination regime may be the need of the 
hour to vanquish such an infectious diseases. As the cases of breakthrough infec- 
tions and co-infections of already existing ailments increase, so the application 
of a two dose vaccine regime along with media influence can help provide better 
immunity and suppress infections as seen in our results. Thus, a two dose vac- 
cination regime and the role of the media is of paramount importance in policy 
formation and execution for this deadly epidemic. 
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Abstract 


Motivated from the fixed point hypothesis, we demonstrate the pres- 
ence and uniqueness for coupled coincidence type point including a con- 
tractive condition for a map in partially metric utilizing mixed g-monotone. 
A model is likewise outfitted to exhibit the legitimacy of the speculations 
of our outcomes. 

Key words: Complete Metric Space; Coupled Fixed Point; mixed 
g-monotone property 
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1 Introduction 


A different idea of generalized metric space perceived as partial metric space 
offered by Matthews [6]. Many authors had given imperative results on such 
type of spaces [8, 9, 10]. 

Bhaskar and Lakshmikantam [2] established coupled fixed point and demon- 
strated certain coupled fixed point results for maps which gratify the property 
of mixed monotone. Also, present applications for periodic boundary value 
problem. Authors have extended numerous outcomes on coupled fixed point 
hypotheses on metric spaces, e.g., in [1, 2, 3, 4, 5, 7, 11]. 

We foremost verify the presence of coupled coincidence points. Then, we 
demonstrate uniqueness of coupled coincidence point results for a map having 
the property of mixed g-monotone in partial metric spaces. At the end we 
support the result by giving an example. 
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The view of partial metric spaces given by Matthews [6]. 
Definition 2.1. [6] Presuppose Z be a null set. A partial metric on Z defines 
as a function p: Z x Z > R, for every s,t,z € Z: 


1) s=t <> p(s,s) = p(s,t) = p(t,t) 
2) p(s,s) < p(s, ¢), 
3) p(s,t) = p(t, s) 

4) p(s,t) < p(s, t) + plz, t) — p{z, 2) 


A pair (Z,p) known as partial metric space, and p is partial metric on Z where, 
Z is a null set. 
If p is a partial metric on Z, the function p” : Z x Z — Rx defined as 


p' (s,t) = 2 p(s, t) — p(s, 8) — p(t, t) 


( 
( 
( 
( 


is a metric on Z. 
The prevailing definitions given by [2]. 
Definition 2.2. [2] A point (s,v) € Z x Z fora map T: Z x Z > Z possesses 
T(s,v) = s,T(v,s) = h then it is known as coupled fixed point. 
Definition 2.3. [4] Assume (S,<) is partially ordered set, let two mappings 
F:SxS-—+ S andg:S — S. Then F possesses property of the mixed 
g-monotone if F(s,w) is g-non-decreasing in its starting element and is g-non- 
increasing in its next element, for s,w € S 
81,82 € S,gsi < gs => F(si,w) < 
wi, W2 € S,gwi < gwo = > F(s,wi) > 


2 Main Theorem 


Theorem 2.1. Presuppose (Z,<,p) be a complete partially ordered set. Pre- 
suppose mappings T : Zx Z > Zandg: Z—- Z possesses property of 
mized g-monotone. Presuppose T(Z x Z) C g(Z) and for any s0,v0 € Z with 
gso < T (80, v0) and guo > T(vo, 80) 


Pp(T(s,v),T(u, z)) < p(gs, gu) — Y(p(gr, 92) 
+ L min{p(gs,T(s, v)), p(gu, T(u, z)), (2.1) 
p(gu, T(s, v)), p(gs, T(u, 2))}- 


for every s,u,v,z € Z with gs > gu, gu < gz, andL>0. Herew : [0,00)-[0,c0) 
is a map which is non-decreasing, continuous and non-negative in (0,co), w(0) 
= 0 and limy_,.~. w(t) = co. Presuppose either Z has the subsequent properties 
or T is continuous. 


1. If a decreasing sequence {Um} — Z, therefore gm > v for every m. 


2. If an increasing sequence {8} —> Z, therefore g8m < s for every m. 
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Then T and g possesses coupled coincidence point. 
Proof. Presuppose s9,v9 € Z such that gsqo < T(so,vo) and gup > T (vo, 80). 
Since T(Z x Z) C g(Z), select 51,01 € Z thus gs; = T(s9,v0) and gu; = 
T (vo, 20). 

Again, take s2,v2 € Z such that gsg = T(s1,v1) and gvo = T(v1,81). As 
T possesses the property of mixed g- monotone, we have gso < gsi < gs2 and 


gv2 < gv < gvo. Persistent the same procedure, we can create {2} and {vm} 
in Z such that 


gsm = T(8m—1,Um—1) < GSm41 = T(S8m,Um) 
and 
G¥m+1 = T(Um, 8m) < 9Vm = T(Um—1, 8m—1)- 


If, for some integer m, we have (g8m+41, 9Um+1) = (98m;gUm), then T(Sm,Um) = 
98m and T(Um; $m) = gUm,thus T and g has a coincidence point ($m, Um). 

We presume that (98m+41,9Um+1) 4 (GSm;9Um) for allm € N, that is, we assume 
that either g8m+4i 4 98m OF GUm+i # JUm. we have, 


P(9Sm-+1; 98m) = AT (8m,Um),T(Sm-1, Um—1)) 
< p(98m; 98m-1) — (P(GUm; GUm-1)) 
+ L min{p(98m;T (Sm, Um)),P(G8m—1 FT ($m—1; Um—1))s 
P(9Sm, PGs 7, Um—1)); P(GSm-—1; T (8m) Um)) } 
= P(98m;98m-1) — V(P(GUm; GUm-1)) 


(2.2) 
similarly, 
P(GUm+1, 9m) S P(GUms JUm—1) — V(P(GSms I8m—1)) (2.3) 
Let bm = P(98m-+1; 98m) + P(GUm+1; 9m): 
Add (2) and (3), we have 
bm < bm—1 — b(Sm-1) (2.4) 





If dm, € N* 8.t. p(G8m1,98m,—-1) = 9,P(gU¥m,;9Um,—-1) = 0, then gsm,-1 = 
J8m, = T(98m1—1; 9Um1-1)3 Um, -1 = GUm, = T(9Um1198m1-1) and T has cou- 
pled coincidence point and the evidence is done. In other case p(g8m+41, 98m) 4 
0; p(gUm+41;9Um) 4 0 for every m EN. At that point utilizing presumption on 


w , we get 
dm < Om—1 — W(6m-1) < Om—1 (2.5) 
dm is a positive sequence and possesses a limit 6*. Take limit m — oo, we have 
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Thus w(0*) = 0, utilizing supposition on w , we accomplished 6* = 0, ie. 
limm—+oo(dm) = 0 


lim P(Sm-+41; Sm) + p(Um41; Um) =0 


m—->co 


= lim P(Sm41; 8m) = lim P(Um41, Um) =0 (2.6) 


m—->co — co 





We will show that {gsm}, {gum} are Cauchy groupings in Z. Assume that in 
any event one {gs,,} or {gv¥m} be not a Cauchy sequence. At that point there 
exists €« > 0 and two subsequence mz > nz > k such that 


Tk P(98mx5 98n) + p(GUmis GUnx) 2 €, (2.7) 
Vk = 1,2,3,.... Further, relating to nz, select mz such that it is smallest 
integer mp > nz > k gratify (2.7), we have 
PUISmes JSnx) + PGmesJUnz) < € (2.8) 
Using triangle inequality and (2.7) and (2.8), we get 
€ SL Tk = P(GSngs I8nx) + P(GUmx+IUnx) 
S P(ISmp1 JSn—1,) + P(GSn—1p 1 JSnz) + (Gms GUn—1,,)s P(GUn—1y,1 GUnx) 
<€+0m,_; 


Let & > oo and taking equation (2.6), we have limn m—+oo Tk = € > 0. 
Now, we get 
PUGS me. 98nx41) = PL (GSmxs GUmx)s F(GSne1 Gn )) 
S P(GSmg1G8n,) — V(P(GUings GUn,) +L min{p(gsmysT (GSmgs GUmg))s PUGSnes L (Gn GUnx))> 
P(GSnx > T(9Snx1GUny)), P(GSmg > L(GSmesGUm,))t 
< P(GSmy1G9Snx) — V(P(GUmer JUnx)- 


(2.9) 
Similarly, 
PW s11 Inv.) LS PCWmy1 JUn«) — VPG mx 8nx)- (2.10) 
Using (2.9) and (2.10), we get 
Te <r — V(r) (2.11) 
Vk €1,2,3,... take k — oo in equation (11). 
€= im Troi < jim Ire — wW(rr)| <e€. (2.12) 


a contraction. Thus {gs,,} and {gv,,} are Cauchy sequence. 

Using lemma, {gsm} and {gvm} are Cauchy sequence in (Z,p*). As, (Z,p) is 
complete, thus (7, p") is complete, so 4 s,v € Z 

limm co P' (98m, 8) = limmsoo p'(Um,v) = 0 

By lemma, we get 
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Ps, s) = limm—oo P(98m, s) = limm—oo P(98m, 98m) 
pv, v) = limmoo P(GUm, v) = limm—oo P(GUm, gm) 
By condition and equation we get lim... p(98m,95m) = 0. 
Thus follows as p(u, u) = limm—+oo P(G8m,U) = limm—+oo P(GSm; 98m) = 9, sim- 


ilarly p(v,v) = limm co P(gUm, V) = limm—+oo P(GUm, GUm) = 0 
We now prove thatT(s,v) = s,T(v,s) =v. 





Casel: As Z is a complete, 4 s,uv € Z 
limMm—oo $m = $,liMm—+oo V = V we prove that (s,v) is coupled coincidence point 


of T and g. 
$= lim g8m41 = lim T(8m,Um) =T( lim sm, lim vp) 
v= lim gum41 = lim T(vm,$m)=T( lim vm, lim sm) 
m-—>0o m—+0o m—0o0o m-—>0o 





As g is continuous, we attain 
lim g(gsm) = gs, lim g(gvm) = gu. (2.14) 
m—oo m+ oo 
Commutativity of T and g gives 


9(98m-+1) = G(T (8m; Um)) > FE (G Sig G0) 


G(9Um+41) = G(T (um, Sm)) oe T(gUm, 98m): (2.15) 


By continuity of T, {9(95m+1)} is converges to T(s,v) and {g(gum+41)} converges 
to T(v, z). From uniqueness of the limit and (2.14), we accomplish T(s,v) = gs 
and T(v, s) = gv, consequently, T and g possesses a coupled incident point. 
Case2: Presuppose that the condition (a) and (b) of the result holds. 

The sequence {gsm} — s, {gUm}— v 


Pp(T(s, v), gs) = Pp(T(s, v); 98m4+1) + P(GSm-+1; gs) 
= Pp(T(s, v), T (Sm, Um)) au P(G8m-+41; gs) 
< p(9s, 98m) — Y(P(Gv, gUm)) 
+ L min{p(gs,T(s,v)), P(G8m;T (Sms Um)); P(9Sm; T(S, ¥)); P(GS, (Sms Um))} + P(GSm-41 98) 
Letting m— oo, we have p(T(s,v),s) <0 
Thus T(s,v) = s, correspondingly, in similar way we can prove that T(v,s) = 
v. 














Theorem 2.2. Presuppose the assumptions of Theorem 3.1 hold. Presuppose 
there exists z € Z which is comparable to s and v for every s,v € Z. Thus T 
and g possesses only one coupled coincidence point. 


Proof. Succeeding the proof of Theorem 3.1, the arrangement of coupled coin- 
cidence points of T and g is non-empty. We will prove that coupled coincidence 
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points are (s,v) and (, 0), then 


then 
gs = gS and gu = gv. (2.16) 


Select (d,z) € Z x Z comparable with both. 
Let do = d,z = 2 and choose dj,z, € Z so that gd; = T(do, 20) and 
G31 = T (20, do). 
Then, similarly to the evidence of Theorem 3.1, we can inductively define se- 
quences {gd,,} and {92m} as follows 
Gdmii = T(dm,Zm) and gzm41 = T(2Zm,dm). 


Since (gs, gv) = (T(s,v),T(v, s)) and (T(d, z), T(z, d)) = (gdi, gz1) are com- 
parable, then gs < gd; and gv > gz. It is easy to prove using the mathematical 
induction, 

gs <gdm gu>gzm VMeEN. 


Now, from the contractive condition (1) 


pgs, 98m+1) a p(T(s, v), ECS ies Oy,)) 
< p(9s, 98m) — (P(g, gUm)) 
+ L min{p(gs,T(s,v)), (98m; 1 (Sm; Um)); P(98m Ts, v)), P(9s, T(Sm; Um)) } 


< p(9s, 98m) — (P(g; gUm)) 
(2.17) 


Similarly 


P(GV, JUm41) = P(GU, Ym) — Y(p(Gs, 9Sm)) (2.18) 
Adding (2.17) and (2.18), we get 


P(GS, 9Sm+41) + P(GY, GUm+41) < P(GS, 98m) + P(gv, 9Um) — [b(P(gv, GUm)) + aoe 98m))]| 


This implies 


P(9S, 98m41) + P(GU, GUm+1) < P(GS, 98m) + P(Gv, GUm) (2.20) 


Thus, the sequence is non-increasing. hence, there exist a > 0. 


im P(g, 98m) + P(GU, J¥m) = a (2.21) 
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We shall prove that a = 0. Presuppose in contrary, a > 0. Take m > oo in 
equation (2.21), we have 


a<a-¢y(a)<a (2.22) 
a contradiction. Therefore, a = 0, that is 
_ lim, P(98, 98m) + P(g, Um) = 0. 
It implies 
lim P98, 98m) = lim p(gu, gum) = 0. 


Similarly, we can prove 


lim p(g8,98m) = lim p(gt, gum) = 0. 
m—-co m—oo 











From last equalities, we have gs = gs and gu = gv. 





Example 2.3. Presume Z = [0,1] with usual partial metric p defined as p : 
Zx Z — [0,1] with p(s,v) = maz(s,v). The (Z,p) is complete partial metric 
space for any s,u € Z. 

p(s,v) = |s— 9 
Thus (Z, p*) is complete Euclidean metric space. 
Presume the mapping T': Z x Z > Z given as T(s,v) = 2s—v. s>uv 


Take w : (0,00) — [0,00) such that w(t) = § 


As, T has the property of mixed g-monotone property and is continuous. 
Now, we discuss the following possibilities for (s,v) and (u, z) with gs < gu, gu > 
gz 


Case 1- If (s,v) = (u, z) = (0,0) 
Then clearly p(T(s,v),T(u, z)) =0 
Thus (1) holds. 

Case 2- If (s,v) = (u, z) = (1,0) 
Then LHS of (1) 
= Pp(T(s, v), T(u, z)) = p(T, 0), F(1, 0)) = p(s, 3) Zs a 
which is less than RHS of (1) 
Thus (1) holds. 

Case 3- If (s,v) = (u, z) = (1,1) 
Thus (1) holds. 

Case 4- If (s,v) = (1,0); (u, z) = (0,0) 
Thus (1) holds. 

Case5- If (s,v) = (1,0); (u, z) = (1,1) 
Thus (1) holds. 








Therefore, all the properties of Theorem 3.1 are gratified. 
Also, g and T possesses unique coupled coincidence point as (0,0). 
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Conclusions 


As introduced toward the start of this work, Bhaskar and Laksmikantham, 
stretch out this hypothesis to partially ordered metric spaces and present the 
idea of coupled fixed point for mixed-monotone map. 

Acquiring results as concerns the presence and the uniqueness of certain 
coupled coincidence point hypotheses for a map possesses the property of mixed 
g-monotone in partial metric spaces. 
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Abstract 

This numerical study looked at the effects of thermophoresis diffusion, Brown- 
ian motion parameter influences, and suction/injection influence in a hydromag- 
netic (MHD) Casson nanofluid in a convectively heated nonlinear extending surface 
(in 2D). Using similarity transformations, the leading partial differential equations 
(PDEs) are renewed into a set of ordinary differential equations (ODEs) with suit- 
able boundary conditions, and then numerically resolved using a 4*order Runge- 
Kutta approach based on the shooting technique and the MATLAB application. 
Graphs are used to investigate the effects of dimensionless parameters such as lo- 
cal Grashof temperature and concentration parameter, permeability, Joule impact, 
thermo radiative impression, Dufour and chemical reactive impression on nanopar- 
ticle volume fraction profiles, temperature, and movement. Tables and graphs are 
used to examine other characteristics of importance, such as the skin friction coef- 
ficient, heat, and mass transfer in a variety of situations, as well as the relationship 
between these parameters. 

Key words: Casson Nanofluid; MHD; Heat Generation/Absorption, Ther- 
mophoresis Diffusion, RK-4*” order. 


1 Introduction 


There are several applications, including the learning of non-Newtonian fluids across 
an extended sheet, which was completed with extreme kindness. Although the elas- 
ticity of non-Newtonian fluid behaviour may be assessed, their fundamental equa- 
tions are occasionally used to classify the rheological features. The fundamental 
relations in non-Newtonian fluids are extra difficult because they provide the rheo- 
logical non-dimensional characteristics. Non-Newtonian fluids include a variation of 
fluids used in the oil industry, as well as cooling courses for micro-ships, unclosed- 
flow switching, and multiplex systems. 

Because of its applications in paramedical sciences, geo and astrophysics, oil 
reservoirs, and geothermal engineering, free convective heat transport is a mean- 
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ingful part of fluid dynamics. The term ”thermal radiation” refers to a method of 
converting internal energy into electromagnetic waves. Thermal radiation and non- 
linear thermal radiation are employed in a variety of applications, including space 
vehicles, paper and glass manufacture, gas turbines, space technologies, and hyper- 
sonic combat. The flow model is based on a mix of Tiwari and Das models, as well 
as the Buongiorno’s model.The influence of MHD Casson fluid flow through a con- 
vective surface with crossdiffusion, chemical reaction, and nonlinear radiative heat 
is accounted for using convective and boundary conditions, according to Ramudu 
et al. [1].Butt et al. [2] assessed the entropy generative impression of a flow tra- 
versed by a permeable stretched surface of hydromagnetic Casson nanofluid. Afify 
[3] addresses Casson nano fluid’s work in the presence of viscid dissipative impres- 
sion on a stretched sheet with slip limits. AlHossainy et al [4] address a SQLM 
(spectral quasi linearization method) mathematical work for the impact of stress 
on hydromagneto nanofluid flow with permeability influence in three dimensions. 
The timedependent nonlinearly convective stream of thin film nano liquid across 
an inclined stretchable sheet with a magnetic effect was studied by Saeed et al. 
[5]. The use of this current fractional operator to investigate Newtonian heating 
impacts for the generalized Casson fluid flow is the focus of Tassaddiq et al. [6] 
research. In this study, the MHD and porous impacts of such fluids are also taken 
into account. MHD Casson nanofluid (Ag and Cu water) boundary layer flow and 
heat transference across a stretched surface through a porous mode were studied 
by Siddiqui and Shankar [7]. Faraz [8] investigated a mathematical study on an 
axisymmetric Casson nanofluid flow over a radially stretched sheet with hydromag- 
netic impact. Hady et al. [9] inspected the radiative effect and heat transmission 
of a viscid nanofluid across a nonlinear stretched sheet. In the company of porous 
mode, Mahantha and Shaw [10] proposed a 3dimensional convective Casson fluid 
flow with convective limits passing through a linear stretched sheet. Vendabai [11] 
investigate a hydromagnetic boundary layer Casson nanofluid flow passing through 
an upright exponentially stretched cylinder with transverse magneto impact and 
heat generating or absorptive impression. Alotaibi et al. [12] investigated the influ- 
ence of viscid dissipative impact over a convectively intensive nonlinear spreading 
surface, as well as suction or injection and heat absorption or generation impacts, 
on a hydromagnetic boundary layer flow of Casson nanofluid flow. Oyelakin et al. 
[13] studied a flow of timedependent Casson nanofluid across a stretched surface 
with thermal radiative imprint and slip limiting settings. 

Many studies of Newtonian and nonNewtonian fluids have been directed in order 
to examine the impacts of fluid movements, as well as various types of nanofluid 
flows across various surfaces. In fresh years, a large number of inspections on the 
boundary layer flow of Casson nanofluids in a variety of geometries have been carried 
out. Ullah et al. [14] looked at the effect of thermo radiative, convective limiting 
circumstances, and heat generation/absorption on a timedependent hydromagnetic 
mixed connective slip Casson fluid flow, as well as chemically reactive influence, on 
a nonlinearly stretched sheet in a porous mode. The local fractional linear trans- 
port equations (LFLTE) in fractal porous media are studied by Singh et al. [15]. 
Dwivedi and Singh [16] produced a new finite difference collocation approach that 
was designed using the Fibonacci polynomial and then used to one super and two 
sub-diffusion problems with better reliability. Imtiaz et al. [17] examined how a con- 
vective Casson nanofluid flow goes through a stretched cylinder and the restrictions 
that come with it. Eid and Mahny [18] describe a computational study to determine 
the heatgenerating influence of Sisko nanofluid across a nonlinear stretched sheet 
with porous mode. Eid [19] investigated a twophase nanofluid flow with hydromag- 
netic influence, as well as chemical reactive and heat generating effects, across an 
exponentially stretched sheet. Chemical reaction effects on a convectively heated 
nonlinear stretched surface of Carreau nanofluid were explored by Eid et al [20]. 
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Eid [21] investigated the chemical reactive effects of H,O-N Ps (nanoparticles) in 
unsteady and stagnation point flow on a stretched sheet in the soaking porous 
mode. Mustafa and Khan [22] investigated a Casson model flow over a nonlinear 
stretched sheet with magneto impacts. Wahiduzzaman et al [23] did a mathemati- 
cal investigation of hydromagnetic Casson fluid flow in the presence of porous mode 
passing through a nonisotherm stretched sheet. The Casson nanofluid flow between 
stretched discs with radiative influence was deliberated by Khan et al [24]. The 
viscid dissipative impression of hydromagnetic Casson nanofluid passing through 
permeable stretched sheet was observed by Besthapu and Bandari [25]. Pramanik 
[26] discusses the thermo radiative and Nusselt number impressions in the pres- 
ence of a porous mode of nonNewtonian Casson flow passing over an exponentially 
stretched surface. 

The vast range of commercial and manufacturing experiments of flow behaviour 
across stretched surfaces has attracted numerous writers, including artificial fibres, 
metallic sheet manufacture, petroleum industries, metal spinning, polymer process- 
ing, and so on. Reddy(27] examined the thermal radiative effect and chemically 
reactive impact of a hydromagnetic Casson fluid flow over an exponentially per- 
suaded permeable stretched surface. Vijayaragavan [28] used a permeable stretched 
sheet to investigate the heat source or sink effect of timeindependent hydromagnetic 
Casson fluid flow. Haq et al. [29] examined timedependeny free convection slip flow 
of secondgrade fluid across an endless hot inclined plate. Lahmar et al. [30] ex- 
amined the impacts of thermal conductivity and Nusselt number on the squeezing 
of a timedependent nanofluid by a tending magneto. Nadeem et al. [31] consid- 
ered a nonNewtonian shear thinning Casson fluid flow with permeability impact 
passes across a stretchy linear sheet. Mass transference of hydromagnetic Casson 
fluid with suction and chemical reactive impression was explored by Shehzad et 
al [32]. Dahab et al. [33] investigated the influence of extending surface over a 
nonlinearly heated extending surface using hydromagnetic Casson nanofluid flow. 
Ibrahim et al. [34] conducted a mathematical investigation of a dissipative hydro- 
magnetic mixed convective Casson nanofluid with chemical reactive effect across 
a nonlinear permeable stretched sheet with heat source impression. Hayat et al. 
[35] took into account mixed convective stagnation point Casson fluid flow as well 
as convective constraints. The goal of Puneeth et al. [36] is to figure out what 
function mixed convection, Brownian motion, and thermophoresis play in the dy- 
namics of a Casson hybrid nanofluid in a bidirectional nonlinear stretching sheet. 
The heat transfer and entropy of an unstable Casson nanofluid flow, where fluid 
is positioned across a stretched flat surface flowing nonuniformly, were explored by 
Jamshed et al. [37]. Over a nonlinear stretched sheet, Shah et al [38] discussed 
chemically reactive hydromagnetic Casson nanofluid flow with radiation influence 
and entropy generating impression. Soret or diffusion thermo or thermo difusion 
effect is described as matter diffusion caused by a gradient of heat, whereas Dufour 
efect is defined as heat diffusion caused by a gradient of concentration. For exces- 
sively big temperature and concentration gradients, these consequences have played 
a substantial influence. The majority of the time, these two impacts are regarded 
as secondorder effects. Its uses include contaminant movement in groundwater, 
chemical reactors, and geosciences. Several academics are drawn to the field of 
heat flux mass transfer because of its wide range of applications in numerous fields. 
Fiber optics manufacturing, plastic emulsion, glass cutting, nanoelectronics freez- 
ing, catalytic reactors, wire drawing, and improved oil extraction are all examples 
of Brownian motion effects and thermophoresis in the scientific and technical sphere. 


The current study attentions on the Casson nanofluid flow over a nonlinear in- 


clined stretching surface with Buoyancy and Dufour impacts, as a result of the 
above mentioned literature review and the rising need for nonNewtonian nanofluid 


292 Sanju Jangid 290-311 


J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 30, NO.2, 2022, COPYRIGHT 2022 EUDOXUS PRESS, LLC 


flows in industry and engineering. When compared to Newtonian based nanofluid 
flow, Casson nanofluid is more useful for cooling and friction-reducing agents. The 
goal of this research is to show a comprehensive mathematical investigation of the 
impression of buoyancy force, permeability, joule heating impression, and chemical 
reactive with heat generative or absorption, suction or blowing impact, and vis- 
cid dissipative impression of 2-dimensional hydromagneto Casson fluid flow permits 
through nonlinear outspreading plate along with CBC (convective boundary con- 
ditions) ref [12]. PDEs (dimension form) of existing effort were turned into ODEs 
with the support of several similarity transformations. The RK4th order process 
cracked nondimensional ODEs with the help of the shooting procedure. MATLAB 
software is used to create graphs and tables that highlight the rooted parameter 
behaviour. 


2 Problem Structure: 


Deliberate hydromagnetic convective nanofluid flow in the section (y > 0) over an 
exponentially extensible sheet as 2-dimensional incompressible (density is constant) 
time-independent viscid along with the impact of the viscous dissipative and sev- 
eral non-dimensional parameters. X-axis indicated for surface and y-axis erect to 
surface. The extensible surface is projected to have a velocity outline of the power 
law u(x) = ax” where a, n is non-zero constants. Magnetic field is covered with 
B(x) = Box'"-'/) and the electric field is zero, but the induced magnetic field is 
unnoticed by the weak magnetic amount of Reynolds. T,,(#) = T+ Ax", where 
A is non-zero secure rate, T,. displays the free stream temperature. Ca displays 
the ambient nano-particles concentration. Flow chart of existing work is exposed 










in [Figure 1]. 
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Figure 1: Bodily Modal of recent effort. 


The Casson fluid rheological state equation [references [21], [31]] is: 


2 +7 )e,, ifm>, 


2(uB + Tze ifm@<7,. 


Where deformation component rate product 7 = e;;e;;, where e;; displays the 
(i, 7)” deformation component rate, 7 is the multiple of the sections of deformation 
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component rate product, 7, indicates to the non-Newtonian fluid critical rate of this 
deformation component rate product, pz signifies Casson fluid plastic viscosity, Ty 
shows yield stress. 

Consider the apparatuses of velocity function V = [u(z, y), v(a, y), 0], the tem- 
perature function T = T(a, y) and concentration function C = C(x, y). The motion, 
temperature and the concentration relations in a Casson nanofluid are inscribed as 














Ou Ov 
piace eeeiecees 2 
apt By 0, (2) 

Ou Ov 1,0u oB%(z)u v 
un tun = Wl+ Baa re pitt Gor (LT — Too) + 90Bc(C — Coo); (3) 
OT OT OT OR OT OC. Dr OT... pu 1, du, 

= oo 1 
o B?(x)u? 1 Oq, DpKr 0?C (4) 
Pep pC, OY Esty OY 
2 2 

ae ag te acon, (5) 





Ox Oy is Oy? —— To Oy? 

where, u and v show the x-axis and y-axis velocity apparatuses respectively, v 
displays the kinematic viscosity, @ = pop 282 indicates the Casson fluid param- 
eter, o displays the conductivity electrical field, p indicates the fluid density, the 
thermophoresis and Brownian diffusions coefficients are direct by Dr, and Dz re- 
spectively, Qo specifies the dimensional heat source or sink coefficient, a shows the 


thermal diffusivity, T’ pointed for temperature,r = ve ee directs the ratio of the 





effective heat capacity to efficient liquid heat capacity, and C, indicates the specific 
heat. 
The existing work boundary conditions are specified by 


OC Dr OT 

U = Uy = ax", v= Vy, T = Ty = Tx + Ax”, De = = 0, aty=0. 
Oy Ts. Oy 

u— 0, ET: C3 Ce, at y>oo. (6) 


Where, a > 0 is for the stretching channel walls. 
The Roseland approximation of the radiative heat flux is arranged by 


_ —40* OT* 
a> pe Oy’ 


Here T* as a linear relation of temperature via Taylor’s sequence expansion about 
Ts. and ignoring advanced terms, thus 


(7) 


TBAT OP eS (8) 


In view of the similarity transformation 





us ar"fi(n), v= maa [2 EET Hen) 4 Papen, (9) 
a 2 2 
T-Ts C-— Co 
n= yf Sat Py, 4(n) = T_T.’ o(n) = COs: (10) 
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With (7)-(10), equations (2)-(6)are reduced to the next arrangement. 





(1+ 5)f" — nf") + (OSA) t" — Mnf + haf! +Gr9+God=0, (11) 
(1+ Nr)/Pr)6" —nf'@+ (“2— ie + Nobo’ d! + Nt(6')? + (14+ eta i 
+Q0 + MnEc( oS + Dud" = 0, (12) 
i" + (AF) se fe +o “6! — ScK$ = 0. (13) 
With limit circumstances 
fO)=fw, f'()=1, 0(0)=1, Nbd’(0)+ Nt6’(0) =0, at n=0. 
(14a) 
f'(~) 3 0, O(x~0) 30, (coco) 30, at 1 — oo. 
(14b) 





Sacre indicates the 
permeability parameter, Gr = a and Gg = Leh ea) indicate the 
Vv 


local temperature and concentration Grashof number respectively, Pr = % shows 


Where, Mn = oe shows the magnetic parameter, ky = 


the Prandtl number, Q = saat indicates the heat generation or absorption, 
P 





m : 2 
Nr = 162"Tx* directs the radiation parameter, Ec = Pa os shows the Eck- 
elu Tee 


3kk* 

ert number, Nb = TP piCu Ces) directs the Brownian motion parameter, Nt = 

tDr(Tw—Teo) Dp kKr(Cw-Cx) 
UT 56 CsCpV (Tw oe y 

specifies the Dufour number, Sc = ~ directs the Schmidt number, kK = 

—2u 


(n+1)Vv at 


indicates the perigee diffusion influence, Du = 





ki 
arn 


shows the chemical reaction mere: and fy = indicates the suc- 


tion or blowing parameter. 
Physical Quantities: 
Skin Friction Coefficient(C;,): The skin friction coefficient is known as fol- 


lows: 3 
u 
Cre “-, where Ty = pp(1+ 15 
fe oe p(l+ S)(Go v=o (15) 
Heat Transfer Coefficient: The non-dimensional Nusselt number (Nu,.) is given 
by 
rdw OT 
Nuz = =, wh w = —k(—)y=o- 16 
te = ey? where dv =—K(G veo (16) 


Mass Transfer Coefficient: The rate of mass transfer is derived by a Sherwood 
number (Sh,,) which is given by 


IMy OC 
hy = ————., wh w = —Dp(——)y=0- 1 
S Da(Cn Cn) where m B( a )y=0 (17) 
After solving the equation (15), (16) and (17) with equation (9) and (10), we 
gain 
drag force 


Re? Cp, = C04 st") 


local Nusselt 
Re, '/? Nu, = —6'(0), 
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local Sherwood 
Re, !/*Shz = —¢'(0). (18) 


Where,7, indicates the wall shear stress, & signifies the thermo nano-fluid con- 
ductivity, ¢w shows the surface heat flux, and m,, directs the surface mass flux, 
Re, = ““* shows the local Reynolds number. 

We explain the reduces equations (11)-(13) with limitations (14a) and (14b) 
using Runge -Kutta fourth-order method along with shooting technique. 


3 Results and Discussion: 


The impacts of the numerous types of non-dimensional parameters values to have a 
physical considerate of the work like, the magneto impact Mn, f. (suction or blow- 
ing), 6 Casson parameter, heat source or sink impact Q, Dufour impact Du, Brow- 
nian diffusivity Nb, Eckert parameter Ec, thermophoresis diffusivity Nt, radiative 
impact Nr, Prandtl effect Pr, Schmidt impact Sc, chemically reactive influence K, 
permeability influence kz, Grashof number impact (Gr and Gc), and power law 
index n, over the momentum graphs /f’(7), temperature graphs 6(7), and concentra- 
tion graphs ¢(7) discussed through graphs [Figure 2 - Figure 23] and tables along 
with the influence of drag force Re, ‘/ BO bay local Nusselt Re,'/ ?Nuz local Sher- 
wood Re,!/?Sh;. Non-dimensional equations (11)-(13) with limitations (14a) and 
(14b) solved by Runge- Kutta fourth-order method with shooting technique. After 
we find the values of heat transfer and mass transfer and draw the graph by MAT- 
LAB software. Consider the values of parameters n = 3 or 1,6 =0.1 or 1,Mn= 
0.1,k2 = 0.1,Pr = 01,Q = 0.1,Nr = 0.1,Se = 01,k = 01,Gr = 01,Go = 
0.1, Fe = 0.1, Du =0.1,Nb=0.1, Nr = 0.1, fy = 0.1. 

The influence of the Casson nanofluid parameterZ on the momentum profile with 
power law index n = 3 and 1 is seen in [Figure 2] . The momentum graph drops as 3 
increases in both situations of n, owing to the upsurge in plastic dynamic viscosity, 
which produces hindrance in the fluid flow. When n = 3, the momentum of the 
Casson nanofluid is greater than that of the Casson nanofluid when n = 1. With 
the track erect to the x-axis, [Figure 3] displays the lowering momentum impact of 
increased magnetic number Mn owing to the solid Lorentz force, which generates 
greater resistance in the fluid flow in both situations of Casson fluid @ = 0.1 and 
1. [Figure 4] depicts the failure velocity with suction or blowing parameter f,, 
due to nanofluid heat and thermolayer thickness for n = 3 and n = 1. When the 
permeability parameter kz rises to 8 = 0.1 and 1, the momentum decreases as seen 
in [Figure 5]. The momentum upsurges due to a rise in buoyant force with growing 
values of local concentration Grashof number Go and local temperature Grashof 
number G’r, in [Figure 6] and [Figure 7] for 8 = 0.1 and 1, respectively. 
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Solid Lines: n =3 
Dash Lines: n =1 
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Figure 2: Velocity display of Casson fluid parameter £. 
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Figure 3: Velocity display of Magnetic parameter Mn. 
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Figure 4: Velocity display of parameter f,,. 
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Solid Lines: 6 =0.1 
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Figure 5: Velocity display of parameter ko. 
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Solid Lines: 6 =0.1 
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Figure 7: Velocity display of parameter G'r. 
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[Figure 8] illustrations the result of increasing the Dufour number on temper- 
ature between 6 = 0.1 and 1. [Figure 9] depicts the increasing influence of tem- 
perature on Eckert number Fc. The temperature rise as a result of the viscous 
dissipative term, which generates heat as a result of frictional heating between the 
fluid constituents. This additional heat resulted in a rise in temperature, which was 
connected to an increase in boundary layer breadth. [Figure 10] shows how temper- 
ature rises when the radiation parameter Nr between 3 = 0.1 and 1 increases. The 
kx (absorption coefficient) lowers when there is an ascendant in Nr. An increase 
in fy falloffs the nanofluid heat and thermolayer width owing to heated nanofluid 
pulled close to sheet is seen in [Figure 11]. As a result, in both scenarios of 6 
= 0.1 and 1 with increase f,,, the temperature decreases. The Prandtl number Pr 
represents the ratio of momentum and thermal diffusivity. The temperature is low- 
ered when Pr is increased (in [Figure 12]). Due to thermal layer thickness, [Figure 
13] depicts the temperature increase with increasing heat production or absorption 
parameter Q (heat create in fluid for Q > 0 and heat absolve in fluid for Q < 0). 
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Figure 8: Temperature display of parameter Du, 
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Figure 9: Temperature display of parameter Ec. 
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Figure 10: Temperature display of parameter Nr. 
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Figure 11: Temperature display of parameter f,,. 
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Figure 12: Temperature display of parameter Pr. 
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Figure 13: Temperature display of parameter Q. 
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Figure 14: Concentration display of parameter Du. 
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Figure 15: Concentration display of parameter Ec. 
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Figure 16: Concentration display of parameter fiy. 
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Figure 18: Concentration display of parameter Nr. 
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Figure 19: Concentration display of parameter Nb. 
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Figure 20: Concentration display of parameter Nt. 
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Figure 21: Concentration display of parameter Pr. 
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Figure 22: Concentration display of parameter Sc. 
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Figure 23: Concentration display of parameter Q. 
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[Figure 14] depicts an increment of concentration shape with growing Dufour 
number Du. [Figure 15]-[Figure 19] show the decay volume fraction graph for both 
6 = 0.1 and 1 of Eckert parameter Ec, suction or blowing impact f,, chemically 
reactive imapct K, and radiation parameter Nr. [Figure 20] describes the falling 
impact of concentration profile of upsurge Brownian parameter Nb for both 6 = 
0.1 and 1. Similarly, impact of decay volume fraction of increase thermo-diffusion 
influence showing in [Figure 20]. [Figure 21] shows the effect of rise Prandtl number 
Pr on growing concentration profile for both 6 = 0.1 and 1. Increasing Schmidt 
number Sc and heat generation and absorption parameter Q impact with declines 
volume fraction influence explains in [Figure 22] and [Figure 23] respectively. 

Table I: Numerical result of drag force coefficient, Nusselt number Nu, and 
Sherwood number of numerous parameters when @ = 0.1 and 1 and n = 3. 
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Mn ko | Gr} Go| fw | Pr| Nr| Nb] Nt| Ec| Q | Du| Sc) K | f (0) 6’(0) ¢' (0) 
-0.6589 -0.6429 -0.4222 
-0.7599 -0.6269 -0.4360 
0 -0.8538 -0.6119 -0.4492 
2 0.1| 0.1} 0.1} 0.1 | 0.1) 0.1) 0.1) 0.1} O.1) O.1) O.1) O.1) 0.1 
4 -1.1769 -0.6389 -0.4182 
-1.5325 -0.6179 -0.4352 
-1.8312 -0.6009 -0.4492 
-0.6159 -0.6459 -0.4192 
-0.5609 -0.6499 -0.4162 
1 -0.5309 -0.6549 -0.4122 
0.1} 2 0.1| 0.1} 0.1 | 0.1} 0.1} 0.1) O.1) O.1) O.1) O.1) O.1) 0.1 
3 -1.0129 -0.6469 -0.4122 
-0.7849 -0.6579 -0.4032 
-0.5249 -0.6719 -0.3942 
-0.6169 -0.6459 -0.4192 
-0.5639 -0.6499 -0.4162 
1 -0.5119 -0.6539 -0.4132 
0.1} 0.1| 2 0.1; 0.1 | 0.1} 0.1) 0.1) 0.1) O.1) O.1) O.1] O.1) 0.1 
3 -0.9879 -0.6489 -0.4102 
-0.7638 -0.6599 -0.4022 
-0.5458 -0.6699 -0.3952 
-0.6129 -0.6459 -0.4192 
-0.5559 -0.6509 -0.4152 
1 -0.4999 -0.6549 -0.4122 
0.1} 0.1| 0.1) 2 0.1 | 0.1} 0.1) 0.1} 0.1) O.1) O.1) O.1) 0.1) 0.1 
3 -0.9723 -0.6499 -0.4092 
-0.7287 -0.6629 -0.4002 
-0.4903 -0.6739 -0.3922 
0.785275 | 2.792727 | 0.107859 
0.794275 | 3.240827 | 0.389959 
-0.8139 -3.4749 -2.2192 
- -0.8229 -3.1099 -3.8882 
0.2 
3 0.1| 0.1} 0.1] - 7 0.1; 0.1) 0.1) 0.1) 0.1) 0.1) 9 0.1 
0.1 
0.1 -1.5580 -2.90922 | 0.11995 
0.2 -1.6079 -3.4316 -0.0675 
-1.7109 -3.9492 -1.5985 
-1.7639 -3.7849 -3.0582 
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-0.6639 | -0.6419 | -0.4222 
-0.6639 | -0.7779 | -0.2868 


0.1 -0.6639 | -0.9079 | -0.1568 
0.1; 0.1} 0.1) 0.1} 0.1} 0.2) 0.1) 0.1) 0.1) 0.1) 0.1} 0.1} 0.1) 0.1 
0.3 -1.1969 | -0.6379 | -0.4188 


-1.1969 | -0.7729 | -0.2838 
-1.1969 | -0.9039 | -0.1518 





-0.6639 | -0.6419 | -0.4222 
-0.6639 | -0.5789 | -0.4852 


0.1 -0.6639 | -0.5529 | -0.5122 
0.1; 0.1) 0.1) 0.1} 0.1} O.1) 1 | 0.1} 0.1) O.1) 0.1} 0.1} 0.1) 0.1 
2 -1.1969 | -0.6379 | -0.4188 


-1.1969 | -0.5765 | -0.4808 
-1.1969 | -0.5505 | -0.5058 





-0.6639 | -0.6419 | -0.4222 
-0.6639 | -0.6479 | -0.5152 


0.1 -0.6639 | -0.6539 | -0.5342 
0.1; 0.1) 0.1) 0.1} 0.1} 0.1) 0.1) 0.3) 0.1) 0.1) 0.1} 0.1} 0.1) 0.1 
0.5 -1.1971 | -0.6379 | -0.4188 


-1.1977 | -0.6439 | -0.5092 
-1.1977 | -0.6499 | -0.5272 





-0.6639 | -0.6419 | -0.4222 
-0.6639 | -0.6409 | -0.2822 


0.1 -0.6635 | -0.6399 | -0.1442 
0.1; 0.1} 0.1) 0.1} 0.1} 0.1) 0.1) 0.1) 0.2) 0.1) 0.1) 0.1) 0.1) 0.1 
0.3 -1.1971 | -0.6379 | -0.4188 


-1.1955 | -0.6369 | -0.2828 
-1.1945 | -0.6359 | -0.1482 





-0.6639 | -0.6419 | -0.4222 
-0.6636 | -0.5239 | -0.5412 


0.1 -0.6636 | -0.3749 | -0.6902 
0.1; 0.1; 0.1) 0.1} 0.1} 0.1) 0.1) 0.1) 0.1) 0.5) 0.1) 0.1} 0.1) 0.1 
1 -1.1971 | -0.6379 | -0.4188 


-1.1971 | -0.6009 | -0.4558 
-1.1971 | -0.5549 | -0.5018 





-0.6639 | -0.6419 | -0.4222 
-0.6639 | -0.5309 | -0.5337 


0.1 -0.6639 | -0.4019 | -0.6627 
0.1; 0.1} 0.1) 0.1} 0.1} 0.1) 0.1) 0.1) 0.1) O.1) 2 | O.1}) 0.1) 0.1 
4 -1.1971 | -0.6379 | -0.4188 


-1.1971 | -0.5249 | -0.5318 
-1.1971 | -0.3939 | -0.6638 





-0.6639 | -0.6419 | -0.4222 
-0.6639 | -0.7019 | -0.3632 


0.1 -0.6639 | -0.7899 | -0.2762 
0.1; 0.1} 0.1) 0.1} 0.1} 0.1) 0.1) 0.1) 0.1) 0.1) 0.1) 5 | 0.1) 0.1 
7.5 -1.1971 | -0.6379 | -0.4188 


-1.1971 | -0.7019 | -0.3558 
-1.1971 | -0.7979 | -0.2602 
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-0.6639 | -0.6419 | -0.4222 
-0.6636 | -0.6409 | -0.5572 
0.1 -0.6642 | -0.6389 | -0.6972 
0.1; 0.1} 0.1) 0.1} 0.1) 0.1} O.1) 0.1; 0.1) 0.1} 0.1} 0.1) 0.3} O.1 
0.5 -1.1971 | -0.6379 | -0.4188 
-1.1979 | -0.6369 | -0.5388 
-1.1999 | -0.6349 | -0.6628 
-0.6639 | -0.6419 | -0.4222 
-0.6639 | -0.6409 | -0.4832 
0.1} -0.6639 | -0.6409 | -0.5472 
0.1; 0.1} 0.1) 0.1} 0.1) 0.1} O.1) 0.1}; O.1) O.1} 0.1} O.1) 0.1} 1 
2 -1.1971 | -0.6379 | -0.4188 
-1.1971 | -0.6369 | -0.4798 
-1.1981 | -0.6369 | -0.5438 
Table II: Mathematical outcome of drag force coefficient, Nusselt number Nu, 
and Sherwood number of Casson nanofluid parameter 6 when n = 3. 
B | Mr kz | Grl| Gc] fu | Pr] Nr] Nb] Nt] Ec] Q | Dul Sc] K | f”(0) 6'(0) ¢'(0) 
-0.5589 | -0.5389 | -0.4982 
-0.6049 | -0.5489 | -0.4872 
0.1 -0.6419 | -0.5519 | -0.4842 
0.2) 0.1} 0.1) 0.1} 0.1) 0.1) O.1} 0.1) O.1| O.1} 0.1} O.1) 0.1} 0.1) 0.1 
0.3 -0.6639 | -0.6419 | -0.4222 
-0.7819 | -0.6469 | -0.4152 
-0.8732 | -0.6469 | -0.4142 
4 Conclusion: 


The impact of hydromagnetic Casson nanofluid’s boundary layer on a nonlinear 
stretching sheet in 2D with the impact of viscid dissipative impact, Dufour number 
Du, heat absorption or generation Q impact, and suction or blowing impact, among 
other things, is examined mathematically. The skinfriction coefficient grows as 
permeability and Grashof number increase. As the Dufour number improves, the 
Nusselt number drops, whereas the Sherwood number drops as the chemical reactive 
impression improves. The Runge Kutta 4” order procedure, as well as the shooting 
technique and MATLAB software, are used to arrive at the mathematical answer. 
The following are some of the study’s key findings: 


Momentum display decreases when 8, Mn, and f, rise, but increases as ko, 
Gr, and Go rise. 


The temperature graph decreases when Du, fy, and Pr increase, and increases 
as Ec, Nr, and Q increase. 


The volume fraction distribution improved when Du, Nt, Pr increased and 
falloffs in Ec, f,,, Kh, Nr, Nb, Sc, and Q decreased. 


The skin friction coefficient decreases when Mn, Nr, fu, Nb, Ec, Q, Sc, K 
increases, while it climbs as kz, Gr, Go, 6, Pr, Nt, and Du increase. 


The Nusselt number increases as Mn, Nr, Nt, Ec, Q, Sc, and K levels rise, 
but decreases as k2, Gr, Go, 2, fw, Pr, Nb, and Du levels rise. 


The Sherwood number increased when kz, Gr, Gc, and Nt increased, but 
decreased as Mn, 8, fw, Nb, Sc, and K increased. 
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Abstract 


In this paper, two-parameter singularly perturbed parabolic equations 
are examined by two level method using non-polynomial spline. We have 
used non-polynomial quadratic spline in space and finite difference dis- 
cretization in time. Stability analysis is carried out. The approximate 
solution is shown to converge point-wise to the true solution. Numerical 
solution of singularly perturbed parabolic equations consisting of linear 
as well as non-linear has been solved. Three numerical examples are pre- 
sented to show the efficiency and effectiveness of the developed method. 


Key words: Two-parameter singularly perturbed problems; Non- 


polynomial splines; Stability analysis 
Mathematics Subject Classification(2010): 65L10; 65D07 


1 Introduction 


We consider the two-parameter singularly perturbed one dimensional parabolic 
partial differential equation(PDE) of the form: 


26 — €d2r7~ + EcP(A)Z, + 8(A)Z = GgA,k&), (C,4«) € Qr, (1.1) 
subject to 


z = 0, (An) €OSx I, (1.2) 
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and 
2(A,0) = z(A), AES, (1.3) 


where, Qr = Sx I, S=r:il<r<m, OS = {I} U {m}, I = (0,T) and 
(> 0),m(> 0) € R, z = 2(,,4), r(A) and s(A) are continously differentiable 
functions and g(A,«) is continuous function defined on Qr. Also0 <e. <1 
and 0 < eg < 1. The above problems occur in various fields of sciences, such 
as, elasticity, mechanics, chemical reactor theory and convection-diffusion pro- 
cess. There are numerous asymptotic expansion methods available for solu- 
tion of problems of the above type. But there were difficulties in applying 
these asymptotic expansions in the inner and outer regions. Many researchers 
have derived numerical methods for solving singularly perturbed boundary value 
problems(SPBVPs). Scheme based on parametric spline functions has been de- 
veloped by Khan et al.[5]. Fractional Kersten-Krasil’shchik coupled KdV mKdV 
System arising in multi-component plasmas have been numerically solved by 
Goswami et al.[3]. A uniform convergent numerical method is given by Clavero 
et al.[2] and Kadalbajoo et al.[4] to solve the one-dimensional time-dependent 
convection-diffusion problem. Sharma and Kaushik [8] solved a singularly per- 
turbed time delayed convection diffusion problem on a domain which is rect- 
angular. Zahra et al.[10], Aziz and Khan [1] have also used spline methods 
for solution of SPBVPs. An efficient numerical approach for fractional multi- 
dimensional diffusion equations with exponential memory is given by Singh et 
al.{9]._ In recent past, Mohanty et al. [7] have solved singularly perturbed 
parabolic equations using methods based on spline in tension. In this paper, 
we develop a new algorithm for solving SPBVPs associated with homogeneous 
Dirichlet boundary conditions. 

This paper is divided into 5 sections as follows: In Section 2, the non-polynomial 
spline scheme is derived. In Section 3, we discuss application of the method for 
SPBVPs with scheme of O(k +h”). Truncation error is also discussed in Section 
3. In Section 4, stability analysis is carried out. In Section 5 three problems are 
solved which confirm theoretical behaviour along with the rate of convergence. 


2 Non-polynomial Spline 
We divide the /l,m/ interval uniformaly as 


T= Xo < Ay < Az << An-1 < An =™, 


where 


(m—1) 


n 


A~=l+ih, O<i<n and h= 





Let 


Ri) = QA; COS T(r — Ai—-1/2) + b; sin T(A = Ai-1/2) + Ci; (2.1) 
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be a non-polynomial spline defined on closed interval /l,m/ reduces to polynomial 
spline which is quadratic as 7 —> 0 and 7 > 0. 
To calculate a;,b; and c;, we define 


Ri(Mi) = 2%, REQAis/2) = Pisa 
Ri) = Di, O<i<n-1 (2.2) 
Using above interpolatory conditions we get 
1 v0 1 v 
Qa = —aa i sec (5) = 7Fi-1/2 tan(>); 
1 
bb = i—1/2> 
1 
G = *41- Di, 
T 


where, 0 = Th. 
Using continuity conditions, RM”) (Ai-1/2) = RB “ 
expression as follows: 


(A;-1/2),m = 0,1 we get the 





are 22; + B41 = h?(6Dj_1 + nD; + CDi41), 0 <S @ < n—-1 (2.3) 
where, 
ee ela) 1 
92 
4 sec($)(1 — cos?(3)) + 2(1 — sec($)) 
yp = 92 } 
CH=: 


When 7 > 0, it means 0 — 0, then (6,7, ¢) > (1/8, 6/8, 1/8), and the scheme 
given by (2.3) reduces into polynomial quadratic spline relation as: 


1 
2-1 — 224 + S41 = gv (Dia +6D;+ Dj41),0 <i<n-1. (2.4) 


3 Application of the scheme 
We consider a SPBVP of the form 
25 — €d2r7X + €ceP(A)Z, + 8(A)Z = Gg,&), (,4«) € Qr, (3.1) 


where, Qr = Sx I, S=r:il<r<m, OS = {lI} U {m}, I = (0,T) and 
(> 0), m(> 0) € R. The above equation with 


z = 0, O,«4)€0Sx TI, 
and 


2000) = Owe 'S 
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Here, we use the following derivative approximations of higher order as: 








pr M41 7 Fi-1 
on 2h 
2 7 — 32-1 + 42; — %41 
ee 2h 
1 _ Zi-1 — Az; + 3241 
441 = oh ) 
we ; 
fo Ee 
ta k ? 
we 
se, = a = zy 1 
ti-—1 k 5) 
= 
rr cH = Zs4 
tit+l1 k 
We consider the following ordinary differential equation 
d?z dz 
eda ecr(A) ay + s(A)z — g(A) 
= G(A, z, 2’). (3.2) 
After implementing scheme (2.3) on BVP (3.2), we obtain: 
Zi-1 — 22; + Zi+1 = h?(6Gi-1 + nG; + 6Gi41), 1 < 1 < n—-1 (3.3) 
where, 
Gi-1 GOnsis Ha) 
G; a GOA, 21 2) 
Giga = G41, 2141, 241) 
Using derivative approximations, we obtain 
Azi-1 + Bz; + Oza = —h? (693-1 + 19% + Cgi41), 1 < a < n—-1 (3.4) 
where, 
~ 3 h h 
A = egt ghdecri-1 — 6h?s;-1 + Meri _ 5 SEchit1) 
Bo = —24—2hdecrj_-1— nh? s; + 2hecrias, 
2 1 h 
C = €q + grdecri-1 7 Ch? 5544 ax 9 Mech = 5 SeeMi+1- 
For solving parabolic equation (3.1) we obtain the two level spline scheme by 
replacing z; by Ligjtt +23), 241 by L(t o Hi) zj-1 by Ligh + 234) 
[ie J teh J zti-z_y j 
» gi by (+ +97), Git by (FER + G41) and gi-1 by (=> + G_-1) 


in (3.4) and hence we obtain as follows: 


jt jt jt 
Az) + Agz! + Agzz yy 


Az! , + Aszi + Agz44 _ 
1l<i<n-l 
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h?(dg3_, +09) + C9244); 


(3.5) 
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where, 
—h?5 1 3 h h 
Ai k 5 (€d t 5 ecri-1 = 6h? 5;_4 + eer = 3 Secri+1), 
—h? 1 
a= k : 3 2eq — Ahdecri—1 — Nhs; + WCecri+1), 
eo he 5 (ea | pdecri-1 — Ch? sina — gmecri — a Secritt), 
—h?6 1 3 h h 
Ag = k Tv 5 ( Ed 5 hecri-1 + 5h? 5;_4 — Bech + 5 Steritt)s 
—h?n 1 : 
As = —— + 5(2€a + 2hdecri—1 + nh? si — WCecrit); 
Ag = ; ¢ | 54 €d 5 hecri-1 + Ch siya + gnecri + FZ Secrets), 
Error 


Here, we expand the scheme(3.5) in terms of z(A;, k;) using Taylor's series and 
get the expression for truncation error as follows: 











1 
t = |A2[l—(64+9+0)]D2 5 h[dh? sia + mh? ss + Ch?si1]De + [5 — ¢]Dy 
1 6+ 1 pj 
th] Sips k?[6h?s;_1 + nh?s; + Ch?sj41]D? + n>[9—S)p8 
12 2 4 3! 
1 ~~ dehC . 
LA® D& +...J27,1<i<n-1. : 
la60 oir d a, lstsn (3.6) 


For 6+7+¢€=1 and 6 =¢, the method of O(k + h?) is obtained. 


4 Stability Analysis 


Here, we obtain the expression which gives information regarding stability of 
the scheme (3.5). We take Z/ as actual solution which satisfies the equation 


A Zt Ts A, Zi*? + A3 Zh i AgZi + AsZi + Ag Zi, 7 h? (6g) + ngi 
+¢g}44), 1Sisn-1. (4.1) 


We assume that an error e) = Z/ — z! exist at each point (\;,«;), then by 


a a 


subtracting (3.5) from (4.1) we get the expression as 


Ae! *} + Age? ** + A3elt} = Ase?_, + Ase! + Agel, 
1<i<n-1. (4.2) 


To derive stability analysis for the scheme (3.5), we assume that the solution of 
the homogeneous part of (4.2) is of the form e} = we'”, where w € C, i = V—1 


a 
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and p€R. Finally, we get the amplification factor as 
Age” +A5 + Age’? 



































: - 4.3 
Ss Aye"? + Ao + Az3et?’ ( ) 
then, 
—f£ (6 + p) — © (6qi-1 — nai + Cats) + 2Bi sin? (8) + iBo sin(§) 
a = ' 
—-- (6+ p) + @6qi-1 — nai + Cait1) — 2B, sin?() + iBz sin($) 
where 
h? Ec gl 
By = 14 (6+¢) + h— (Opi-1 — 2¢pi41) + h°—(Ogi-1 + Cais), 
keg Ed Ed 
he if ‘ 
By = (=p) [he-(Opi—1 + pi — Cpi4i1) + h° (Cain — Oqi-1)]- 
keg 2€¢ 


The condition for the scheme to be stable is |~|< 1. As we know that 0 < 
sin?($) < 1 and eg x h, then from above relation it is easily verified that |w|< 1 
for every p. Hence the developed method is unconditionally stable. 


5 Numerical Illustrations 


We consider three second order SPBVPs. The maximum absolute errors(MAE) 
are tabulated in Tables 1-4 depending upon the choice of parameters. The 
convergence rate is denoted by a, and is computed by following expression: 


An = Ino(Ern pn /Eron.n); 


and there is a different way to find rate of convergence denoted by @, and is 
computed by using 


An — Ing (Ernp/Eron,k/2)- 


Example 1: 


Consider the following problem from Zahra et al.[10]. 
Ze —€d DATS = G(A,K),T=1, 


in [0,1] associated with z(0,«) = 0,2(1,«) = 0 and zo(A) = exp(—1/eq) + (1 — 
exp(—1/eqa))A — exp(—(1 — A)/ea), where 
g(A, K) = exp(—)(—e1 + ca(1 — A) + exp(—(1 — A)/€a)): 








The analytical solution is z(\,«) = exp(—«)(c1 + c2A — exp(—(1 — A)/ea)), 
where c, = exp(—1/eq),c2 = 1 — exp(—1/eq). The numerical results for N = 
24,25, 28,2? and eg = 1/2°, 1/219, 1/217, 1/274, 1/276 using parameters (4,7, ¢) = 
(1,6,1) compared with Zahra et al.[10] are tabulated in Table 1. And for 
N = 24,25, 28,27, 28, 29 and eg = 1,1/4, 1/16, 1/64 using parameters (5,7, ¢) = 
+(1,6, 1) compared with Clavero et al.[2] are tabulated in Table 2. 
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Example 2: 
Consider the following PDE from Zahra et al.[10] 
Zn —€d DXHECZ = GA, nw), T= 1, 


in [0,1] associated with z(0,«) = 0,z(1,«) = 0 and 2(A) = [¢1 cos(aA) + 
$2 sin(7A) + Wy, exp(61A) + We exp(—02(1 — A))], where 
g(A, 6) = exp(—&)[{—¢1 cos(7A) — $2 sin(7A) — yy exp(01A) — we exp(—O2(1 — 
A))} + ea{bin? cos(mA) + bor? sin(wA) — ot exp(61A) a exp(—62(1 — A))} + 
€e{—17 Cos(7A) + dom sin(wA) + a exp(6,A) 4 a exp(—@2(1 — ))}]. The an- 
alytical solution is z(A,«) = exp(—&)[@1 cos(7A) + ¢2 sin(aA) + w1 exp(O1A) + 
2 exp(—62(1 — A))] where, 























7 €q0? +1 
PLoS e2n? + (eqn? +1)? ? 
€eT 
2 = e2r? + (eqn? +1)? ? 
m= oa 
hens 1+ exp(@1) 


‘T= exp(i — 62) ’ 


9 €o — \/e2 + 4eq 
Me fe eee Ne ee 


2€4 


9 





€e + \/e2 + 4eq 


0. — 
# 2€q 


The numerical results for N = 2+,25,26,27,2°, eg = 1,1/4,1/16 and e, = 
10-3,10-4,10~° using parameters (6,7, ¢) = s(1, 6,1) are tabulated in Table 3. 


Example 3: 


Consider the following PDE from Mohanty et al.[6] 


Ed Dan tet $20 = g(A, 4), O0<A<1,4%>0 
The analytical solution is z(A,«) = exp(—«) sinh). The right-hand-side func- 
tions, initial and boundary conditions may be obtained using the actual solution 
given above as a test procedure. The numerical results for N = 24,2°, 26,27, 28 
and €q = 1/2, 1/8, 1/16, 1/32, 1/64, 1/128 using parameters (6,7, ¢) = (1, 10, 1) 
compared with Mohanty et al.[6] are tabulated in Table 4. 
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Table 1: MAE of example 1 for (6,7,¢) = $(1,6, 1) 

































































Method N\ | 1/28 o" 1 ij" 1/2 
Ed 
Presented 24 1.2186 x | 1.3494 x | 1.8835 ™x | 1.3949 ~x« | 1.3949 x 
method 10-° 10-° 10-% 10-% 10° 
An 1.1344 0.9591 0.9231 0.91170 0.91170 
Zahra et al.[{10] 3.5638 x | 5.1972 x | 6.7088 x | 7.3818 x | 7.1839 x 
19702 19702 107-02 190~ 02 190~02 
Presented oF 5.5284 x | 6.9407 x | 7.2961 x | 7.4147 x | 7.4147 x 
method 10-8 10-9 10-8 10-8 10-8 
Qn 1.4946 1.0549 0.9785 0.9554 0.9554 
Zahra et al.{10] 1.300 x | 1.4234 x | 2.38185 x | 3.4126 x | 3.4128 x 
19~02 10702 190-02 190702 1992 
Presented 2° 1.9619 x | 3.3406 x | 3.7029 x | 3.8238 x | 3.8238 x 
method 10-8 10-9 10-9 10-% 10~ 
An 2.1590 1.1997 1.0249 0.9776 0.9776 
Zahra et al.{10] 9.3378 x | 8.3305 x | 8.2129 x | 1.5756 ~x« | 1.5761 x 
19~93 1093 107-93 19702 1907-02 
Presented 2° 4.4173 x | 1.4543 x | 1.8198 x | 1.9419 x | 1.9419 x 
method Loe 10-9 10-8 10-8 10-8 
Zahra et al.[{10] 8.4218 x | 7.9579 x | 7.6243 x | 9.1052 x | 9.1078 x 
19~93 10~ 93 190793 19793 190—93 
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Table 2: MAE of example 1 for (4,7,¢) = $(1,6, 1) 
















































































Method Nig i 1/4 1/16 1/64 
Presented 2# 7.8074 x | 1.2280 x | 1.0487 x | 1.0921 x 
Method 10-% 10~-9 19°? 10~°! 
Clavero et al.[2] 1.3076 x | 1.7398 x | 4.0133 x | 5.9664 x 
10~ 93 190~93 1092 19792 
An 1.7534 1.9008 2.5426 1.3506 
Presented 2° 2.3156 x | 3.2887 x | 1.8000 x | 4.2823 x 
Method 10." 10< 8 1058 (eas 
Clavero et al.[2] 7.9078 x | 9.6845 x | 2.5552 x | 3.7372 x 
10~94 10~93 190~93 190702 
An 1.8952 1.8851 2.4931 2.0663 
Presented 2% 6.2255 x | 8.9033 x | 3.1971 x | 1.0225 x 
Method 10-% 10-% 10-9 10-°? 
Clavero et al.[2] 3.6986 x | 5.1056 x | 1.5865 x | 2.1792 x 
10~94 10-93 107-02 190~°2 
An 1.9602 1.9124 2.4935 2.6020 
Presented DF 1.5998 x | 2.3652 x | 5.6774 x | 1.6841 x 
Method 10-% 10-% 10~°° 10-?? 
Clavero et al.[2] 1.8894 x | 2.6223 x | 9.5603 x | 1.2381 x 
10~94 10~93 190~93 190793 
An 1.9638 1.9347 2.4473 2.5951 
Presented 28 4.1011 x | 6.1867 x | 1.0409 x | 2.7872 x 
Method 10=°° 10-88 ie 10°" 
Clavero et al.[2] 9.5517 x | 1.3289 x | 5.5999 x | 6.9704 x 
107-9 19~93 10~93 19793 
An 1.9676 1.9514 2.3371 2.6674 
Presented Pig 1.0486 x | 1.5996 x | 2.0601 x | 4.3874 x 
Method 10% 10% to" 19-22 
Clavero et al.[2] 4.8028 x | 6.6891 x | 3.2019 x | 3.9052 x 
10-9 10~94 190-93 19793 
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€d 1 1/4 1/16 

e241) 10" 10-4 10-° 10-3 10-4 10-° 10-3 10-4 107° 

N 

2* | 5.7028 | 5.6372x | 5.6328 | 7.6099x | 7.5937x | 7.5920x | 3.0375x | 3.0260 | 3.0248x 
190~% 10~% 190~% 10~93 19093 19793 197-21 1979 19-9 

Qa, | 1.4451 1.4479 1.4482 1.8084 1.8084 1.8084 1.8258 1.8258 1.8258 

2° | 2.0944 | 2.0671x | 2.0643 | 2.1726x | 2.1681x | 2.1676x | 8.5684x« | 8.5356x | 8.5324x 
1976 197% 1976 197° 19703 197° 1970? 19702 1970? 

Qn | 1.8444 1.8459 1.8461 1.8568 1.8568 1.8568 1.9140 1.9140 1.9140 

25 | 5.8324x | 5.7502x | 5.7420x | 5.9986« | 5.9857x | 5.9845x« | 2.2736x | 2.2650 | 2.2640x 
19-97 19-07 19-97 19-04 19-04 19-04 19~02 197-02 19~-02 

Qn | 1.9487 1.9496 1.9497 1.9306 1.9306 1.9306 1.9572 1.9572 1.9572 

27 | 1.5108x | 1.4886x | 1.4864x | 1.5736« | 1.5702x | 1.5698« | 5.8551x | 5.8328x | 5.8800x 
197-07 19-07 19-97 19-04 19-04 19-04 197-03 197-93 197-03 

Qn | 1.9810 1.9815 1.9816 1.9658 1.9658 1.9658 1.9786 1.9786 1.9786 

28 | 3.8272x | 3.7696x | 3.7639x | 4.0284x | 4.0197x | 4.0188x | 1.4856x | 1.4799x | 1.4799x 
10-8 10-98 10-8 10-% 107° 10-% 10-°3 10-8 10~°3 

Table 4: MAE of example 3 for (4, 7,¢) = $(1, 10, 1) 

Method N\ea | 1/2 1/8 1/16 1/32 1/64 1/128 

Presented | 27 7.2294 x | 8.0022 x | 8.2241 x | 8.3576 x | 8.4320 x | 8.4714 x 

method 10~% 10-% 10~% 10-% 10~% 10-% 

Mohanty 0.2924 x | 0.4454 x | 0.4777 x | 0.5054 x | 0.5344 x | 0.5615 x 

et. al.(6] 10-8 10-8 10-8 10-8 10-8 10-8 

Presented | 2° 1.2613 x | 1.3899 x | 1.4267 x | 1.4488 x | 1.4610 x | 1.4675 x 

method 10-% 10-% 10-% 10-% 10~% 10~% 

Mohanty 0.7286 x | 0.1129 x | 0.1239 x | 0.1410 x | 0.1869 x | 0.3134 x 

et. al.(6] 10-% 10-% 10-8 10-8 10-8 10-8 

Presented | 25 2.2181 x | 2.4391 x | 2.5022 x | 2.5721 x | 2.5610 x | 2.5721 x 

method 10~% 10-% 10~% 10-% 10-% 10-% 

Mohanty 0.1814 x | 0.2835 x | 0.3166 x | 0.3984 x | 0.9429 x | 0.1684 x 

et al.[6] i0-% 107° Lo 105" io for? 

Presented | 27 3.9130 x | 4.2982 x | 4.4079 x | 4.5295 x | 4.5102 x | 4.5295 x 

method 10~ 8 10-6 10-6 10-6 10~%6 10-6 

Mohanty 0.4524 x | 0.7091 x | 0.7987 x | 0.1088 x | 0.4743 x | 0.9120 x 

et al.[6] 1Oecr 10—-° 1s ig"? 1O=! 197°" 

Presented | 28 6.9111 x | 7.5878 x | 7.7796 x | 7.9929 x | 7.7590 x | 7.9929 x 

method 10-97 10-97 10-9" 10-97 10-97 10-9" 

Mohanty 0.1129 x | 0.1771 x | 0.2002 x | 0.2844 x | 0.1821 x | 0.5283 x 

et al.[6] 1p; 82 ig> °° 108? 1052? ion? 1g" 

10 
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Conclusion 


We have presented two level scheme using non-polynomial spline for solving 
singularly perturbed parabolic equations based on one dimension. In examples 
1, 2 and 3, we have computed maximum absolute errors for different values 
of N and eg for the sake of comparison with references [2,6,10] and results are 
tabulated in Tables 1-4. From tables it is shown that our method is much better 
in accuracy than the methods given by Clavero et al.[2], Mohanty et al.[6] and 
Zahra et al.{10]. It has already been proved that the presented algorithm gives 
higher numerical rate of convergence. It has also shown that the scheme is 
unconditionally stable. 
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Solving System of Boundary Value Problems 
using Non polynomial Spline Methods Based on 
Off-step Mesh 


Sucheta Nayak* Arshad Khan and R. K. Mohanty 
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Abstract 


We present two non polynomial spline methods based on quasi-variable 
mesh using off-step points to solve the system of boundary value prob- 
lems which are nonlinear. We also discuss how the methods handle the 
presence of singularity. The proposed methods has been shown second 
and third-order convergent for a model linear problem. The methods are 
implemented on existing problems which are linear, non linear as well as 
singular. The obtained numerical results approximate the exact solutions 
very well and validate the theoretical findings. 


Key words: Off-step, non polynomial, quasi-variable mesh, singular, 
nonlinear, system. 
Mathematics Subject Classification(2010): 65110. 


1 Introduction 


In this paper, we seek solution for the following system of M boundary value 
problems(BVPs) which are non linear as well as singular. 


a a | woody . dye. dy™ 
— fi a ee mn i tt 
dx2 Pilesy VY, iY > dr’ > dx’ ? dx a ( ) 


y'(0) =a, y'(1) =b;, where a;,b; € R, i=1(1)M. (19) 








We consider —oo < y’, aul < oo and the conditions such that f’ is continuous 
and its partial derivatives w.r.t. y? and ay exist, continuous and are positive. 
Also partial derivative w.r.t. dy" is bounded by some K > 0, j,i = 1(1)M, to 
ensure the existence [13] of a unique solution (1.1) — (1.2). 
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Such systems like the fourth order Euler differential equations [5], coupled 
Navier stokes in fluid dynamics and Maxwell’s equations of electromagnetism[9], 
system of differential equations[28], fourth order non linear differential equations 
[27] simulates many real world problems. A few more examples are as follows: 
(i)In Plate deflection theory 


(-1)"y?” (x) = f(z, y(x)), ne N 
y2)(a) = Aoi, y? (b) = Boi,i € [0,k — 1 


(ii)Three box cars on a level track connected by springs is modelled as follows: 
may, = —SX1 + $Xo, 
may = sx, — 28t2 4+ 8x3, 


mxy = —sx3, 


where m, 21, %2, 23 and s are masses,positions of the boxcars and Hooke’s constant. 


(iii)A horizontal earthquake wave F affects every floor of a building. If there 
are three floors, then equations for the floor is modelled as follows: 


A 
Miz} = —(rit+12)a1 + revo, 


A 
Moxy = rex, — (ro + 13)t2 + 73%3, 





iW 
M3x3 = 13@2 — (r3 + 14)X3, 
where M;, 21, 22,73 and r; are point masses of each floor, location of masses 


and Hooke’s constant. 


Such systems of BVPs comprising first or second order BVPs not only models 
many real life problems but are also instrumental in solving many higher or- 
der problems by decomposing them. Authors like Aftabizadeh[1], Agarwal|2], 
Regan[24] have developed theories related to existence and uniqueness of so- 
lutions for these BVPs. But, for our work, we focus on system of second or- 
der BVPs which are non linear as well singular in nature. These problems 
have extensive application and has been the cause of interest for many authors. 
Many efficient numerical methods have been developed to solve second order 
BVPs and ‘Splines’ have been very instrumental for solving such problems. Mo- 
hanty et.al.((15],[16], [18], [21]) developed AGE iterative methods. In these 
methods, using Taylor’s theorem derivatives are approximated and accordingly 
a finite difference scheme was developed. Then the resultant system solved 
by splitting the coefficient matrix into sum of three matrices. Also Mohanty 
et.al.([{17],[19],[20],[22]) derived polynomial and non polynomial spline methods 
based on uniform and variable mesh to solve class of problems ranging from 
linear, nonlinear, singular and singularly perturbed BVP. A third order cubic 
spline method based on non uniform mesh was developed by Kadalbajoo et. 
al{12] to solve singularly perturbed BVPs. BVPs of eighth order were solved 
by Akram and Rehman[4] using kernel space method. Eighth and sixth order 
BVPs were solved by Siddiqi and Akram ([30], [31]) using non-polynomial and 
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septic spline. Jha and Bieniasz[11] developed a scheme based on geometric mesh 
to solve sixth order differential equation by converting it into system of second 
order differential equations. Infact, very recently, apart from the schemes based 
on classical finite differences some other kinds of methods were also developed. 
Bhrawy et. al.[6] developed collocation method based on Jacobi polynomials 
and solved nonlinear second-order initial value problems. Dwivedi and Singh 
[7] developed collocation method based on Fibbonacci polynomial to solve sub 
diffusion equations. Singh et.al.[32] developed finite difference scheme based on 
homotopy analysis transform technique to solve fractional non-linear coupled 
problem. Such considerable amount of work has motivated us to develop a nu- 
merical method to solve the higher order problem as well as system of linear 
and non linear singular BVPs. 

In this paper, generalized non polynomial spline schemes have been devel- 
oped which are based on off-step points using quasi-variable mesh. We use a 
second order BVP to derive the methods. As per the methods developed, we de- 
compose the higher order BVP into system of second order BVPs (1) alongwith 
modifying the boundary conditions. Also, we have solved singular BVPs. The 
off-step points used in the method allows us to overcome the singularity. More- 
over, since we use the quasi-variable mesh the error gets uniformly distributed 
throughout the solution domain. Finally, as we use the boundary conditions in 
the scheme, we get a tri-diagonal matrix with block elements representing the 
system of equations to be solved. 

We have solved seven problems and demonstrated the accuracy of the pro- 
posed methods. The BVPs considered in this paper have been solved by other 
methods as well. Twizell [29] used modified extrapolation method to solve fourth 
order linear BVPs, Akram and Siddiqi[3] used non polynomial spline method 
which is second order convergent to solve linear sixth order BVPs. Khan and 
Khandelwal[14]and Sakai and Usmani[25] used splines to solve nonlinear fourth 
and sixth order BVPs. 


2 Method Formulation 


We use a non linear BVP of second order and derive the method in scalar form: 


y” = f(a,y,y'), subject to y(0) = a,y(1) = b. (2.1) 


Now, we divide the solution region [0,1] into N + 1 points such as 2;,j7 = 
O(1)N with mesh size hj such that xj = 2 j1 +h, "f = 0,7 =1(1I)N-1 
where the o; is the mesh ratio. When mesh ratio is one, the quasi-variable 
mesh converts to a uniform mesh with width, say h. Now, we choose 0; = a 
a constant Vj without loss of generality. Also, let the exact solution of (2.1) 
be y(a;) or y; at the grid points x;. Now, we define the the following non 
polynomial spline function: 


S;(a) = d, sin(kx — kx;) + c; cos(ka — ka;) + b;(@ — 45) +5, 2-1 < @ < 2;.(2.2) 
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Here, $;(x) has continuous second derivative in [0,1] and $j(x), S%(x) inter- 
polates at the mesh points x;. Using the definition of the spline, we determine 
values for the unknowns a;,b;,c; and dj; as: 








aj =yjit 42? (2.3) 
—_ Tp Fyee Yj-1 — Yj 
y kh, i 
f; 
Cj = =o 
f,cos0; — f;_1 
and d; = cE (2.4) 


k2 sin kh; 


Using the spline’s first derivative continuity conditions, we get the non poly- 
nomial spline method based on off-step points as: 











oyj-1 — yj (L +o) + yj41 = hi (Pofj_1 + Qofj + Rofisa) +7}, (2.5) 
where 
a Qkhy41 = an Khy4i ; is kh; — sin Mis cos kh; (2.6) 

2k*hj+1 sin Khy4i kh; sin kh; 
Q 2(0; + 1)( cos(khjo — kh;) — cos(khjo + kh;)) — 2o0kh; sin(khjo + kbs) 5 7) 
(kh; )?(cos(khjo — kh;) — cos(khjyo + kh;)) , 
Now, we also derive the consistency condition using (2.5) — (2.7) ice., 
kh, kh; kh, hj 
tam(“S) + tam) = MM (2.8) 


We solve equation (2.8) for kh; and consider the non-zero smallest positive 
root kh; = 8.98681891. But, with this, the order of error term T? in (2.5) 
remains four. Now, we derive another off-step method using Taylor’s expansion 
for j =1(1)N—1as 





Yj-1—yi(L+o)+oyj41 = hjo(Afj1+ Bfj41) +77, (2.9) 
fe, pe CEED 46) 
6 6 
4 
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Now, the following approximations are defined at z;,7 =1(1)N —1, 








S; = (a+1)o, (2.11) 
= Yj Yj+i 
Tjek = ar teak (2.12) 
_ Yj Yj-1 
Hj. = i (2.13) 
7 Yjtl — Yi 
Yj = 2 ie 2, (2.14) 
7 Yj — Yj-1 
yl jad = J i , (2.15) 
2 2 
biog sae yer yl So Rae, Yj-1 2.16 
a an , (2.16) 
Fat = FORT 7d); (2.18) 
iene = FG 5445 Fj445Y'544). (2.19) 


Next, we define higher order approximation of y; and yj to raise order of the 
error term T? in equation (2.5) : 


Bi = yp t+ hjOFy_a + fra), (2.20) 
yy = 93 — hy (fia — Fiaa)s (2.21) 


where 7,6 are unknowns. This gives us the modified fi Le., 


fj a f (23,95, 9'5)- (2.22) 


Now, expanding the approximations (2.12) — (2.22) we get the following: 
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: + O(kh;?), (2.23) 

R ; + O(kh;”), (2.24) 

Q a - Y) + O(en,?), (2.25) 

Yj+43 Yjypa + uo)" j + OCR), (2.26) 

ope yj-a + yy + O(h%), (2.27) 

Tiny = ving + yr +0008), (2.28) 

Thy = y+ Bye sou, 2.29) 

9; yj + Oh5 (2yi’) + O(h3),0 #1, (2.30) 

y'; yy + mea + 3y)o + 37) + O(h%), (2.31) 
ay! Zyl 

oS tee pet woes a O(n’), (2.32) 

fa = fiat us 3h oud ny + O(h3), (2.33) 

fi = fj + 2nrdy't an + "he + 3y(1 + 0)) yy a + O(h3). (2.34) 


Thus, we develop the first method by discretizing the proposed BVP (2.1) 
based on the method (2.9) as 

oy —-O4+ opty = hi(Ao fia + Bofj41) + see (2.35) 

In this method, we can show that for o £ 1, the order of truncation error T? 

is O(h;) using the approximations (2.32) — (2.33). Also, if we use the off-step 

non-polynomial scheme(2.5) along with the approximation (2.26) — (2.34), we 


get the second method as: 





yiti—(Lto)yy toyj1 = hjo(Pf;_1 + Qf + RFj43) 
nem + Q4((1 + 3y)o + 3) + ay my of 
3 24 “) yl 
R P 0 
1 ee +206 + 2 uy oh eee (2.36) 


The coefficients of order four of hj is equated to zero to get the value 
of 6, y so as to raise the order of local truncation error ies Thus, we get 
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_ (Ro? +P+4Qo) ¢ _ — (R+Po”) 
oon 12Q(1+0) = 16Q 
cation error becomes of order six. We also ensure the necessary condition for 
convergence of the methods provided by Jain [10], that the coefficients A, B in 
method (2.35)and in method (2.36) P,Q and R are positive for o > 0. Hence, 
both the proposed off-step three point discretization using the approximate so- 
lutions Y; at a; are as follows: 





. In case of uniform mesh, the local trun- 


Yjt1-(@+1)¥; +0Yj-1 = heo(A 
and 


Yiu — (0 + DY; + o¥j-1 = Ajo(RF,, 1 + QF; + PF,_2). (2.38) 


i 
2 


3 Generalised Methods 


We develop the generalized methods by using the following approximations and 
scalar methods developed in the last section, thus, solving (1.1) — (1.2) we get, 





S; = (o+1)e, (3.1) 
~~ Y/+Y} 
i = j j+1 
Ye = A 32) 
= Yi+Yi, 
ve = oar ae (3.3) 
35 yi -Y3 
t +1 
eae see Fe (3.4) 
a VroVey 
Yjw41 = 4 Fi i, (3.5) 
a 2 a 2yt 
we 2 eee Se (3.6) 
: Sjhj 
7 
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in Fie als Vee Oe SV 2a YE (ie) 
Fi i 7 y7(1) ¥7(2) ri V7 (M) 
fia (ja Vy g Vig Vip eo Hg Vilas 
5, (1 5, (2 s,i =, (M 
Wag agai? wafagV 1) (3.8) 
Fi i yr(1) y7(2) yi v7 (M) 
g+3 Pa Ye YY Viqas Vino 
5, (1 5, (2 si M 
Mt A ea) (3.9) 
be ¥p + h56i(Fjaa + Fj_a)s (3.10) 
ae YG + hy ri Fiags = fia), (3.11) 

4 ; (1) (2 i 6(M) 3,1) 13,(2) a (M) 

j f Greene. eid ), ites ae pear ae a bare ae )3.12) 
Yj (l+o)¥/ + oY; 4 = hjo(Afj_a + Bfj 41), (3.13) 
Vout (1+o) oY}, =hjo(R ie +Qfi+ Pf;_1), (3.14) 
where 

2 2 1 
fe ex 3 = ( — ) (3.15) 
pe = kh; = sin bs cos kh; _ ens aa a Khy4i ; (3.16) 
k kh; sin kh; 2k Khy4i sin khy41 
Q _ 2(a + 1)(cos(khjo = kh;) = cos(khjo + kh;)) = 2o0kh; sin(khjo + kh) 17) 
(kh;)?(cos(khjo = kh;) = cos(khjo + kh;)) , 

4 Mllustration of the Method 
Consider a linear singular BVP of fourth order as follows: 

d*y(a) 

Ar) = ale)y(x) + dle), 4 0, (4.1) 
dy dy 
y(0) = er y(l) = dr, 4 (0) = 2, 3) = a. (4.2) 


where a(x) is singular and ci, c2,d1,d2 are real constants. Using (1.1), we 
write the problem (4.1) — (4.2) as follows: 


dy 7 
TY (a) = 2(2), (4.3) 
(0) alate) eae), (44 


oo 
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We use the method(3.14) to the BVP (4.3) — (4.6). The method is given as 








follows: 
o¥j-1—-YjAto)+Y¥jer = Ajo(RZ,,1+ QZ; + PZ,_1), (4.7) 
0Z;1-Z;1+o0)+Zj41 = hjo(R(aj41¥j 43 +4;41) 





for the BVP (4.7) — (4.8) as 





.a 
“2 








a;_4 =a; = = + O(h3), (4.9) 
cha’, (hyo)? a’! e 
Oj44 = aj + — "4 3 2 + O(A%). (4.10) 


Similarily, we approximate d,,1. Using the relations (4.9)—(4.10) in (4.7)—(4.8) 








we get, 
6Yj41-—Yi+o+Yia = hjo(RZ; 41 + QZ; + PZ,_1), (4.11) 
6Z..4-Zj0+o4+Zay <= hjo(R(aj42 Yj 43 d;,1) 








+d;_1)).(4.12) 


Finally, substituting (3.1) — (3.12) in (4.11) — (4.12) we get the difference equation 
of BVP (4.3) — (4.6)as follows: 


be TTY; a] [dl a2) 1%], fol 2] [Yon] _ Ju} 
eve] [zi] fie el fz] + Pe pe] ee }= [hy]. em 
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where 
ht h2o? 
bj = -—o+ 37 Q5a5, by? = Zs ’ 
h2 hs 
2 2 22 2 
b; = =o. Ra,_1, by =-o+ as Q6a;, 
hjo?(2Q+R+P 
d= (1+0)+Qéajhto?, aj? = 2b o — 
2 A h*o7a! 
dv = S[hjaj2Q+R+P)+h;(-P 4 oR) th , 
diag;* =(l4+o)+ Qéa;hjo", 
1 _ajhjo?Q5 yp Rho? 
P; = 14 9 ’ P3 = 9 ? 
21 22k 22 ajh5o°Q6 
Pp Ge Gas PE Lt 7 
vy = —h§2b;Qo’, 
dni dij hi 
5 = 07 [hjdj)QQ + P+ R)+ 34 (-P+R)+ -S4(R+t PY 


5 Convergence Analysis 


We provide the convergence of method (3.14) for the coupled second order BVP (4.3) — 
(4.6). The convergence of scalar singular BVP has been already provided by Mohanty 
[23]. Now, once the condition (4.5) — (4.6) is substituted in the difference equation 
(4.13), it is written in matrix form as follows: 


HY+¢$=[by dj pil] ¥; | +4; =6, (5.1) 
Yj44 
where b;,p;,d; are block elements of order 2 in tridiagonal block matrix H. 
= ([Y1,¥o,...,¥j,..Yw_i]’,where Yj = [Y;, Z;]", 
= [yi + bifer, c2]”, de, .., Bj, --Pw—1 + pw-1[di, da)" |", where dj = [vj v7)", 
0 


is a zero vector with N — 1 components. 


ae 


Let: [[y1, 21], [y2, 22] 7 --- [yys 23], --[yw—1,2n—1]' |” & F be the exact solution satisfying 
Hy++T? =0, (5.2) 

where ips is the truncation error, then the error vector E is given by y— Y. We get the error 

equation from(5.1)and(5.2), i.e, HE =T?. (5.3) 


For some ki, k2 > 0, let |aj|< ki and |aj|< ke. Using (4.13) and neglecting the 
higher order terms of h; we get, 








noo? P 
oo suite 2 A 
IIpjllo< max, i GOP iE phe hs), (5.4) 
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Ilbs Ilo 


max 
25j5N-1 


hoo? R 
or ’ 


229 
ee hjo R 





(5.5) 








~— (ki + “2he). 


We prove the irreducibility of H for sufficiently small h; as well as ||b;||< o and 


IIp;lloo< 1 from (5.4) — (5.5). 
Let the sum of elements of jin row of H be sum,;, 


h2a2 2 
o+ 5-(P + 2(R+Q)),5 =1, 


























sumj = - h2q? a! (R+2(P + Q))a; 4 2 (h? Ra, -Ai(—P 4 
34 T T jv 9a 5 gh; t 
h2o? 
sum; = aa! bQ+P); J = SQ) 4s 
J = -o-a. 3 Gq! 
575 (R4+Q+P)+ 27% (-2P +oR), § =4(2)N -3, 
hoo? ‘ , 
es! 1 12 (R4 2(Q + P)), j7=N 2, 
suMj = h2o2a; n3c2al. 
1+ 77 (R+2(Q+ P))+ 277 (-2R+ Po), j=N-1. 


(5.8) 


We can easily prove that H is Monotone using 0 < L < min(Ly, Lz) in (5.6) — (5.8) 
and for sufficiently small h;. Therefore, H~' > 0 and exist. Hence by (5.3) we have, 


El = | *UINZFII- 


(5.9) 


Now for sufficiently small h;, by (2.23) — (2.25) and (5.6) — (5.8) we can say that: 




















h2o(2+3c) : 
sum; > 2 12 : Paty 
ee a, 2, 
2064 
we 7 =38Q)N-4, 
sumj; = h2(o41)L 
7 2 ’ j= 4(2)N 3, 
h20(20+3) 
sum; > 2 - , a, ees 
heo(20+3)L 
12 Mea at 


We can also say for o # 0: 

















12 : 12 
hja(2+30)L ; 
7) wfor j=1,2, 
h3(1 h3(1 L 
sum, > max[ ae 5 ae ] 
n(1 L 
= a, for j = 3(1)N —3, 
h20(20 +3 h20(20 + 3)L 
sum; > max[ ets ) P nial - ) | 
h20(20 + 3)L 
ge RS j=N-2,N 
12 
11 
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(5.11) 


(5.12) 


(5.13) 


(5.14) 


(5.15) 
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Then, we use a result proved by Varga [33] for i = 1(1)N — 1, 


Hig < 


, where H;,;_‘ is the (i,7)’"element of H~' (5.16) 
sum; 





By using (5.13) — (5.15), we have 





12 roe 
: h2(30+2)oL? j= 1,2, 
2 - _ 
samy <) CEE j=3Q)N -8, (5.17) 
12 a 
h2(2o43)oL’ pa NAN =. 


Now, we show that the error defined in equation (5.9) is bounded and is of order O(h}). 
For this, we define norm of H~~ and i such that, 





N-1 
H;,~* = ma Hj,* ,also || T ||= ma P|; 5.18 
| Ho cama 3) | He also TI max | (5.18) 


Thus, using (5.3) and (5.16) — (5.18) we get the bound for the error term as follows: 


12 (60° + 180? + 160 + 5) 
h?Lo (60% + 190? + 190 + 6) 











|| E |< O(h5) 


= O(h3). (5.19) 














This proves the method (3.14) has third order convergence for BVPs (4.1) — (4.2). 
Therefore, we can say that method (3.14) has third order convergence for BVP (1.1) — 
(1.2). Similarly, method (3.13) has second order convergence. 


6 Numerical Illustrations 


We have solved seven problems. For quasi-variable mesh and uniform mesh, we have 
tabulated root mean square errors and maximum absolute errors respectively in Tables 
1-7. We have chosen hi = Anes o #1. The remaining h; ’s are calculated by the 
relation hj = ohj-1,j = 2(1)N — 1. Figures 1-7 presents the graphs of numerical 
solution and the exact solution in case of fourth order method based on uniform mesh. 
Related numerical results are provided in Table 1-7. 

Gauss Elimination and Newton’s method for block elements has been used for 
solving system of linear and nonlinear BVPs respectively with initial approximation 
yo = 0. The order of convergence (OC) for fourth order method based on uniform 
mesh is also provided. Matlab 07 has been used for doing all calculations. 





Problem 6.1 (Nonlinear boundary value problem) 





dty(z) _ g.-4y_ __12 
dx* (1+2)*’ 
d’y d’y 





y(0) = 0,y(1) = .6931, => (0) = —1, 5-5 (1) = —.25. 


12 
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Table 1: Problem 6.1 
Off-step mesh | 











N Method1 Method2 | Uniform mesh method [29] 

8 4.4398e-003  4.8610e-006 | 7.2499e-007 0.37e-005 
16 =. 2.0758e-003 =1.2961e-006 | 4.6937e-008 0.29e-006 
32 =: 1.3702e-003 ~—-6.7628e-007 | 2.9600e-009 0.19e-007 





The exact solution is given by y(x) = log(1+ x). In Table 1, results for quasi-variable 
mesh taking 0 = 0.9 and for uniform mesh is tabulated. 


Problem 6.2 (Sixth order linear boundary value problem ): 








6 
Tue) + ya) = 6Gainte) + Sncesta);2 < 0,1] 
wh 
d’y d‘y 
(0) = 0, £¥(0) = 0, £40) =0, 
d?y d‘y 
y(1) = 0, £3 (1) = 3.84416, 2 (1) = -14.42007. 


The exact solution is y(x) = (a? — 1)sin(x). In Table 2, results for quasi-variable 
mesh taking 0 = 0.9 and for uniform mesh is tabulated. 


Problem 6.3 (Fourth order non linear boundary value problem) 





d*y(«) dy,» 3 
= + 4.5y°, mI 
He) = 3h)? + 4.5y°, 2 € [0,1] 
d?y dy 
y(0) =4, dx? (0) = 24,y(1) = 1, ag?) = L5e. 


The exact solution is y(x) = roe In Table 3, results for quasi-variable mesh 


taking o = 0.9 and for uniform mesh is tabulated. 








e APPROX SOLN 
—— EXACT SOLN 























Figure 1: Exact solution vs Numerical solution in uniform mesh method 
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Table 2: Problem 6.2 
Off-step mesh | 
N Method1 Method2 | Uniform mesh method [3] [26] 
8 6.4952e-004 4.2946e-006 | 6.5901e-007 1.5379 e-006 8.1514e-005 
16 5.9397e-004 9.9183e-007 | 4.1831e-008 1.9790 e-007 2.1052 e-005 
32 5.1433e-004 4.7874e-007 | 2.6133e-009 4.0596 e-008 5.3084 e-006 
Table 3:__ Problem 6.3 
Off-step mesh | 
N Method1 Method2 | Uniform mesh method [25] 
8 1.2451e-003  8.4710e-005 | 2.2780e-005 1.44 e-003 
16 = -2.7555e-004 2.1499e-005 | 1.5362ce-006 9.33 e-004 
32 4.0919e-004 9.7519e-006 | 9.8628e-008 5.90 e-005 
64  3.1887e-004  6.4390e-006 | 6.2300e-009 3.69 e-006 








d® = 

Ue) =y’e*, c€ (0,1 
y(0) = 1,y(1) =e, 
dy dy 
f4 (0) =1, 41) =e, 
d‘y 





The exact solution is y(2) = e”. In Table 4, results for quasi-variable mesh taking 
o = 0.9 and for uniform mesh is tabulated. 





e APPROX SOLN 
—— EXACT SOLN 

















Figure 2: Exact solution vs Numerical solution in uniform mesh method 
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Table 4: Problem 6.4 





Off-step mesh 








| 
N Method1 Method2 | Uniform mesh method [14] 
8 2.64952e-004 2.0457e-007 | 5.1651e-008 7.02e-006 
16 =—-5.9397e-004 4.9805e-008 | 3.2495e-009 4.35e-006 
32 5.1433e-004 2.4007e-008 | 2.0334e-010 7.87e-007 





Problem 6.5(Fourth order non-linear singular boundary value problem) 


dty(x) | 4d*y(2) 2 
oe a xy — 4cos(x) — xsin(x),x 40. 





The exact solution is y(a) = sin(x). In Table 5, results for quasi-variable mesh 
taking o = 0.9 and for uniform mesh is tabulated. 





e APPROX SOLN 
—— EXACT SOLN 























e APPROX SOLN 
2.6 +] ——— EXACT SOLN 























Figure 4: Exact solution vs Numerical solution in uniform mesh method 
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Table 5: Problem 6.5 





Off-step mesh 








| 
N Method1 Method2 | Uniform mesh method OC 
8 1.4374e-004  4.2067e-006 | 1.6791e-006 - 
16 —-8.8426e-005 —-1.2629e-006 | 1.5413e-007 3.4455 
32 5.7765e-005 —6.0728e-007 | 1.2889e-008 3.5810 
64 4.0494e-005 4.0146e-007 | 7.7938e-010 4.1476 





Problem 6.6 (Sixth order non-linear singular boundary value problem) 


My(x) | .@y(2) v 


The exact solution is y(a) = e”. In Table 6, results for quasi-variable mesh taking 
o = 0.9 and for uniform mesh is tabulated. 


Table 6: Problem 6.6 





Off-step mesh 








| 
N Method1 Method2 | Uniform mesh method OC 
8 6.1864e-004  5.6862e-007 | 4.5498e-007 - 
16 —-3.1623e-004_ =: 1.4817e-007 | 3.7876e-008 3.5865 
32. 2.2083e-004 = 7.6631e-008 | 2.9520e-009 3.6815 
64 2.0493e-004  6.7278e-008 | 2.2125e-010 3.7379 











e APPROX SOLN 
0.8 |} ——— EXACT SOLN 























1 1 1 L L L 1 1 1 
a o1 02 03 O4 O5 O8 OF O8 O89 1 


Figure 5: Exact solution vs Numerical solution in uniform mesh method 


16 


338 Sucheta Nayak 323-342 


J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 30, NO.2, 2022, COPYRIGHT 2022 EUDOXUS PRESS, LLC 


Problem 6.7 (System of second order boundary value problem) 





fue) aula) + xy(x) 4 ata) + 2x2(x) = gi(x), 








dx? 
y(0) = 0, 2(0) = 1,y(1) = 0, 201) = 1, 


where gi(x) = —2cos(x)(1 +2) + reos(am) + 2asin(am) + 2sin(x) (2x — 2 — 27) , 
go(%) = —4cos(x)(a — 1) + 2sin(a#)(2 — 2? + 2°) + (1 — 2?) sin(e7) and x € [0,1]. The 
exact solution is y(#) = 2(1 — x) sin(a), z(x) = sin(a7). 








Table 7: Problem 6.7 











z y 
N [8] Uniform mesh method [8] Uniform mesh method 
08  7.5e-004 3.5686e-007 2.2e-004 1.8284e-006 
24 8.2e-004 1.4754e-006 2.3e-004 2.0723e-006 
40 6.5e-004 2.5123e-006 2.3e-004 6.2430e-007 
56 2.8e-004 3.1366e-006 2.2e-004 3.9577e-006 
72 2.6e-004 2.9899e-006 2.6e-004 5.6498e-006 
88 8.0e-004 1.2382e-005 5.5e-004 3.9716e-006 
96 4.8e-004 1.4964e-006 3.1e-004 1.5857e-006 








7 Final Remarks 


In this paper, two methods of second and third order respectively have been developed 
to solve singular BVPs both linear as well as nonlinear. For numerical illustration, we 
have considered seven problems consisting of fourth and sixth order linear and nonlin- 
ear BVPs. Table 1—4,7 proves improvement in results when compared with problems 








e APPROX SOLN 
2.6 +] ——— EXACT SOLN 























Figure 6: Exact solution vs Numerical solution in uniform mesh method 
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solved by methods using extrapolation, polynomial and non polynomial splines and 
also by using reproducing kernel space method. 

In our methods minimal grid points i.e., three grid points at a time has been used 
as compared to existing methods. Due to the use of three grid points, the numerical 
scheme is converted to a tri-diagonal representation of system of difference equations 
which can be easily solved by any standard method available in the literature. Also, 
due to the use of off-step mesh, singularity has been controlled in singular BVPs. 
We have also solved nonlinear singular BVP and so far such kind of BVP has not 
been solved. Therefore, for such problems we have presented the numerical order of 
convergence(OC) based on uniform mesh. 

The methods developed are effective and straight forward and can be extended to 
solve boundary value problems with cartesian as well as polar coordinates. Due to 
the ability to operate with polar coordinate, many problems on fluid flow with polar 
symmetry can be attended. Moreover, we can also use the methods to solve wide 
variety of higher order singularly perturbed BVPs. 
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Numerical study of the space fractional Burger’s 
equation by using Lax-Friedrichs-implicit scheme 
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Abstract 


This paper deals with the numerical solution of space fractional Burger’s 
equation using the implicit finite difference scheme and Lax-Friedrichs- 
implicit finite difference scheme respectively. The Riemann-Liouville based 
fractional derivative (non-integer order) is fitted for the diffusion term of 
fractional order 1.0 < a < 2.0. The Mathematical induction is used to es- 
timate a stability of both the implicit and Lax-Friedrichs-implicit schemes. 
The study shows that the implicit based scheme is stable and the results 
are good in agreement with the exact solution. Finally, the significance 
of space fractional order with respect to the solution is discussed. It is 
noted that the solution of space fractional Burger’s equation get affected 
by changing the space fractional order. 

Key words: Lax-Friedrichs, implicit scheme, fractional calculus, fi- 
nite difference method 


1 Introduction 


Fractional Calculus plays an important role in various fields of science and engi- 
neering. Examples include ground water flow modeling, electric circuit design, 
quantum mechanics, optics, plasma model, dengue fever transmission dynamics 
and atmospheric CO2 dynamics model [1, 2, 3, 4, 5]. Due to its wide applica- 
tions, solving techniques of those fractional equations are extensively improved 
by the researchers. For instance, Goswami et al. [6] used Homotopy perturba- 
tion Sumudu transform for solving time-fractional regularized long wave equa- 
tions. Later, they used the techniques to find the solutions for the time frac- 
tional Schrdinger equations and fractional equal width equations (describes the 
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hydro-magnetic waves) [7, 8]. Also, Goswami et al. [9] made a mixed approach 
of Homotopy perturbation and Laplace transform to solve the fifth order KdV 
equations in order to illustrate the plasma’s magneto-acoustic waves. Recently, 
Hashmi et al. [10] used B-spline method to solve the fractional telegraph equa- 
tion and quoted that the scheme is efficient. In numerical methods there are 
numerous methods including finite difference method (FDM), finite element 
method, finite volume method etc. Out of this methods FDM is a pioneering 
tool used among the investigators. In the present investigation, we establish 
two schemes namely the implicit FDM and Lax-Friedrichs implicit FDM for the 
space fractional Burger’s equation (SFBE). 

Fractional calculus application gives a real system better than integer-order. 
The Burger’s equations arises in various domain such as fluid and gas dynam- 
ics, theory of shock waves, traffic flow, etc [11, 12, 13, 14]. Many researchers 
have applied various analytical techniques, numerical algorithms/schemes for 
extracting the solution for the Burger’s equation. The exact solution and ex- 
plicit FDM solutions for the 1-D Burger’s equation was surveyed by Kutluay 
et al. [15]. Aksan and Ozdes [16] constructed variational method for solving 
the Burger’s equation. Inan and Bahadir [17] converted non-linear Burger’s 
equation into linear using Hopf-Cole transformation and obtained Numerical 
solution (NS) using explicit exponential FDM. Pandey et al. [18] coupled Hopf- 
Cole transformation and Douglas FDM to get the NS with accuracy of second 
order in time and fourth order in space. 

Zhang et al.[19] used the implicit FDM to solve the fractional convection- 
diffusion equation. It is found that the NS is unconditionally stable. Sousa [20] 
obtained the NS for the fractional advection diffusion equation using explicit- 
central difference FDM, explicit-upwind FDM and Lax-Wendroff FDM. The 
study consider Riemann-Liouville fractional derivative for space fractional and 
Caputo fractional derivative for the time derivative. The result shows that all 
the explicit FDM schemes are stable under restricted conditions. Later, Sousa 
[21] presented the explicit-Lax-Wendroff method for the Riemann-Liouville deriva- 
tive based space fractional advection diffusion equation. The study illustrates 
that the scheme is second order accurate and conditionally stable. Bekir and 
Gnerb [22] and Das et al. [23] used (G’/G) expansion method to solve the mod- 
ified Riemann-Liouville derivative based fractional Burger’s equation. Esen and 
Tasbozan[24] solved the time fractional Burger’s equation by applying the B- 
spline quadratic Galerkin method. Moreover, Esen and Tasbozan[25] used finite 
element method based cubic B-spline for the time fractional Burger’s equation. 
They also compared the NS with the various exact solutions (ES) and found 
that the scheme is stable and accurate. Rawashdeh [26] proposed a new scheme 
named the fractional reduced differential transform to solve the TFBE. It is 
noted that the proposed scheme is accurate and good comparable with the ES. 
Yokus [27] studied the FDM based NS with respect to the fractional derivatives 
such as Caputo, shifted Grunwald and Riemann-Liouville and obtained the solu- 
tions using the software Mathematica 11. Saad and Eman|[28] have applied the 
variational iteration method (VIM) for the Riemann-Liouville based fractional 
Burger’s equation and compared the results with the ES. 
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In this work, we propose a numerical solution based on implicit FDM scheme 
and Lax-Friedrichs FDM scheme to solve a non-linear SFBE. Generally, the 
Lax-Friedrichs method is used for achieving the solutions for a hyperbolic based 
PDE’s [29]. In general, an implicit scheme is the most well-known schemes for 
approximating the PDEs. This paper presents an approximation based on Lax- 
Friedrichs-implicit FDM to non-linear SFBE with appropriate initial/boundary 
conditions. The stability of a proposed scheme is analysed along with the nu- 
merical results. 


2 Mathematical equation 


Time fractional Burgers’ equation was discussed in the articles [16, 24, 25, 26]. 
Following their study, we consider the non-linear SFBE as, 


Ou(a,t) Ou(a,t) O° u(z, t) 
Oe Pe aes bee 


included with initial values 





[2,8] x (0,Tmae] (2-1) 


u(x, 0) = uo(x) (2.2) 


and respective boundary values 


where js > 0 is kinematic viscosity, uo(a) , hi(t) and he(t) are specified bound- 
aries. u(x) is unknown functional. 

To solve the SFBE in this work, let us consider the Riemann-Liouville frac- 
tional derivatives [20, 21, 30]. 





(oDz)u(z,t) = we a < A G mite dt,a >0 (2.4) 


where I'(.) is the Gamma function. 
For space fractional derivative (,D%)u (x,t), we taken the Grunwald and 
shifted-Grunwald formula at level ty41 [81]. 


i41 





O° u(x, t) 
oe) a 29 wat O (h) (2.5) 
—1)....a-k+1 
whee gs = 2 ) ate as ) 
j! 
We can express, 96 =1,..., FF = (1-5) op pj =1,2,3,.... 
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2.1 Implicit scheme 


The implicit scheme is one of the more accurate scheme for a non-linear Burger’s 
equation [32]. Here, we consider a same for SFBE due to its stability than the 
explicit scheme [21, 31, 33, 34]. 

Let u(xi,t,) is denoted as u®. Define, t, = kr, k = 0,1,2,....,n; v1 = 
ih, 1=0,1,2,....,m. Here, h = L/m is the step size on space and rt = T/n is 
the step size on time respectively. Now,let us consider the nonlinear term, 
uk+lyk+1 by denoting it on Taylor expansion using the explicit time layer. We 
approximate the equation (2.1) by using an implicit FDM and approximated 
Riemann-Liouville derivatives equation (2.5) in space fractional viscous terms 
as follows. 








(uf* — uf) 4 uk (ugty — uty fe upt? (ub — Ue 
© 2 2h 2 2h 
itl (2.6) 


nw 2 a yeti 
“55% t—j+1 





k fa kt1 k+l k k 
k+l _ ok Uy ( Vigan — Vi-1 k+1f Vigan — Vi-1 
(u; u;) +7 9 ( oh ) + TU; (“a5"s ) 
itl (2.7) 


a, k+1 
= The Doh Ui fq 


k k k 
U; T\U; — U;_ T 
-($ ea of ult} + ( (wha i) _# a) up 











4h” he 4h new 
uf Moa) e+ li = a, k+l _k oe 
When k = 0 
-( Ss Hof)uty a ( " Fi i uy_1) a] ul 
ee ai ou (2.9) 
+r (G- fot) at Uj41 The sie i—jt1 — YG 
When k > 1 
-(# + fot ub} (: bees ae we) a ' up? 
(2.10) 


k i4+1 
Uy LM k+1 k4+1 k 
+t (G- Kat) « Up44 Tie a Uj j+1 — Ui 
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Rewriting above equation, we get 





afustt + buyt) + chugtt = uf + df (2.11) 
k ee a 
wna, of = (Ea Hae), ap = (14 TU ta) ae) = 


uf oy a k Boitl ia k+1 
T (- Kat), dj = The ye in3 G5 Ui-j41 
The boundary/initial conditions are, 
up =u(ih), up =hi(t), us, = he(t) 
where k = 0, 1, 2,...,n, t= 0, 1, 2, ....,m. The truncation error is 
O (a, h?) F 
2.1.1 Stability analysis - implicit FDM 


Let us investigate the stability of the numerical implicit scheme (2.8) by using 
von-Neumann analysis. Let UF is the ES of u(z,t) at the point (a;,t,). Define 


k _ 77k k 
e; =U; — u, (2.12) 


Then, by substituting Equation (2.12) into Equation (2.11),we have 


kk+1 , pk k+l k k+l _ ok k 
a,e;, + be; + cefen =e; +d; (2.13) 


We put e# = p* e'PJ? (¢ = /—1), in equation (2.6) and p is the wave number. 





k pipjh nerd h) k ) i+1 
nds) = foe oe _ 7 (isin (ph) p eo ay ee 
p + () isin (ph) + (: | oh Ta S 95 eip-r) =p 








r=0 
(2.14) 
pe _ 1 
k _ * * “. . ” ; 
p pr eine T ( isin (ph) p* ei?" ) Mitt 
se 4 @ eip(l—r)h 
T a ) isin (ph) (: + Dh Tha yir=0 97 € 
a4 
(2.15) 


It is obvious that the above scheme is unconditionally stable. 
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2.2 lLax-Friedrichs Scheme 


As a result of its application to a nonlinear space fractional problem and the 
dissipative nature of the solution, the Lax-Friedrichs scheme is considered to 
be a classic first-order method. The Lax-Friedrichs scheme of the fractional 
equation (2.1) is approximated by as below: 





1 k 
uftla— (uw! uk tu ) k k+1 — yeti yet k 
2 itl Uz ( Yiga i-l U; ue — Uj_1 
+ + ah 





T 2 2h 2 
i41 
a, k+1 
ie si Ui—j4+1 
(2.16) 
k k k k i+] 
U k41 T(Uiy — uj_1) k U k L a, k 
—1( ap )u (i ae ia 3 Bem P a So gu are 
j=0 
1 k 
= 5 (whi +441) 
(2.17) 
When k = 0 
0 0 0 i+1 
Uy) 4 ; T(Up41— Ua), 4 _ lu 
—T (ap ui + dh ju; 4 T(ap)u i ee ye are Uj_j41 
1 
a 5 (uit + Ups1) 
(2.18) 
When k > 1 
k i itl] 
UU fb ( it1 — 4) k U'\ k a 
—T(ap lu usty + (1+ 4h uy" + 7(Z yu ute — The 95 ag 


1 
= 5 (U1 + uby1) 
(2.19) 
2.2.1 Stability Analysis - Lax-Friedrichs-implicit FDM 


Let us consider the von-Neumann based method in preparation for estimating 
the stability of Lax-Friedrichs implicit scheme for SFBE. Let U* be the approx- 
imate solution of fractional schemes (2.17). 


= UF — uk (2.20) 
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Define, e* = p*e'?J"(i = ,/(—1) in Eq. (2.17), We get 








k jipjh Cae h) eipgh B) i41 } 
k+1 pre 8 T ( isin (p p LM a jip(l—r)h 
p : ( oh ) isin (ph) + (4 Dh aa y ge p(l-r) 











r=0 
= (p* cos(ph)) 
(2.21) 
pee = cos(ph) 
p T ( isin (ph) etPsh p*) prelpihy _. bo witt ; 
| py go eip(i-r)h 
(: ah +7 Oh isin (ph) Tha Seales oF e€ 
(2.22) 


We know, the value of the sin (ph) and cos(ph) <1 


3 Numerical Results 


The verification of NS and accuracy of the schemes (implicit FDM and Lax- 
Friedrichs-implicit FDM) are illustrated in this section. In addition, the be- 
havior of the solution with respect to change in the parameters are considered. 
This types of Burger’s equation are used in predicting the important real world 
applications such as fluid flow, contaminant flow, boundary layer flow, aquifer 
flow, etc. 

The accuracy of the FDM based schemes are measured using the LD. error 
norm, which is defined below: 


Lo =|| Uk — un |lo= Max;|Ux — (un) 5| (3.1) 


where U; and uy denotes the ES and NS respectively at the node points zx, 
for some fixed time. 


3.1 Example 1 


Consider the space fractional Burger’s equation with source term to find error 
values as follows: 


Ou(x, t) Ou(x,t) — O° u(a, t) 
ot as Ox CO 





with initial and boundary conditions as 


u(x, 0) = 2; and u(0,t)=0; u (1,t) = —— 


The exact solution [27] 
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u (Exact) 





u (Numerical) 


and the respective source term is, 


110) = 








Table 1: Comparison the Maximum errors (L..) between ES and NS 












































T a implicit FDM Lax-Friedrichs FDM 
1/100 1.9 6.68689189F — 03 4.27211449E — 03 
1/100 1.7 1.03293294E — 02 9.42116044E — 03 
1/100 1.5 1.12734595E — 02 1.07855788E — 02 
1/100 1.3 1.18441200F — 02 1.14968475E — 02 
1/100 1.1 1.22581907E — 02 1.18474280E — 02 
1/1000 1.9 3.30544871E — 03 1.65415841 EF — 03 
1/1000 1.7 9.85641548F — 03 7.98325112E — 03 
1/1000 1.5 9.89541454E — 03 9.75634282E — 03 
1/1000 1.3 9.90254650E — 03 9.76487132E — 03 
1/1000 1.1 9.91051481F — 03 9.80037527E — 03 











The verification of NS for the SFBE (2.18) with the ES is illustrated in the 
Fig. 1. The comparison is done against the time, t = 0 to 1 and space, x = 0 to 
1. Both the NS and ES are good in comparable. Also, the Table. 3.1 shows the 
Lz between the ES and NS. It is found that the Lax-Friedrichs-implicit FDM 


has lesser Dz than the implicit FDM for every a. 
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(a) (6) 


Figure 2: variation of U at (a) uy = 0.1 (b) w = 1.0 


3.2. Example 2 


Also, consider the SFBE without source term to find the characteristics of NS 
as 





OU (a,t) OU(x,t)  O°U (x,t) 
aU” on ee 2) 


with initial and boundary conditions as 


U (a, 0) = 0; U (0,t) = 1; U (1,t) =0 


Figure 2 shows the variation of U with respect to the space fractional pa- 
rameter (a) and space coordinates (x) at kinematic viscosity 4 = 0.1 and 1.0 
respectively. It is noted that, by increasing the parameter a, U decreases its 
intensity and travelling distance along the space. 


4 Conclusion 


The NS of SFBE has been evaluated by using implicit and Lax-Friedrichs- 
implicit FDM respectively. It is noted that both the implicit scheme is un- 
conditionally stable and are good in agreement with the ES. It is found that Lo 
of the Lax-Friedrichs-implicit is lesser than the implicit FDM. Also, it is found 
that the variation in space fractional order strongly affects the flow character- 
istics. 
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Optimal Control of two-strain typhoid 
transmission using treatment and proper 
hygiene/sanitation practices 
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Abstract 


A mathematical model is developed to predict the optimum level of 
measures required to control a two-strain typhoid infection. The model 
considers symptomatic individuals and carriers together with environmen- 
tal bacteria with different sensitivities to antimicrobials. Treatment for 
symptomatic individuals in each strain and use of sanitation and proper 
hygiene practices are considered as control measures. Our simulation re- 
sults show that combining the three control interventions highly influ- 
enced the number of symptomatic individuals and environmental bacteria 
in both the strains. However, there are still a significant number of asymp- 
tomatic carriers in both the strains. This result shows that combating a 
two-strain typhoid infection requires some control interventions that re- 
duce the number of asymptomatic carriers to near zero, along with optimal 
treatment combined with proper hygiene/sanitation practices. Further, 
efficiency analysis is used to investigate the impact of each control strat- 
egy on reducing the number of infected individuals and bacteria in both 
the strains. The study result suggests that implementing the combination 
of all the three control interventions is the most effective control strategy. 

Key words: Salmonella Typhi; Two-strain typhoid infection; Asymp- 
tomatic carriers; Efficiency analysis 
Mathematics Subject Classification(2010): 44A15; 46F12; 54B15; 
46F99 


1 Introduction 


Typhoid, a disease caused by Salmonella Typhi bacteria, is a significant cause 
of illness and death in low-resource regions worldwide, especially Sub-Saharan 
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Africa and South/Southeast Asia [1]. It is a severe febrile illness often accom- 
panied by headache, loss of appetite, malaise, abdominal pain, diarrhea, and 
(in severe cases) intestinal perforation and neurological complications [2]. It is 
estimated to cause nearly 12 million cases and over 128 000 deaths globally each 
year [6]. It is estimated that the case fatality rate for untreated patients ranges 
between 10 and 20%, but drops to 1-4% with appropriate and timely antimicro- 
bial treatment [4, 3, 5]. The infection is usually spread through contaminated 
food and water from the environment and direct contact with an infected person 
(7, 8]. 

Typhoid fever can be prevented and controlled through public health inter- 
ventions such as providing safe drinking water, promoting hygiene and sanita- 
tion, and ensuring adequate and timely patient care. Antimicrobial treatment 
is the cornerstone for reducing severe illness and even death. However, misuse 
of antimicrobials for treatment leads to the emergence of resistant strains of 
Salmonella Typhi, known as treatment-induced acquired resistance [9, 10]. In 
typhoid endemic areas, clinicians frequently prescribe antimicrobials to patients 
with suspected typhoid without blood culture confirmation. This practice re- 
sults in delayed treatment leading to the development of antimicrobial resistance 
[3, 11, 12, 13]. Treatment-induced acquired resistance has complicated treat- 
ment, increasing morbidity and mortality, and is considered one of the most 
significant challenges in managing the disease [14, 15]. 

In existing litrature, several typhoid epidemiological models have been devel- 
oped and analyzed to better understand the transmission dynamics of typhoid 
[16, 17, 18, 19, 20, 21, 22, 23]. Among them, only a few have explored the 
effect of control strategies for typhoid with optimal control theory [16, 17]. Op- 
timal control theory is a mathematical optimization that deals with finding a 
control for a dynamical system over a period of time. Although the impor- 
tance of optimal control theory in epidemiology is well recognized, its applica- 
tions in typhoid dynamics are scarce. No attempts have been made to predict 
the optimal level of control measures required to combat a two-strain typhoid 
infection. Our aim is to investigate the optimal control strategies in a two- 
strain dynamic model involving antimicrobial-sensitive and resistant strains of 
typhoid. A mathematical model for a two-strain typhoid dynamics is explored 
considering treatment-induced acquired resistance and re-infection [24]. Three 
time-dependent controls are introduced in this model to explore the optimal 
control strategy for controlling the disease. 

The paper is organized as follows: In Section 2, the model in [24] is modified 
by adding three time-dependent controls ui(t), w2(t) and u3(t), and three posi- 
tive parameters €, b; and bg. Also, a description of these parameters is given. In 
Section 3, a mathematical analysis of the time-dependent model is performed. 
In Section 4, numerical simulations and discussions of the corresponding results 
are presented. A short conclusion of the study is made in Section 5. 
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2 Model with controls 


The mathematical model developed by Irena and Gakkhar [24] is considered to 
investigate the infection dynamics in a two-strain typhoid disease. The state 
variables I[;, C;, and 8; represent the number of symptomatic infectious indi- 
viduals, asymptomatic carriers, and bacteria for the strain 7, respectively, while 
S' represents the susceptible individuals. The model presented in [24] is 


Go =m — pS — (Ay + An)S + (1—p)rih + rele 


GH = (1—a)aS — rh] — (utd tri)h + C1 

Oe = OMS — Wr2C1 — (+ b1)C1 

Bt = bit, +orCr — By (2.1) 
o2 = (1—a)do[S + ¥(h + Ci) + prih — (wt dz + 1ra)la + $202 

“fe = 2(S + C1) — (w+ b2)C2 

abe = bgIg + w2C2 — Be 





where asics 
py = PC) + ne BV94(B) 


and 7 = 1,2 represent the sensitive and resistant strains, respectively. 

On the basis of sensitivity analysis of the model, three time-dependent con- 
trols are introduced in the model: (i) treatment of the symptomatic individuals 
in each strain (u(t), u2(t)), which were constant parameters in our previous 
work [24], and (ii) proper hygiene/sanitation practices in order to prevent con- 
tamination of food and water to reduce both direct and environmental trans- 
mission (u3(t)). The first two controls, uy and uz, also decrease the bacteria 
excretion of symptomatic individuals in both strains so that the bacteria shed- 
ding rates by symptomatic individuals 5; and 62 in model (2.1) are replaced by 
(1 — (1 — p)u1)61 and (1 — euzg)d2, respectively. The parameter € represents the 
efficacy of treatment for symptomatic individuals with resistant strain. Also, 
the second control ug increases the decay rate of bacteria so that the bacteria 
decay rates €; and €; are replaced by €; + b,ug and &2 + bus, respectively. 
The parameters 6; and bz denote the bacteria decay rates (sensitive and AMR 
strains, respectively) induced by sanitation and proper hygiene practices. The 
schematic diagram in Figure 1 shows the transmission dynamics of the time- 
dependent model. Thus, the resulting dynamic model is given by the following 
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C1 +b juz 
ad tans fo | 
‘ (1-us)ad, a 
utd;> 
br 








(1-u3)(1-a) hz 


(1-u3)(1-a)prz (1-us)ayhz 





C2tb2u3 
Y 


Figure 1: Flow diagram of the model. 


system of nonlinear ODEs: 








on =m — pS — (1 —ug)(A1 + A2)S + (1— p)urh + euele 

a4 = (1—u3)(1—a)[1S —Wroh] -(utdtu)h+oC 
a = (1— us) [adi 9 — pr2Ci] — (w+ b1)C1 

dB, = 


= = 61(1 — (1 — p)ui) iy +01Cy — (&1 + bi u3)By (2.2) 
ae = (1—a)(1—us)Ao[$ + ¥(h + C1) + pul | 
—(wt dz + €ug) Ip + b2C2 





42 — (1 — uz)ar2(S + WC1) — (u + 2)C2 


dB2 d2(1 _ €U2) 12 + woC>z — (£2 + bou3) Bg 


dt 
The model is associated with the nonnegative initial conditions: 
S(0), I,(0), C; (0), B;(0) for j = 1, 2. 


The description of the associated model parameters are given in Table 1 and 
are assumed to be nonnegative. 
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Table 1: Description the model parameters. 
Parameter Description 








a Fraction of newly infected individuals who becomes asymp- 
tomatic carriers 
Bi, Be Ingestion rate of sensitive and resistant strains of bacteria 
through human-to-human interaction 
61, 62 Shedding rate of bacteria by symptomatic cases with sensitive 
and resistant strains 
€ Efficacy of treatment of symptomatic individuals with resistant 
strain 
n Ingestion rate of bacteria from the contaminated environment 
0 Relative infectiousness of asymptomatic carriers 
Lb Natural mortality rate of human population 
£1, &2 Decay rate of sensitive and resistant strains of bacteria in the 
environment 
7 Influx rate of individuals into susceptible class 
1, b2 Symptoms development rate by asymptomatic carriers with 
sensitive and resistant strains 
w Factor reducing the risk of re-infection with resistant strain 


due to activates of immune cells to the previous infection with 
a sensitive strain 

W1, We Shedding rate of bacteria by asymptomatic carriers with sen- 
sitive and resistant strains 

bi, be Sanitation-induced bacteria decay rates (sensitive and resistant 
strains) 

dy, dz Disease-induced death rate for symptomatic cases with sensi- 
tive and resistant strains 

Dp Fraction of those symptomatic individuals infected with a sen- 

sitive strain who acquire treatment-induced resistance 





The objective functional to be minimized is 


rt {2 2 3 
1 
J (U1, U2, U3) -| S Aj(I; + Ci) + As ) By + 5 ) Dyuz | dt (2.3) 
0 \i=1 j=l k=1 


subject to the state system (2.2), where A; and D; (4 = 1,2,3) are appropriate 
weight constants. The aim is to minimize the total number of infective individ- 
uals as well as bacteria while keeping the implementation cost of the strategies 
associated to the controls low. 

We seek to find an optimal control triplet (ut, u3,u3) such that 


J(u}, U5, U3) = min J(u1, U2, U3) 


where 
OQ = {(u1, u2,ug) € L*(0,T) |0< uj <1, i=1,2,3} 
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is the control set. 


3 Optimal control analysis 


The existence of optimal control triplet (uj, u, uz) is guaranteed due to a priori 
boundedness of the state solutions, convexity of the integrand of J on Q, and 
the Lipschitz property of the state system [25]. 

The necessary conditions that an optimal solution must satisfy come from 
Pontryagin’s Maximum Principle [26]. This principle converts (2.2) and (2.3) 
into a problem of minimizing pointwise a Hamiltonian H with respect to u1, ug 
and us: 

D D 

H = Aj(I; + Cy) + Ao(Ip + Ca) + Az(B1 + Bo) 4 = ue 4 5 tus 
+Aq Te LS = (1 = u3)(A1 + A2)S + (1 = purty + eugl| 
+2[(1 — us)(1 — a@)iS — pAch) — (ut di + ui)Li + $101] 
+3 1- u3)(@A1S — wWr2C1) — (uu + o1)C\| 
+A4[d1 (1 — (1 — p)ur) Li + 01 Cy — (&1 + b1u3)B1] (3.1) 
1- u3)(1 = a)Ag(S + wh + C;)) + purl, 
—(u t+ dg + €ug) Io + G2C9] 
+A6((1 — u3)ar2($ + wC1) cama (uu + 2)C)| 
+A7 d2(1 = €U2) Io + woC> = (£2 + beu3) Ba] 








Oo 


aes 


ao 





a 








where \;, 1 = 1,2,...,7 are the adjoint functions. 
By applying Pontryagin’s Maximum Principle [26] and the existence result 
for the optimal control triplet from [25], the following adjoint system is obtained 
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together with transversality conditions A;,(T) = 0: 


in <4 
dt By, + By 

x [(1 — us)nf(B)((Ar — (1 — @)A2 — a3) Bi + (Ar — (1 — @)A5 — a6) Be) 
+ p(B, + Bo)A1] 





4 ql <8) (Bi (A1 — (1 — a)A2g — aA3) (Ty + 0C1) (Ty + Cy + In + C2)] 


Sis Bo(1 — a + C32) (Ay — (1 — a)As — avg + (As — An) (1 — aw) 


+ Ai — (As(L — a) + ad — 6)(1 = %) = PAs)Ci 
ae (Ay Pa (1 = a)As = arg) Io + (Ai = (1 = a)As = arg) Co], 





























“ 252A, (Apu, 8A joe APU Cree at Cz) — Bo(T2 + 802) 
+ (w+ dy +u1)A2 
(1 —ug)(1 jas +(1-O@)Ci+Ig+C2)  Bov(S4+ Cy + Ig + Co) (To + 0C2) 
N2 N2 
wnf (B) Bs af, S(S+ (1—-@)Ci +1g+C2) BoC (2 + 0C2) 
JA2 — (1 — us)[ ]A3 
By, + Bo N2 N?2 
i (1 —uy)d1A4 — puiAs 
Bo(Tg + OC2)(S( —1) + %U2+C2))  onf(B)Be 
(1 — ug)(1 — a)| = ]A5 
N? B, + Bo 
(1 ax U3 )aBo(S + WC) (Io + OC2) 
i = oe 
“ eeu ot Os PADD ec 


Hid wt Petia O68 ere nt C2)) + Bowl (Io + 0C2) dalhe 


l af, S(-h + O(S +1, +1o+ C2)) = Botb(To + 6C2)(S +14, +1o+ C2) 
( ug) N2 

on f(B)Be . 
B, + Bo 3 








A3 








+ (1 U3) wyA4 


anaes (22 + eee 1) + ¥(I2 + C2)) ft AE As 


B2(Io + 0C2)(SY-lI+vh+b+Cr)) . vnf(B)Be 
(1 — us)ar| NW? + B+ Bs JA 
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dvy a (1 — us)nS 
de Gt BP BS) 


(1 = us)nf(B)B» | 
B+ Bz)? [1 a)((S u Wh)r2 = (S + wh + C1))As) 





Ay + (1 + bius)Aa 





B,S((1 — a)A2 + az) 
(1 + B,)2(1 + Bz)(Bi + Bo) 
Bo{—WO 3 + ore(S 400i) +(—-1 + aol + (1 — a) As (S +-0(C1 +1))} 
7 (1 + B,)2(1 + Bz)(Bi + Bo) 


+ (aS + WC1)A3 a a(s + WC1)A6| (1 u3)n| 











I, 















































OS = Ay — fy + (1 — ug) AOC) IS EN FE OW CS), 
+(1—u3)(1 gee +0C1) + oes h+C,+(1- 9)C2) \ 
a BraS(I, + OC ) + BowC1(S + 1, + Cy + (1 — €)C2) 
+ us) WN? A3 
deeds dai) (l—-us)\1—-a)(S+h+C, +0 —6)C2)(S +0 + C1) Ba) 
(1 —us)a(S + oC1)(S — 1+C, + (1 —@)C2) Bo eaten 
ae Wt Oa a ae tLe 
1-490 yee +0C\) + Bent +0C, +541, 4+ b))), 
je (1 gene + 0C;) + BowbCy(—Lp + as +h4h4+Cy+ by), 
N2 
(U —us)\(1—a)\(S+oh+ CUE +0(1S +1, + C, + I2)) Be dete eis 
(1—us)e(S$+¥C1)(-h + 0(S +i, +C, + Jz) Be d 
N2 6 — W2A7, 
d\z ; (1 — us)nS 
eo (1+ B,)(1+ Bye TRG oe 


(1 = us)nf(B)Bi 





((1 a)((S t wlh)A2 _ (S + wh + C1))As) 


(Bi + By)? 
B,S((1—a)Az + ads) 
+ (aS + PC1)A3 — a(S + pC1)Ay6] — (1 us)ml + B,)(1 + Bz)?(Bi + Bo) 


4 Bo{-wWCA3 + arg(S + wC1) + w(-l + @)Agh + (1 = a)As(S ye W(Cy + I,))} 
(1+ B,)(1+ Be)?(B, + Bo) 














(3.2) 
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Furthermore, the optimal control characterization is 


ul = maz {o. min (& + (= p)(61Aa = Ar) = pas) 1) 





dD, 


U5 = max {o. min (os ct Pen = Ale 1) \ (3.3) 
2 





uz = maz {0, min (ti3, 1)} 


. _ nf(B) 


= aS" 4 S* Bi (1 — a)Ag + a3 


Bs + B: 
Bs (WU = a)(s — A2)Ti + (1 = @)As + are) (S* + ¥CT) — pAsCf) 
B* + Be 











_b1A4Be + b2A7B3 By 
Ds D;N* 
Ba 


"Da N* (Iz + 0C3)[A1S* + pagCT + (S* + PCT) (—As + a(As — Aw)) 
+(1 — a)(A2 — As Iz]. 


Uy t OCT) — A+ a(A2 _ A3))S* 











4 Numerical results 


This section presents the numerical simulation results by solving the optimality 
system, which comprises the state system (2.2), adjoint system (3.2), control 
characterization (3.3), and corresponding initial and final conditions, using the 
forward-backward sweep method [27, 28]. 

For numerical simulations, we consider the model parameter values presented 
in Table 2. 


Table 2: Model parameter values used in numerical simulations [24], the unit is 
per week if appropriate. 





a= 0.3 B, = 0.006 Bz = 0.0052 6, = 1.0 

52 = 1.05 n=1.379x 107! = = 0.35 py. = 0.0005 
& = 0.2415 &o = 0.2415 n = 10°/52 ¢1 = 0.00096 
2 = 0.0017 w = 0.95 w, = 0.05 Ww, = 0.06 

d, = 0.00125 dz = 0.002 p=0.1 





Additionally, the following parameter values are chosen: 





A, = Ag = 10, Ag = 25, Dy = 5, Do =8, D3 = 10, 6b; = 0.2, b2 = 0.1, 
€ = 0.75, T = 100 weeks. 





The following control strategies are explored in order to determine the optimum 
strategy that significantly reduces typhoid transmission: 
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A: Treatment of the symptomatic individuals in each strain (u1, ug) only; 
B: Employing sanitation and proper hygiene (w3) only; 
C: Employing all the three control interventions (ui, u2, Us). 


The control profile for each control strategy is shown in Fig. 2, and the effect 
of each control strategy on the reduction of infection is depicted in Fig. 3. 
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Figure 2: Control profile for (a) optimal treatment only, (b) optimal sanitation 
and proper hygiene only, and (c) optimal treatment combined with sanitation 
and proper hygiene 


Our simulation results reveal that the combination of all control interventions 
highly influenced the symptomatic individuals and environmental bacteria in 
both the strains. However, there are still a significant number of asymptomatic 
carriers in both the strains, which play an important role in the evolution and 
transmission of typhoid infections. This reflects that asymptomatic carriers may 
have long-term impacts on the spread of typhoid infection even in the presence 
of the two control interventions. 


4.1 Efficiency analysis 
Here an efficiency analysis is performed to determine the best control strategy 


without considering costs associated with each control strategy [29, 30]. So, we 
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Figure 3: Effect of each control strategy on reducing the number of infectious 
humans and bacteria: (a) Symptomatic individuals with sensitive strain, (b) 
Asymptomatic carriers with sensitive strain, (c) Symptomatic individuals with 
resistant strain, (d) Asymptomatic carriers with resistant strain, (e) Sensitive 
strain of bacteria in the environment, (f) Resistant strain of bacteria in the 


environment 


investigate the impact of each control strategies on the reduction of infectious 
humans and bacteria by introducing the efficiency index, F. The efficiency index 
for human and bacteria population in the strain 7 are, respectively, computed 
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as: 











Autres AB: 
Fut = (1- aa | x 100 and F®) = (:- m2 x 100 


T T 
Ait = | (1 (t) 4 C; (1) )at and AB i = | B; (t)dt 
0 0 


represent the cumulative number of infectious humans and bacteria with strain 
j, respectively, during the time interval [0,7]. The efficiency index is calculated 
for human and bacteria population in both the strains and presented in Table 
3. Note that the control strategy with the highest efficiency index will be the 
best. From Table 3, it follows that strategy C is the most effective for reducing 


Table 3: Efficiency index 








Strategy AUTO AB Fut. Pe ARTC2 AB? F2t+C2 p82 
No control 87084 340679 0.0 0.0 3617 16767 0.0 0.0 
A 1958 4567 97.75 98.66 508 3933 85.96 76.54 
B 6541 12887 92.45 96.22 3143 10817 = 13.11 35.49 
C 1918 2525 97.80 99.23 493 2792 86.37 83.35 





the disease burden, followed by strategy A and strategy B. 


5 Conclusions 


The novelty of this study is its ability to predict the optimal level of control 
interventions that include treatment and proper hygiene/ sanitation practices. 
On the basis of sensitivity analysis of a two-strain typhoid model incorporat- 
ing symptomatic infection, asymptomatic carriers, and environmental bacteria, 
some control measures were suggested in [24]. Accordingly, the time-dependent 
functions representing the treatment of sensitive and resistant strains are con- 
sidered as control measures. Proper hygiene and sanitation are also considered 
as another control measure to prevent contamination of food and water. The 
necessary and sufficient conditions for the existence of optimal controls are es- 
tablished and the optimality system is developed. The characterization of the 
optimal control is determined by the Pontryagin’s maximum principle. The nu- 
merical simulations are performed for every single control and combination of 
the two controls. The simulation results reveal that with the combination of the 
two control interventions, the number of symptomatic individuals and doses of 
S. Typhi bacteria in both the strains reduced to near zero. However, there is 
still a significant number of asymptomatic carriers in both strains, which play 
an essential role in the evolution and transmission of typhoid infections. So, ad- 
ditional preventive measures need to be implemented in order to further reduce 
the population of asymptomatic carriers. The effects of each control strategy on 
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the reduction of infection in both the strains is investigated through efficiency 
analysis. From the study results, we conclude that the fight against a two-strain 
typhoid infection requires some control interventions that reduce the number of 
asymptomatic carriers to near zero, along with optimal treatment combined 
with sanitation and proper hygiene. 
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Bicomplex Laplace Transform of Fractional 
Order, Properties and applications 
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Abstract 


The aim of this research article is to define bicomplex Laplace trans- 
form of fractional order or fractional Laplace transform by the application 
of the Mittag-Leffler function. Various properties of bicomplex fractional 
Laplace transform along with the convolution theorem have also been 
given. Inverse bicomplex fractional Laplace transform has also been de- 
fined. Application of bicomplex fractional Laplace transform in the solu- 
tion of diffusion equation has been given. 

Key words: Bicomplex numbers, Fractional derivative, fractional Laplace 
transform, Mittag-Leffler function. 
Mathematics Subject Classification(2010): 30G35, 44A10, 33E12. 


1 Introduction 


In recent years, mathematicians and physicists have focused their efforts on 
bicomplex algebra. In 1882, Segre [25] introduced bicomplex numbers. Detailed 
study of bicomplex numbers are presented by Riley [20], Price [18], Rénn [24]. 
A bicomplex number is defined as an ordered pair of complex numbers, similar 
like how a complex number is defined as an ordered pair of real numbers. 

In recent years, the fractional order differential equations with boundary 
conditions have gained more attention in a variety of scientific and engineering 
domains. The Mittag-Leffler function (see, e.g. [7, 10]) has an important contri- 
bution in the study of fractional calculus, it has been used to solve fractional or- 
der differential equations. The Mittag-Leffler function has caught the interest of 
a number of authors working in the field of fractional calculus (FC) and its appli- 
cations such as, usage of a fractional operator involving Mittag—Leffler function 
for the generalized Casson fluid flow [29], to established the fractional calculus 
operators with Appell function kernels and Caputo-type fractional differential 
operators [16], Epidemiological analysis of fractional order COVID-19 model 
with Mittag-Leffler kernel [6]. In recent developments authors have worked on 
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the area of fractional calculus such as, to study a guava fruit model associated 
with a non-local additionally non-singular fractional derivative [27], the approx- 
imate solution of nonlinear Caudrey-Dodd-Gibbon equation of fractional order 
[28], analysis of fractional blood alcohol model [26]. 

Many authors have studied the applications of the fractional integral trans- 
form [9, 13, 14, 17, 23]. Efforts have been made by authors to introduce the 
Mittag-Leffler function (ML function) in bicomplex space along with applica- 
tions to fractional calculus and integral transform [4, 5]. In 2011 bicomplex 
Laplace transform is introduced by Kumar et al. [15] and its convolution the- 
orem and applications in bicomplex space are discussed by Agarwal et al. [1], 
bicomplex double Laplace transform is derived by Goswami et al. [8]. 

Following the path, efforts are made to extend the fractional Laplace trans- 
form in bicomplex space. Fractional Laplace transformation method is a effec- 
tive and strong tool for finding a solution of the fractional differential equation. 
In this article bicomplex fractional Laplace transform and its properties in bi- 
complex space are introduced. 


2 Preliminaries 


2.1 Bicomplex Numbers 


Definition 2.1 (Bicomplex Number). A bicomplex number € € T can be writ- 
ten as [25] 





€= 2% +121 + ig%2 + Jx3, where 20, 21, X2, 43 ER. (2.1) 


Here T, R represents the set of bicomplex numbers and real numbers respec- 
tively. 

We shall use the notations, 79 = Re(€), 71 = Im;,(€), x2 = Im;,,(§), x3 = 
Im, (€). 

Idempotent representation is particularly important since it allows for term- 
by-term addition, multiplication, and division. 
Definition 2.2 (Idempotent Representation). Every bicomplex number has 
following idempotent representation [18] 


€ = 21 + 1929 => (21 rg i122)e1 + (21 + 1122)e9. (2.2) 
Hence if & = (21 — i122) and £3 = (21 + 4122) then 


E = E1e1 + &2€2, (2.3) 
l+%ig 1+ 9 


where e1, €2 are idempotent elements in T such that e; = 5 5 
1-iy 1-3 
+= y and ey +e = 1, €1.€2 = 0. 


Projection Mappings 
P:ToOT CC, &:T- T) CC for a bicomplex number € = 2 + i222 are 
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given by (see, e.g. [2, 22]): 


Py(€) = Py(ai + taza) = (a1 — tza) © Th, (2.4) 


and 
P2(€) = Po(z1 + i222) (21 + i122) € Th, (2.5) 


where 


Ty = {&1 = 24— 1129 |Z1, 22 E Cc} and T> = {fo = 21 + 11.22 lz, ZQ€ C}. (2.6) 


2.2. Bicomplex One-Parameter Mittag-Lefler Function 


The bicomplex one parameter ML function defined Agarwal et al. [5] is given 














by 
(6) = > roe Fay (2.7) 


where €,a €T, € = 2 + igz2 and |Im;(a)|< Re(q). 


2.3. Modified Riemann- Liouville Derivative 


Definition 2.3 (Modified Riemann-Liouville Derivative, [12] ). Let g: R—- 
R, y — g(y) represents a continuous function (not necessarily differentiable) 
function 


1. If g(y) is a constant M then its fractional derivative of order p is given by 


M . 
JDEM = 2 TG-wy" if usd, 
is 0 if p>. 


2. If g(y) is not a constant then its fractional derivative of order u is given 





by 
"Dy(aw) —900)) = poy fA <0, 8) 
7DE(g(y) — 9(0)) = %D¥g(y) =" Dy(g'""(y)), H>0, (2.9) 
(g"(y)) = (gt-@(y)), n<p<n4l, n>1.(2.10) 


2.4 Laplace Transform of Fractional Order 


Let g(x) denotes the function which vanishes for negative values of the variable 
x. Its Laplace transform (LT) of order « is defined by the expression (see, e.g. 
[13, 14, 19]), when it is finite, 


Le(g(x)) = Ex(—s*2™)g(x)(dx)*, 0<a<1, (2.11) 
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where s € C. 
Sufficient condition for this integral to be finite is that (see, e.g.[13]) 


[ lateottarys <M <oo. (2.12) 


If g(u) is a continuous function, the integral with respect to (du)* is defined as 
(see, e.g. [14]) the fractional differential equation’s solution y(u) 


dy = g(t)(du)*, « > 0, y(0) = 0, (2.13) 
where n e 
y -{ g(v)(dv)* = a | aw O<a<l. (2.14) 


Jumarie [11] gave the the proof of the above result as follows: 


v9 (u) = g(u), O0< a <1. (2.15) 
Its solution is obtained by fractional derivative as 
x(u) = D-“g(u) = af (u — t)*—"g(t)dt. (2.16) 
Ta Jo 
Again 
d*x = g(u)(du)™, (2.17) 
or 
T(a+ 1)dx = g(u)(du)*. (2.18) 
On integrating 
1 U 
== t)(dt)™. 2.19 
oW) = Taey f ance (2.19) 


From equations (2.16) and (2.19), equation (2.14) can be obtained. 


3 Bicomplex Laplace transform of Fractional or- 
der 


In this section we introduce the bicomplex fractional Laplace transform with 
convergence conditions using the bicomplex ML function. 


Definition 3.1 (Class C). Let C be the class of bicomplex-valued functions 
defined with the following properties, for any f € C 


1. f(x) vanishes for negative values of the variable x. 


2. f is piecewise continuous in the interval (0,a] for any a € (0, +00). 
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3.5 |) plda)* aT < Ge 


Now we introduce the bicomplex Laplace transform of fractional order « as 
follows: 
Let Laplace transform of order « of f(t) € C for t > 0 can be written as 


ats eee me -[ Ex(—s8t®)f(t)(dt)%, 0<a<1, (3.1) 
where s; € C and take another LT of order a of f(t) € C for sg EC 
Lalf(t))s. = False) =| Eq(—s3t*)f(t)(dt)*, 0<a<1. (3.2) 


Now we take linear combination of F,(s1) and F',(s2) with e; and eg such as 


a Mee + Lalf(t))s2€2 
F4.(81)ey + F «(S 2)e2 


ue Ex(—stt™) f(t) (dt) eh Ex (—sSt™) f(t) (dt) *e2 


= . ee, + Ey(—s$t%)e0) f(t) (dt) (3.3) 
= [Bal (£4) f(t) (at) 

= F,(€) 

= Lal f(é))e 


where € = sje, + S9€2 € T. 

Since F',(s1) and F'y(s2) are complex valued functions which are convergent and 
analytic for respectively, so by application of decomposition theorem of Ringleb 
[21], (see, e.g. [20]) bicomplex valued function F,(€) = Fo(si)e1 + Fo(s2)e2 
will be convergent and analytic. 


Definition 3.2 (Bicomplex Laplace Transform of Fractional Order). Let g(t) € 
C be a bicomplex valued function. Then bicomplex Laplace transform of frac- 
tional order « of g(t) for t > 0 can be defined as 


oo M 
bala(t))e= Gale) = ff Ba(-se%)a(ode)* = im, f Ba(—ee)a(0 a0) 


0 
(3.4) 
where 0< a<1, €= se, + S82e2 € T, 51, 52 € C. 


3.1 Some Basic Properties of Bicomplex Fractional Laplace 
Transform 


Theorem 3.3 (Linearity Property). Let Fo(€) and Ga(€) be the bicomplex 
fractional Laplace transform of order « of class C functions f(t) and g(t) re- 
spectively, then 
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La (f(t) + 9(t)) = Fa(€) + Gall). (3.5) 
Proof, Let € = 81€1 + 522 €T, 81, 82 €C and0<a<1 then 
= f° Bal—ee*) (£0 + ob) (at) 
* Ba(—38t%) (Fuld) + gilt) (at) ex 
)( 


(—s3t™ 


fa(t) + go(t)) (dt)*es 


EE 

Ex( 

Eo (—s%t”) fy (t)(dt)*e, + ‘e E,(—s*t%)g1 (t)(dt)*e1 
Ex (—s%t%) fo(t)(dt)“eo + fs E4(—s*t™)go(t)(dt)“eo 
EE 


(—E°4) f (E) (dt) * + i Eu(—€"t*) g(t) (dt)* 


= Le (f(t) + Lo (g(t) 
o(§) + Ga(é). 


! 
‘| 
£ 
E 


(3.6) 














Theorem 3.4. Let F,.(€) be the bicomplex fractional Laplace transform of order 
a of function f(t) € C and € = sje, + 82e¢2 ET, 51, 82 €C, O< a<landk 
is a constant then 


De (kf (t)) = kFo(6). (3.7) 


Proof. Let € = s,e, + sge2 € T, 81, s2 € C and0< «<1, then 
La (kf(t)) = | By (—€%t%) (Ie ()) (dt) 
= By (—s8t) (kfi(t)) (dt)%er + | By (—s8t%) (kfo(#)) (dt)*ex 
= =f Ex (—stt™) fi (t)(dt)*e1 +f Ex (—sit™) fo(t) (dt) ee 


=«f E.(—€%t%) f (t) (dt)® 
= kLe (f(t)) 


= kF,(E). 
(3.8) 














375 Urvashi Purohit Sharma 370-385 


J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 30, NO.2, 2022, COPYRIGHT 2022 EUDOXUS PRESS, LLC 


Theorem 3.5 (Bicomplex Fractional Laplace Transform of Derivatives). Let 
Fx(€) be the bicomplex fractional LT of order « of function f(t) € C and € = 
se, + 52€2 € T, O< xX < 1 then 


La (7D*f(t)) = €*Fa(€) — (0), (3.9) 
where 7 D® is defined in the definition (2.3). 
Proof. Let € = sje, + sge2 € T andO0<a<1 then 


Lq (JD*f(t)) -[ Eq(—€°t*) (D*f(t)) (at)® 
= [f(t) Ea (—€%t%)] <a €" By (—€%4%)) (dt)® 


(3.10) 
)4er fi P(t) Ea (E54) (dt)* 


= €° Le (f(t)) 
eS ae 














Corollary 3.6. Let F.(€) be the bicomplex fractional LT of order x of function 
f(t) €C and € = se, + 82¢2 €T, O< a <1 then 
Ly (7 D** f(t) = "Fa (E) — €*f(0) — f*(0), (3.11) 
where 7D? is defined in the definition (2.3). 
Proof. Let € = s1e1 + 52e2 €T, 0< a <1 and D* f(t) = F(t) then 
La (7D°“ f(t) = La (7 D*F(t)) 
= €*La (F(t) — F(0) 
= E* Le (7D f(t))) — £%(0) 
= €* (€* Lo (F(t) — F(0))) — F*(0) 
= OM Le (f(t)) — E*F(0) — f*(0) 
= °F, (€) — €* (0) — f*(0). 


(3.12) 














Proceeding in similar manner, we obtain the result contained in the following 
corollary: 


Corollary 3.7. Let F.(€) be the bicomplex fractional LT of order x of function 
f(t) €C and € = se, + 822 €T, O< a <1 then 


Ly (7D"“f(t)) 


= 6" Fa (6) = (EF) FE PFO) + PAO) E+ FO), 
i 13) 


where 7D" is defined in the definition (2.3). 
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Theorem 3.8 (Change of Scale Property). Let F(&) be the bicomplex fractional 
Laplace transform of order x of function f(t) € C and € = sye1 + s2e2 
T, s1, 82 €C, a>0 and0<a< 1 then 





La(F(at)) = (1/a)"*Fa (£) (3.14) 


Proof. Let € = s,e, + s9e9 € T, 51, sg € Cand 0 < a < 1 then from equations 
(3.4) and (2.14) we have 


Lal f(at)) = | * Ba (—€%t) f(at)(dt)* 


; M 
= lim, [ Ba(-gee")F(at) (dt) 
M 
= Jima fo (M1 Ba (£48) Fat) (at (3.15) 
M 
= lim a i: (M — t)*-1 Ba (—s*t*) fy (at) (dt )er 


M-—- oo 


M 
+ lim a f (M — t)*1E,.(—s&t™) fo(at) (dt)ea, 
0 


putting at=a2 = dt= de a> 0, 
aM 
: r\%-t ae dx 
Le(f(at)) = tim x | (m1 — =) Ex (-8<) fi(a)—e1 





—1 





geet is ne q (3.16) 
+ lim « / a Bs ( 85 wt) fale) Ser 
(1/a)* Fx (2) e1 + (1/a)*Fx (2) by 
= (1/a)*Fx (£) 














Theorem 3.9 (Shifting Property). Let Fo(€) be the bicomplex fractional Laplace 
transform of order « of f(t) € C and € = s,e, + 82€2 € T, 81, $2 € C, c>0 
and0<a<1 then 


Do( f(t — ¢)) = Ba(g"c*) Fa (§). (3.17) 
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Proof. Let € = s,e, + sge2 € T, 81, sg € Cand 0 < a < 1 then from equations 
(3.4) and (2.14) we have 


Lalf¢—2)) = i ” By (—€%%) f(t — 0) (dt) 


M 
= lim, Ba(-enes)r(e— ey) 
M 
= lima fy tB (et) F(E- olde) (8.18) 
M 
= Jima f (M — t)°1 By (—s*t*) f(t — o)(dt)er 


M-—-0o 


M 
+ lim « i (M — t)*-1B,.(—st”) fo(t — c)(dt)es 


Putting t—-c=a = dt=dz 


M-c 
= lim x | (M — x —c)*1E,(—s% (x + €)*) fi(z) (dx)ex 


M- oo 


M-c 
+ lim x | (M — x —c)*"1E,.(—s%(a + c)™) fo(x)(dx)eo 


M-r0o 


co 


M-c 
= Ey(—sfc%) aim x | (M — # — c)*"1Ey(—s*a™) fi(x)(dar)e, (3.19) 


= Ex(€*e*)La(f(t)) 
= Eg(&%c*) Fa(€). 


M-c 
+ Ba(—s$c%) lim x | (M2839 EEA Gn 














Theorem 3.10 (Bicomplex Fractional Laplace Transform of Integrals). Let 
F(€) be the bicomplex fractional Laplace transform of order « of f(t) €C and 
€ = 81e, + 52e2 € T, 0<a<1 then 


ta (fst) f(v)(dv) *) = mapa ray tall (0): (3.20) 
Proof. Since 


"Def Foy(aoy* = al FO. (3.21) 


by using equation (3.9) 


al "DE fr Flo){de)*) = %Ls ( [ reaor), 


(3.22) 
La (al f(t) = Le ( [ Floy(aey*) | 
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Hence, 


x (3 Flo)(de)") =P(x+ LE Le (F(é))- (3.23) 














Theorem 3.11. Let € = sje, + 892 € T, $1, 52 €C and0<a< 1 then 
(i) La(t*f(t)) = —"DELa(f(t)), 
(ti) La (Ea(—e*t™) f(t))e = Fal€ + ¢); 

(iti) Lo(—t* f(t)) =" D&La( f(t). 


o(E, 

o(—t 
Proof. (i) Let € = sye, + seg € T, 51, so € C and 0 < a < 1 then from 
equation (3.4) we have 





La(t® f(t)) 
= | Boo(—€¢*)t% f(t) (dt)* 


-[- Ea(—s%t%)t f; (t)(dt)*ey + a By (—st)t fo(t) (dt) ep 
ae, Ba(—s%t%) fy(t)(at)*e — of Bq(—s8t) fo(t) (dt) “en 


=- . )). 
(3.24) 


(ii) Let € = s1e1 + s2e2 € T, 51, S82 € C and 0 < a < 1 then from equation 
(3.4) we have 


Lo(Ex(—e*t*) f(t))e = [ Ea(-E*t™) Fg (—c*t™) f (£) (dt) * 


= [Bal + ye") FCO (04)" eee 


= Fy(€ +c). 


(iii) Let € = sje, + s2e2 € T, $1, 82 € C and 0 < a < 1 then from equation 
(3.4) we have 


La(—t* f(t) 
a i Ex(—€*(—t)*)t% f(t)(at)* 


= | Eq(—s*t™)t% fi (t)(dt)%er + | * Bey (—884%)t fo(t) (dt) *en 
es Ba(—s%t) fy (t)(at)%e — De Bq (—st) fo(t) (dt) “ea 


(3.26) 


10 
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3.2 Convolution Theorem 


Convolution is a mathematical operation on two functions f, g. which is useful 
in signal theory, image processing. Convolution of order uw of the functions 
f(t), g(t) defined by Jumarie [14] given by 


(f * 9) ( n= f 10-v0) (3.27) 


Theorem 3.12. Let f, g € C and Let Fx() and Gx(&) be the bicomplex frac- 
tional Laplace transform of order « of functions f(t) and g(t) respectively, then 


De (f * 9) (t) = Fo(§)Ga(§) = La (F(t)) La (g(t) - (3.28) 
Proof. 


La (F(t) «9(t)) = f° (any Ba(-€°0") | “Fe =e) g(v) dv) 
= [Paty Ba(—(orer + s000)"*") 4) fr (t — v)g(v) (dv) 
aC (dt)* Bq ( sit) [ s0—90) (ao) 
+( peat) Bal —$t") ae Fea Beans )*) é3 
= ( [lat Bal—st(0— 2) Boat ro) [ £0— vol) “ye e 
+( [ore a(—88(t — v)*) Ba (situ ) f #6 — ryote) 


Put p=t—v, q=v, to obtain 


11 
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( 
£)Gq(§) (3.31) 














4  Bicomplex Fractional Inverse Laplace Trans- 
form 


Definition 4.1. Generalized Dirac’s function 6,(x) of fractional order «, 0 < 
a < 1 is given by (see, e.g. [14]) 


/ f(e)da(e)(dx)* = af (0). (4.1) 


The relation between Dirac’s function and ML function is given by (see, e.g. 
[14]) the following result 





+1100 
TEE i, Eq (t1(—wa)*)(dw)* = d(x), (4.2) 


where M, is the period of the complex-valued ML function defined by the re- 
lation Ey (t1(Ma)*) = 1. 


Theorem 4.2. Let F.(€) be the bicomplex fractional Laplace transform of order 
a of function f(t) EC and € = sye, + 82e¢2 € T and0< a <1 then 


f(t) = ane ie Boy (E%%) Fu (€) (dé), (4.3) 


where H is closed contour in T. 


Proof. Let Fx(&) be the bicomplex fractional Laplace transform of bicomplex- 
valued function f(t). Then Fx(€) = Fx(si)ei + Fx(s2)e2. The inverse formula 
for complex fractional Laplace transform (see, e.g. [14] ) are 





+%100 
f= arse [| Ealste)Fa(si)(ds)® 











1 
= ane I, Eq(sfx™)Fe(si)(dsi)™, 
and 
fo(t) = 7 ry ie Eq (872) Fa(s2)(ds2)* 
(Mx) —i100 (4.5) 
= aoe I, Eq(sfx™) Fe (s2)(ds2)™, 
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where M, is the period of the complex-valued ML function defined by the re- 
lation Ey. (t1(Mq)*) = 1 and 7, and y2 be closed contours taken along the the 
vertical lines as follows y; = —1100 to 7100,72 = —1100 to i100. 


Now, using complex inversions (4.4) and (4.5), we get 


f(t) = falter + fa(tlee 











im aI ( A Eq (sf a*) Fo(s1)(dsi)* e1 + i: Eq (s¢a~) Fx (82)(ds2)* cx) 
: XX & oe 

= (Mqx)* i Ex((s1e1 ae $2€2) x )Fx($1€1 “+ 82€2) ((ds1) ey + (ds2) €2) 
1 XX a“ 

= py || Ealera)FalOlaey 


(4.6) 
where H = (1,72) and 
€ = 81€1 + 8262 > d& = ds,e; + ds2e2 > (d&)* = (ds1)*ey + (ds2) “ea. (4.7) 














5 Application of Bicomplex Fractional Laplace 
Transform 


Agarwal et al.[3] discussed fractional differential equations in bicomplex space. 
Bicomplex fractional Laplace transform has great advantage in finding the so- 
lution of fractional order differential equations. We have solved the following 
homogeneous fractional order differential equations using bicomplex fractional 
Laplace transform. 


(D?* 4 2D* + 2)y(#) = 0, (5.1) 
where y(0) = 1 and y*(0) = —1. 
By taking bicomplex fractional LT on both sides of order «, we get 





Le (y?* + 2y* + 2y) =0, (5.2) 
s°**Le(y(t)) — s*y(0) — y*(0) + 2(s*Lay(t) — y(0)) + 2Lay(t)=0, (5.3) 
(s?* + 28% + 2) Lay(t) =s* +1, (5.4) 
s*+1 
=> Legy(t)= Genial (5.5) 
Hence, 

Ley(t) = Le (Ex(—t™) cos (t™)). (5.6) 

Therefore 
y(t) = Ex(—t*) cose(t®), (5.7) 











where cos,(t®) is fractional order cosine function (see, e.g. [13, 19]). 
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5.1 Application to Diffusion equation 
Consider the following partial fractional differential equation 
Dfu(a,t) = cD2u(@,t), 0< a, 8 <1, (5.8) 


with initial condition u(#,t) = f(x). It is very simple case of diffusion equation 
(see, e. g. [13]). 
By taking bicomplex fractional LT of the equation (5.8) with respect to t, 


s*ii(z, s) — f(x) = cD®a(z, s). (5.9) 


Taking fractional Fourier transform of equation (5.9) defined by Jumarie [13] 
with respect to x, 


s*u(¢,s) — f(¢) = e(-t167)U(6, 5), (5.10) 
(s* + irc¢?)u(¢, s) = f(6), (5.11) 
ti(C,s) = IG) (5.12) 


(s® + i4cCP) , 

By taking inverse Bicomplex fractional Laplace transform 
i(¢,t) = f(QOEg(—isct?t%), (From [19, Property 3.4]). (5.13) 

Finally by taking Inverse Fractional Fourier transform defined by Jumarie [13] 


of the equation (5.13) 


u(a,t) = 


1 +00 ; 
wae | Ep(inG8a*) Ba (—ire¢®t*) FG) (d6)*. (5-14) 


6 Conclusion 


In this paper, the Laplace transform of fractional order or fractional Laplace 
transform in bicomplex space, the extension of complex Laplace transform of 
fractional order has been derived. Various properties along with the convolution 
theorem have also been derived. Bicomplex fractional Laplace transform may 
be used in finding the solution of bicomplex fractional Schrodinger equation. 
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